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Some implications of the cooperative cluster model are explored. Supercritical flow of liquid He IT through 
capillaries is discussed and compared with experiment, as a test of the theory and as a means for deducing 
some information on the postulated wall friction mechanism. The general flow characteristics of the actual 
mobile film of He II and the present film model flowing under the influence of gravity are found to be in 


substantial agreement. 


I. INTRODUCTION 


HIS paper is intended as a supplement to an 
earlier one,’ in which the author proposed a 
phenomenological theory of the dynamics of flow of the 
superfluid component in liquid He II. We will present 
here some additional evidence in support of the model 
and certain arguments amplifying the original ideas. 
The reader is referred to the first paper for a presen- 
tation of the assumptions and derivations. The earlier 
results will be summarized here. 

The production of “quantum excitations” by a 
frictional process between the superfluid and a solid 
wall iiamersed in the liquid is energetically possible 
when the superfluid velocity v, exceeds a “critical 
velocity” v,. The transformed energy Ey, per unit 
volume has the functional dependence: 

E,;=0, 

The quantum excitations involved in the establish- 
ment of the critical velocity are assumed to be sound 
quanta, or phonons of energy /Ac/d, where c is the 
velocity of sound in the liquid and is the wavelength. 
On the basis of this assumption, the relative velocity re- 
quired to produce excitations is given by v= ([2hc/Ap,o* }}, 
o* representing the volume of each “cluster” within 
which the moving atoms may cooperate in the produc- 
tion of phonons. The critical velocity is determined by 
the weakest, or longest wavelength quanta that may 
be produced in large quantities; for liquid geometries 
of characteristic dimension a, the longest wavelength 


U.< 0; E,;« p,(v,-—v.), Ve> Ve. (1) 


1 J. G. Dash, Phys. Rev. 94, 825 (1954). 


is of the order of a. On the basis of a comparison between 
the above equation and critical velocities observed 
over a wide range of characteristic liquid dimensions 
and upon the assumption of the temperature inde- 
pendence of the cluster volume, we obtain the semi- 
empirical formula 


v.<~0.087 (ap,/p)~* cm sec. (2) 


The precise value of the constant is still very much in 
doubt, however; its better determination must await 
critical velocity studies under conditions of more 
precisely known geometries. 


Il. THE TEMPERATURE DEPENDENCE OF CRITICAL 
VELOCITIES IN FILMS AND SLITS 


Supporting evidence for the temperature dependence 
of v. [Eq. (2) ] was previously drawn from oscillating 
disk experiments’ in liquid helium volumes of about 
1-cm characteristic dimension, or “bulk liquid.” The 
predicted temperature behavior should not depend 
upon the liquid dimensions, however, and it is desirable 
to compare with experimental data, if available, on 
considerably smaller liquid regions. 

The temperature behavior of the critical velocity in 
the He II mobile film can be given, in principle, by the 
simultaneous measurement of the flow rate and the 
thickness of the film, for we may express the volume 
flow rate R, in terms of its thickness d, the mobile 
fraction p,/p, and 2,: 


R, cc/cm sec= (p,/p)vd. 


ase Hollis-Hallett, Proc. Roy. Soc. (London) A210, 404 
1951). 
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Fic, 1. The variation of critical velocity with temperature. 
@, @: from film flow, Jackson and Henshaw. a: from flow through 
a 1.6-micron slit, Hung, Hunt, and Winkel. 


By assuming that p,/p for the film is identical with that 
of bulk liquid, given empirically by p,/p=1—(7/7))° 
the critical velocity is directly cbtainable from R, and 
d, Jackson and Henshaw’ have carried out such simul- 
taneous studies of mobile films on stainless steel con- 
tainers at a number of temperatures between 1.1 and 
1.9°K. They have deduced values for », which decrease 
toward higher temperatures, contrary to the present 
theoretical predictions. The calculated decrease is due, 
however, to an inadvertent error in their values for 
p./p.* Supplying p,/p values according to the 5.5 power 
law to the flow rates and thicknesses measured by 
Jackson and Henshaw, one finds that the critical 
velocity rises as the \ point is approached. The scaled 
critical velocities so obtained are given in Fig. 1, 
together with the scaled function p,~!. Additional points 
in the graph are taken from the measurements of Hung, 
Hunt, and Winkel, from a study of flow through a slit 
of 1.6 10~ cm separation. 

The experimental and theoretical variations with 
temperature appear to be well correlated. A clearer test 
of the theory would be provided by additional experi- 
mental information in the region close to the A point. 
At the present time one can only say that the theo- 
retical temperature dependence is provisionally verified. 


III, SUPERCRITICAL FLOW THROUGH CAPILLARIES 


The dissipation function, Eq. (1), may be modified 
to permit a comparison with experimental studies of 
capillary flow. Under the influence of a pressure differ- 


+L. C. Jackson and D. G. Henshaw, Phil. Mag. 41, 1081 (1950); 
44, 14 (1953); D. G. Henshaw and L. C. Jackson, Proceedings of 
the International Conference on Low Temperature Physics, 
Oxford, 1951 (unpublished). 

*L, C. Jackson (private communication). I am grateful to 
Dr. Jackson for authorizing this revision. 

5 Hung, Hunt, and Winkel, Physica 18, 629 (1952). 
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ence AP, a volume flow rate dV /dt through a capillary 
leads to a rate of energy loss of dE/dt= AP(dV/dt) : this 
loss rate is independent of the mechanism of the 
frictional force that produces the dissipation. Capillary 
flow data on liquid He II may therefore be compared 
with the functional Eq. (1) in the hope that the details 
of the correlations may yield some hints of the frictional 
process involved in the supercritical flow of the super- 
fluid. 

In order to employ capillary flow data for a test of 
Eq. (1), we will assume that the energy £, is dissipated 
per unit volume flow rate, or that dE/di= E,(dV/dt). 
Following our postulate that E; arises from a frictional 
process with the walls, the rate of energy conversion 
should, in addition, be proportional to L, the length of 
the capillary. Supplying a constant of proportionality 
k, the equation between the pressure drop and the 
superfluid velocity is 


AP/L=VP=k(p,/p)(v.2—2). (3) 


The flow of He Il through capillaries of different 
internal diameters and lengths has been studied by 
Allen and Misener® and Atkins.’ Their data have been 
utilized for the present discussion in the following 
fashion. The flow rates observed by Allen and Misener 
at the lowest temperature (1.20°K) and the lowest 
pressure gradient (0.75 dynes/cm*), and those rates 
observed by Atkins at 1.22°K and 1 dyne/cm’ were 
then used to solve for the “friction” constant & in 
Eq. (3). The critical velocities belonging to the various 
capillaries were calculated according to Eq. (2), where 
a was taken as the capillary radius. Choosing these 
low values of temperature and pressure effectively 
reduced the possibility of errors arising from the 
contribution of the normal viscous component p, to the 
total observed flow rates. The calculated values of the 
friction constant for the various tubes are shown, in 
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Fic. 2. The variation of friction constant with capillary radius, 


@: from flow measurements of Atkins. a: from flow meas- 


urements of Allen and Misener. 

a F. Allen and A. D. Misener, Proc. Roy. Soc. (London) 
A172, 467 (1939). 

7K. R. Atkins, Proc. Phys. Soc. (London) A64, 833 (1951). 
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Fig. 2, plotted logarithmically against the tube radii. 
The curve of best fit to the experimental points 
appears to be the function k=8X10-*/\/a g cm™, if 
one attaches more importance to the more recent 
investigation. 

The possible significance of this functional form of k 
will be discussed in a later section of the paper; at 
present we shall accept it provisionally as an adequate 
description of the frictional dependence. 

Certain additional features of the observations may 
be compared with Eq. (3). By using Eq. (2) to calculate 
v, and the above expression for k, the flow velocity is 
explicitly determined by the pressure drop. As a check 
on the linearity of the frictional force with the length 
of the capillary, we compare Eq. (3) with the results 
given by Allen and Misener on the variation of flow 
velocity with capillary length, at constant pressure 
drop. A good agreement is obtained for both sets of 
measurements, taken at total pressure drops of 15 
dynes/cm? and 160 dynes/cm?, as compared with the 
theory, in Fig. 3. There is considerable disagreement, 
however, at the shortest length, 1 mm, studied by 
Allen and Misener, the predicted velocities exceeding 
those observed by about a factor of three. The ratio of 
capillary radius to length is quite large in this case, 
ie., 0.153, and it seems likely that our long capillary 
formula should not be applicable. For the long capillary 
approximation assumes that the longest wavelength 
phonons that can be produced in large quantities have 
wavelengths comparable with the tube diameter. While 
this assumption may be reasonable in the case of very 
small ratios of diameter to length, the ratio is large for 
the 1-mm length, and the capillary radius alone cannot 
be used to describe the liquid geometry. 

The variation of flow rate with pressure gradient in 
the neighborhood of zero gradient is an effective test of 
the existence of the critical velocity term in Eq. (3). 
We have therefore compared the equation with Atkins’ 
flow measurements at small gradients. The empirical 
value of the friction constant and the semi-empirical 
critical velocity [Eq. (2) ] were used to calculate flow 
rates in all three capillaries. Calculated and observed 
velocities are shown in Fig. 4. The velocities through 
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Fic. 3. The variation of velocity with capillary length at 
constant pressure head, from flow measurements of Allen and 
Misener. Capillary radius 1.53 10™? cm. @: AP=15 dynes/cm’. 
4: SP=160 dynes/cm’. : calculated from theory. 
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Fic. 4. The variation of flow velocity with pressure gradient, 
from measurements of Atkins. jg: capillary radius 2.210"? cm 
(Tube 1). @: capillary radius 1.0 10~? cm (Tube 2). a: capillary 
radius 4.110% cm (Tube 3). : calculated from theory. 


the tube of largest bore, Tube 1, have been calculated 
for mixed flow of superfluid and normal fluid, computing 
the contribution of the normal fluid as given by 
Poiseuille flow of a liquid of 16-micropoise viscosity.® 
Experimental data on a fourth, and narrowest capillary 
have been judged unreliable by Atkins, and have 
accordingly not been included here. Although the data 
are gathered from only three tubes, whose diameters 
differ by a maximum factor of five, the details of the 
pressure gradient-velocity behavior, except for Tube 2 
at intermediate gradients, are well described by Eq. (3), 
together with the “universal” expressions for k and »,. 


IV. THE DYNAMICS OF FILM TRANSPORT 


Film flow between regions of bulk liquid presents 
certain general aspects that may be discussed in terms 
of the present model. Some of the functional depend- 
ences of the critical velocities and flow rates upon 
temperature and geometry have been treated in this 
and the preceding paper. We shall now put forth some 
general arguments concerning the driving force that 
produces the liquid transport. The discussion will be, 
in part, a generalization of an analysis presented by 
Atkins,’ whose conclusions are correct, in the author’s 
opinion. 

Numerous independent observations'’*-” on the film 
transport into or out of open vessels suspended in liquid 
He II are universally characterized by the final estab- 
lishment of equal heights (within surface tension rise) 
of the film-connected liquid regions. It is conceivable 
that minute temperature differences may sometimes 
exist between the helium bath and the liquid contained 
in a vessel immersed in it, and that such temperature 
differences depend upon the height differences of the 
menisci. In view of the high thermal conductivity of 
He II and the precautions sometimes taken to minimize 
such temperature differences," it appears that the 
thermal gradients are not an essential feature of the 


8 A. C. Hollis-Hallett, Proc. Cambridge Phil. Soc. 49, 717 (1953). 

*K. R. Atkins, Proc. Roy. Soc. (London) A203, 119 (1950). 

© J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A170, 423, 439 (1939). 

"! Webber, Fairbank, and Lane, Phys. Rev. 76, 609 (1949). 

J. G. Dash and H. A. Boorse, Phys. Rev. 82, 851 (1951). 
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flow phenomenon, and that film transport would be 
observed under rigorously isothermal conditions. One is 
led to the conclusion that the essential motivation is 
the height difference itself; that is, the extra gravita- 
tional potential energy of the upper liquid level. The 
conclusion may be tested by comparison between ex- 
periment and the predictions of the equations of motion 
for idealized, isothermal flow. We shall therefore inspect 
the Lagrangian equation of motion of two liquid regions 
at the same temperature and connected by the present 
film model. 

We consider a cylindrical beaker of constant internal 
cross section A, internal perimeter P, and external 
perimeter P, partially immersed in a liquid bath of 
large cross section. The liquid level in the beaker is 
higher by a distance / than the bath level, giving an 
extra gravitational potential energy 


AV = Apgh?/2, 
where g is the acceleration of gravity. The kinetic 
energy of the film of varying thickness d that covers 
the exposed surface of the beaker is 


Ho Ho 
r=} f pv 2Pyd(I)dl+4 f pov 2P ad (Idi, 
h 0 


where / is measured along the film, d(/) is the film 
thickness along the path, and Hp is the height of the 
vessel rim above the bath level. The velocity v, of the 
superfluid may be expressed in terms of the time rate 
of change A of the beaker meniscus height by the 
equation of continuity, 


Aph= Pp,v,d, 


where P is the inside or outside vessel periphery, 
depending on the surface over which the integration is 
carried out. Assuming that p, is a function of temper- 
ature only, we obtain the Lagrangian, 


Apy Al? Ho dl Ho dl 
yy 
(p,/p)LPit, d(l) Lary 0 ad(l) 


The equation of motion of the liquid level when hKHo 
is approximately 
ah 


df 


a ‘ Pih 
&(p./p) fates (S) 


Ho 
A(1+P; pif dl/d(l) 
0 


The above equation, without dissipative terms, should 
represent conditions of flow at subcritical rates. It 
reduces, in the case of a smooth-walled cylindrical 
beaker (P; and P: calculated as the macroscopic 
peripheries), to the equation of motion deduced by 
Atkins and employed by him to analyze the oscillations 
of the liquid level about its equilibrium position. We 
shall assume, as does Atkins, that the film thickness is 
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a function of height above the bulk liquid, as d=d,/~’", 
where d; is the film thickness at 1-cm height. The 
thickness at the rim of the vessel is d-=d,H,~/*, and, 
in terms of this thickness, the solution of Eq. (5) is 


Pigd, (1+ ee 
AH,(1+P;/P2) 





h=ho sinwt, w= (6) 


The maximum time rate of change of h, (dh/dt))=ho 
is related to the maximum amplitude hp of the oscilla- 
tions by ho=who, and to the critical mass flow rate R, 
by Apho=P1:R.=Pip,(0d)critica. The variation of 
critical velocity with thickness is given by Eq. (2); 
substituting for v,, the critical rate as a function of film 
thickness is given by R.(d)=0.087(p,pd)!. The actual 
flow rate of the film is limited to the smallest critical 
rate along the film path and according to the above 
relation, is established by the minimum thickness of 
film connecting the bulk liquid regions. Adopting the 
empirical variation of thickness with height, as given 
above, the minimum thickness is found at the rim of 
the vessel. Denoting this thickness by d,, the critical 
mass flow rate and the rate of change of liquid level 
corresponding to the critical rate are given by 


R.=0.087(p.pd,)*, ho=0.087(d,p,/p)*P:/A. (7) ° 


Combining Eqs. (6) and (7) for the oscillation ampli- 
tude, we obtain 


(8) 





PH) (A+P,/ =") 
Ag(it+1/n) J 


ho represents the liquid level difference required to 
accelerate the film to the critical flow rate, the maximum 
rate at which the frictionless equation of motion is 
applicable. An expression similar to Eq. (8), but without 
the use of our general Eq. (2), has been found by 
Atkins to agree with the experimental oscillation 
amplitudes. The predicted “critical height” ho for 
typical experimental! geometry used in transport studies 
is quite small; a smooth-walled cylindrical beaker of 
2-mm diameter, with its rim 2 cm above the source 
liquid yields a calculated critical height of approxi- 
mately 0.3 mm. This order of magnitude has been 
determined experimentally by Picus® by a technique 
which measures the height difference required to initiate 
critical flow. 

A particularly interesting feature of the expression 
for hy is its independence of the film thickness, except 
for the small effect of the exponent 1/n. It should then 
be possible to determine the actual microscopic pe- 
ripheries P;, P: involved in film transport, by measure- 
ments of Mo. The subsequent study of film thickness, 
by timing the oscillation periods, together with meas- 
urements of the critical flow rates can serve to check 
the velocity-thickness dependence. 


ho= hn/w=0.081| 


3G. S. Picus, Phys. Rev. 90, 719 (1953). 
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The preceding treatment is concerned with film flow 
behavior in the subcritical or critical region; we shall 
now speculate on its supercritical behavior. Indeed, it 
seems likely that much of the experimental information 
has been derived from supercritical rate studies, for the 
level differences generally employed far exceed the 
magnitudes of the critical heights discussed above. We 
will here make use of the dissipation Eq. (3), treating 
the film as a layer of parallel capillaries arranged on 
the surface of a beaker. The total pressure difference 
between the ends of the film is given by the liquid 
level difference h, and may be related to the dissipation 
equation by 


Ho 
oh~ f vpdl= f k(ps/p)(02—v2 
1 h 


Ho 


+ k (p./p) (v?— v)dl, (9) 


0 


where Hy is the distance between the vessel rim and the 
surrounding bath. The solution of Eq. (9) requires a 
knowledge of the friction constant &. At the present 
time, the only information on k is the empirical k= 
8X 10-*/4/a, found from capillary flow data. Although 
its application to liquid dimensions corresponding to 
film thicknesses represents a considerable extrapolation 
from the data, it will be employed here in an attempt 
to obtain a crude estimate of magnitudes. Approxi- 
mating v,?—02-~20.60= 204R/p,d(l), where R= R-R., 
and substituting the empirical friction constant, Eq. 
(9) becomes 


63p*gh 


f v.dl/[d(l) }! 


l 


(10) 


The critical velocity varies with the film thickness along 
the path; substituting for v, according to Eq. (2) and 
for the film thickness according to d(l)=d,l-/", we 
obtain 


- 720p*ghd;?(p./p)! 720(1+2/n)p*ghd,* 


Ed seein icvenperenpeitetetaess,. | tia 


2H,'*?/"— pit2in 
f Pind 
l 


For a film thickness d; at 1 cm of 4X10~*, the 
increased mass flow rate is 


2.4X 10-7(1+2/n)h(p,/p)! 
6R= —, (12) 
2H y'*?/"— hyit2in 





The excess flow rate for vessel heights of a few 
centimeters and for »>1 is of the order of 2 percent of 
the critical flow rate. Assuming that we have used a 
realistic friction constant for this calculation, experi- 
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Fic. 5. Variation of film flow rate with height of vessel rim. @: 
from measurements of Atkins. ——: scaled curve R« H-"™, 


mental film transport might appear to be very nearly 
independent of the applied gravity heads. This apparent 
independence, together with the smallness of the level 
differences required to produce critical flow, indicate 
the reasons that transport by He II films should exhibit 
such marked dissimilarities to a siphon, while retaining 
a siphon’s intrinsic character. 

If we may approximate film flow under typical 
conditions by the equality R= R,, ignoring the effect 
of pressure head, it is still possible that the observed 
flow rate should vary with the height of the liquid 
levels. For the critical flow rate is determined by the 
film thickness at the vessel rim, as in Eq. (7). If the 
film thickness varies with the height // of the rim above 
the upper liquid level, according to d(/)=d,l-"", then 
the thickness d,=d,H~". The critical rate will there- 
fore vary with the height as 


R. « 2", 


A transport rate having such a functional dependence 
on height is, in fact, a possible explanation of the 
so-called “lip effect.’”"” The lip effect is seen as a 
markedly higher transport rate into or out of a container 
when the upper (source) liquid is close to the limiting 
perimeter of the film path. An investigation possibly 
checking this argument has been carried out by 
Atkins." The thickness-height variation was deter- 
mined by the oscillation technique as d~d,H~"" for a 
particular vessel, and under particular cryostat condi- 
tions. The same vessel was later used for a study of 
film flow rate-height dependence. The predicted vari- 
ation is R,« H~/ in this case; this function is shown 
in Fig. 5, together with Atkins’ experimental values. 
The agreement suggests the validity of the suggested 
mechanism for the lip effect. In addition, the theoreti- 
cally direct connection between the film thickness at 
the rim and the critical rate implies an alternative 
method for obtaining the functional dependence of 
thickness upon height; by the simpler method of 
determining the height dependence of the volume flow 
rate. 


(13) 


4K. R. Atkins, Proc. Roy. Soc. (London) A203, 240 (1950). 





V. DISCUSSION 


The functional aspect of the pressure gradient- 
velocity relation for capillaries bears an interesting 
similarity to that of turbulent flow. For, at superfluid 
velocities considerably larger than critical, the super- 
fluid apparently behaves according to 


Vp~(const/d') (p,»,*), 


while the turbulent flow of normal, viscous fluids is well 
described by 
Vp= (A/2d) (pr*), 


in circular channels of diameter d, \ expressing the 
“pipe friction coefficient,’’® which is relatively insensi- 
tive to d. If we may investigate the analogies somewhat 
further, it is well to point out that the turbulent flow 
of p, in the supercritical velocity region is not forbidden. 
The Kelvin circulation theorem'® may indeed preclude 
the onset of turbulence in the subcritical velocity 
region if the viscosity of the p, component is identically 
zero. The circulation theorem is valid, however, under 
the assumption that the only forces acting upon the 
fluid are derivable from a single valued potential, i.e., 
VX F=0. The postulated frictional interaction between 
the walls and the superfluid does not necessarily have 
this property. We are not implying that the super- 
critical region is turbulent, the energy dissipation 
formula having been arrived at by somewhat different 
considerations, and the dissipated energy assumed to 
be of directly phonon character. The possibility that 
turbulence may exist in this region, however, should 
not be ignored. 

The dependence of the pressure drop upon the 
channel size might be considered in the following 
fashion. A quantity of energy conversion per unit 
volume of fluid (per unit time) arises from a frictional 
interaction with the surface of the confining tube. The 
quantity, or rate of energy converted is therefore 
proportional to the tube surface area available per unit 
volume of fluid within which the conversion takes place. 
Should the process occur at an equal rate throughout 
the liquid in a circular tube, this factor would be simply 
2nr/xr*=2/r. In the equally simple case that the liquid 
involved is limited to a thin (compared with the 
diameter) film of constant thickness adjacent to the 
wall, the factor is independent of d. The flow of super- 


1B. A. Bakhmeteff, The Mechanics of Turbulent Flow (Prince- 
ton University Press, Princeton, 1941). 

16H. Lamb, Hydrodynamics (Dover Publications, New York 
1945). 
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fluid in the range of capillary sizes considered in the 
text appears to be an intermediate case—that of energy 
conversion proceeding in a region of liquid adjacent to 
the walls, the thickness of the region varying with the 
tube diameter as d!. The argument is, of course, ex- 
tremely tenuous. It does not appear possible at the 
present time to provide any more than these simple 
speculations on the frictional mechanism. Additional 
data over a wider range of capillary sizes and perhaps 
of different shapes may eventually yield additional 
clues to the interaction. 

An important body of experimental phenomena, i.e., 
the mobilities of unsaturated He films, has not been 
included in the present considerations. Information on 
unsaturated films is at present not easily applied for 
detailed comparison with the theory. It is encouraging, 
however, that the general dynamical behavior of 
unsaturated films, that their volume flow rates decrease 
with decreasing thickness,'!’ is in accord with the 
present theory. 

In conclusion, the success of the present model in 
describing the numerous aspects of superfluid dynamics 
appears to point to the possible validity of the under- 
lying assumptions. The most unique assumption is 
that of the cooperative clusters, representing the spatial 
bounds of the effective liquid mass involved in the 
phonon creation, and whose significance has been only 
briefly discussed. No attempt has been made to account 
for their existence on the basis of the fundamental 
theories of liquid helium.'* It is hoped that they may 
be indicated by a re-examination of the quantum- 
statistical models. 

The present theory owes much to the general prop- 
erties of the quantum models. In particular, we have 
adopted the two-fluid representation, together with 
the special character of the superfluid component, as 
our description of the static liquid. The independence 
of the velocity fields of the normal and superfluid 
components and the phonon character of the possible 
thermal excitations in the liquid are essential to the 
present dynamical theory, to which we have added the 
a priori assumptions of the wall friction and the 
cooperative clusters. The present treatment does not 
examine the foundations of the two-fluid model; it 
assumes the validity of this representation and then 
attempts to describe the dynamical behavior of the 
superfluid component. 


17 E. A. Long and L. Meyer, Phil. Mag. 2 (1953). 
% R. B. Dingle, Phil. Mag. 1, 111 (1952). 
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Motion of Arc Cathode Spot in a Magnetic Field* 


Rosert M. St. Joun anv J. G. WINANS 
University of Wisconsin, Madison, Wisconsin 
(Received Februrary 19, 1954) 


The motion of the cathode spot of a mercury arc was observed under various transverse magnetic fields, 
arc currents, and inert gas pressures. With no inert gas, the retrograde velocity increased as the magnetic 
field strength increased. Addition of an inert gas at low pressures reduced the retrograde velocity and at 
higher pressures caused a forward (direction of magnetic force) motion. 

The motion of the cathode spot in a magnetic field can be associated with electrostatic forces on positive 
ions produced by electron impact. A cathode spot assembly consisting of a group of electrons in the cathode, 
a positive ion sheath separated by a dark space from the cathode, and an electron cloud between the positive 
ion sheath and anode is postulated. 

Electrons after acceleration through the cathode dark space would travel a curved path due to the mag- 
netic field and produce new positive ions on the forward side of the cathode spot. These new positive ions 
would be attracted by the cathode spot assembly with a resultant force that would cause them to overshoot 
the positive ion sheath before being pulled into the cathode to start a new spot in the retrograde direction. 

Addition of an inert gas reduces the mobility of positive ions to the order of that of the cathode electrons 
thus permitting forward motion of the cathode spot assembly to reduce the overshooting. Higher pressures 


would cause a forward spot motion. 





INTRODUCTION 


HE motion of the cathode spot of an electric arc 

in a transverse magnetic field has been previously 

investigated by Minorsky,! Smith,? Gallagher and 
Cobine,*~* Himler and Cohn, and Miller.’ 

Minorsky' observed that under some conditions the 

cathode spot moves in a direction opposite to the force 

on the charges due to their motion in a magnetic field. 


This type of spot motion has been termed retrograde. 
Motion of the spot in the direction of the force due to 
the motion of the charges through a magnetic field will 
be called a forward motion. 

With a special cathode Smith [reference 2e] found 
that the velocity of the arc spot in the retrograde 
direction increased with magnetic field strength, 
leveling off at about 120 m/sec and then suddenly 
rising at about 9000 oersteds to about 250 m/sec. 
Under special conditions the speed went to about 800 
m/sec. Smith [reference 2(c)] also found that retro- 
grade motion of the cathode spot occurred only for cold 
cathodes arcs. 

Gallagher and Cobine** observed that with the 
addition of an inert gas to a mercury arc the retrograde 
velocity of the arc spot decreased. There was a certain 
pressure at which the arc stopped, and at pressures 
greater than this, the spot moved in the forward 
direction. They obtained an indication of a propor- 


* Reported in large part at conference on Gaseous Electronics» 
Washington, D. C., October 24, 1953 oe Rev. 93, 653 (1954) ]. 

1N. Minorsky, J. de phys. et rad. (Paris) 9, 127 (1928). 

2C. G. Smith, (a) Phys. Rev. 62, 48 ert (b) Phys. Rev. 69, 
96 (1946); (c) Phys. Rev. 73, 543 (1948); (d) Phys. Rev. 83, 194 
(1951); and (e) Phys. Rev. 84, 1075 (1951). 

3C. J. Gallagher, Special publication of General Electric 
Company, and J. Appl. Phys. 21, 768 (1950). 

4C. J. Gallagher and J. D. Cobine, Phys. Rev. 71, 481 (1947). 

5 J. D. Cobine and C. J. Gallagher, Elec. Eng. 68, 469 (1949). 

6G. J. Himler and G. I. Cohn, Elec. Eng. 67, 1148 (1948). 

7C. G. Miller, Report at Gaseous Electronics Conference 
October 24, 1953. [Phys. Rev. 93, 654 (1954)]. 


tionality between the pressure needed to reverse the 
motion and the energy of the first excited state of the 
admixed gas. 


APPARATUS 


Figure 1 shows a cross section of the discharge tube 
mounted in the magnet. Not shown is an outlet to the 
vacuum system and inert gas supply. The tube elements 
are circular when viewed from above. The cathode is 
composed of a molybdenum stump standing in a pool 
of mercury. When the molybdenum has a very clean 
surface it is wet by the mercury which then rises around 
the stump. The arc spot is formed at the junction of 
the mercury and the moiybdenum stump. Thus, the 
electric field and the path of the charged particles near 
the cathode are both horizontal. Since the magnetic 
field is vertical, the charged particles near the cathode 
have a horizontal force exerted on them because of 
their motion through the magnetic field. The force 
is in the same direction for both positively and nega- 
tively charged particles, since they travel in opposite 
directions. The cathode spot moves around the stump 








Fic. 1. Arc discharge tube mounted in magnet. 
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Fic. 2. Apparatus used in observing the arc. 


at the junction between the mercury and the molybde- 
num stump. 

Figure 2 is a top view of the apparatus used in 
observing the arc. Light from the arc is focused on two 
photoelectric cells close together. The output of these 
cells is fed into a cathode-ray oscilloscope along with 
the output of an audio oscillator to produce Lissajou 
figures. When the frequency of the audio oscillator 
is such as to give a single closed loop on the oscilloscope 
screen, the frequency of the cathode spot equals that 
of the audio oscillator. The spot velocity is determined 
from this frequency and the diameter of the stump. 
The use of two photoelectric cells permitted the deter- 
mination of the direction of the spot motion and showed 
that there was but one spot. When the output of the 
photoelectric cells was fed into the vertical deflection 
channel of the oscilloscope with the horizontal sweep 
frequency set at the arc spot frequency, a stationary 
trace having two close peaks was obtained on the 
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Fic. 3. Spot velocity »s magnetic field strength for 
constant arc currents. No inert gas. 
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oscilloscope. Each peak could be associated with the 
cell whose output produced it by partially covering one 
of the cells and noting the peak whose height was 
reduced. This showed which cell received light first 
from the arc spot and thus showed the direction of 
motion of the arc spot. 

The spectrum of the cathode spot region was ob- 
tained by focusing an image of the spot on the slit of a 
spectrograph as shown in Fig. 2. 


RESULTS 


The spot velocity as found by previous investigators 
and also in this work depends upon (a) magnetic field 
strength, (b) arc current, and (c) pressure of inert gas. 

Figure 3 shows a plot of the spot velocity as a function 
of magnetic field strength for constant arc currents of 
5.5 and 2.0 amperes and no inert gas in the tube. An 
increase in magnetic field strength is accompanied by 
an increase in retrograde velocity. 

With the higher arc current (5.5 amperes) the spot 
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Fic. 4. Magnetic field strength vs arc current for the discontinuity 
in spot velocity. No inert gas. 
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velocity changes discontinuously to a value nearly 
twice as great at a certain magnetic field strength. The 
change was from about 112 m/sec to about 193 m/sec 
at a field strength about 10 500 oersteds. The magnetic 
field strength at which the break occurs changes with 
arc current as shown in Fig. 4. A decrease in arc current 
increases the field strength needed to produce the 
velocity discontinuity. 

Figure 5 shows the spot velocity plotted as a function 
of arc current for various constant magnetic field 
strengths and no inert gas present. The spot velocity 
increases in the retrograde direction as the arc current 
is increased. 

With an inert gas (argon) in the tube at a pressure 
of 150 mm Hg the spot velocity depends on the magnetic 
field strength as shown in Fig. 6 for several values of 
the arc current. The shape of these curves is similar to 
those for no inert gas present (Fig. 3). However, the 
curves are shifted downward along the velocity axis 
toward the forward velocities, and the velocities are 
about one hundredth of the velocities with no inert gas. 





MOTION OF ARC CATHODE SPOT 


For a given magnetic field strength, an increase 
in arc current increases the forward velocity, thus 
changing the velocity toward the forward direction. 
When there was no inert gas and the velocity was 
retrograde an increase in arc current increased the 
retrograde velocity (Fig. 3). With inert gas present 
there was no discontinuity in velocity at high magnetic 
field strengths. 

Figure 7 shows a plot of the spot velocity as a function 
of argon pressure for two constant magnetic field 
strengths. With a low inert gas pressure the spot moves 
in the retrograde direction. Increasing the pressure 
causes the spot to slow down, stop, and then move in 
the forward direction. 

The conditions required for a zero-spot velocity are 
shown in Fig. 8. The magnetic field strength to give 
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Fic. 5. Spot velocity vs arc current for constant 
magnetic field strengths. No inert gas. 


zero-spot velocity is plotted as a function of arc current 
for constant gas pressures. In general, an increase in 
arc current requires an increase in magnetic field 
strength to hold the spot at rest. For a high gas pressure 
a small change in arc current requires a large change 
in magnetic field strength to compensate it, while for 
a low gas pressure the same change in arc current 
requires a small change in magnetic field strength to 
compensate it. If curves like these had been plotted for 
a constant retrograde velocity instead of zero velocity, 
the curve for zero gas pressure would have had a 
negative slope as may be seen from Fig. 3. and Fig. 5. 
For a constant retrograde velocity and no inert gas 
an increase in arc current requires a decrease in mag- 
netic field strength to compensate it. 
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Fic. 6. Spot velocity vs magneitc field strength for 
constant arc currents. Argon pressure 150 mm Hg. 


Figure 9 shows the inert gas (argon) pressure re- 
quired to produce a zero-spot velocity at various arc 
currents for three constant magnetic field strengths. 
An increase in arc current requires a decrease in pressure 
to compensate it. 

Spectra of Hg are shown in Fig. 10. Figure 10(a) 
shows the spectrum of the arc in a weak magnetic 
field. The central continuous spectrum is from the 
cathode spot while the lower part is due to the negative 
glow. (The part above the continuous spectrum is from 
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Fic. 8. Magnetic field strength vs arc current for 
constant argon pressures. Zero-spot velocity. 


reflections of the cathode spot in the mercury pool.) 
The spectrum shown in Fig. 10(b) is of the arc in a 
magnetic field of about 12 000 oersteds. In the spectrum 
of the arc in a strong magnetic field several new lines 
appear and several others are greatly enhanced. These 
are Hg 1 lines. Smith [reference 2(d)] observed both 
Hg u and Hg m1 lines in the spectrum of the arc in a 
magnetic field of 10 000 oersteds. 

The continuous spectra for the strong and weak 
magnetic fields are similar. That this continuous 
spectrum is not due to a high concentration of mercury 
molecules near the cathode is shown by comparing 
it with the continuous spectrum of mercury molecules 
shown in Fig. 10(c). (The center part of Fig. 10(c) 
shows the effect of heating the middle of the discharge 
tube. There is a weakening of one part of the Hg» 
spectrum and an enhancing of another part.®) 


SUMMARY 


The results of these investigations and investigations 
by others may be summarized as follows: Let H= mag- 
netic field strength, »= velocity of cathode spot of arc, 
]=arc current, and p= inert gas pressure. 

Inert gas pressure zero: Increasing H increases v 
in retrograde direction; increasing J increases » in 
retrograde direction. 

Inert gas pressure >50 mm Hg: Increasing H 
increases v in retrograde direction; increasing J in- 
creases » in forward direction; increasing p increases v 
in forward direction. 


DISCUSSION 


Several possible explanations of retrograde motion 
have been proposed. Longini® suggested that the 
magnetic field causes a shift in the forward direction 
for the electronic and positive ion space charges near 
the cathode spot with more shift for the electron space 


* J. G. Winans, Phys. Rev. 42, 800 (1932). 
*R. L. Longini, Phys. Rev. 71, 642 (1947); 72, 184 (1947). 
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charge near the cathode surface than for the positive 
ion sheath above the cathode spot. This would neutral- 
ize part of the positive ion sheath in the forward 
direction and thus produce a maximum of electric 
field at a retrograde position for all but very strong 
magnetic fields. Longini assumed that the arc spot 
occurred at the position of highest electric field strength. 
Thus, the arc spot would move in the retrograde 
direction along with the maximum of the electric field 
strength. Longini recognized that according to this 
explanation the motion should change from retrograde 
to forward with very strong magnetic fields. Later 
observations show only an increase in retrograde 
velocity with increase in magnetic field strength. 

H.nler and Cohn have suggested that if electrons 
are ejected from the cathode spot in all directions, those 
going in the forward direction might be returned to 
the cathode without producing any new positive ions, 
while those going in the retrograde direction although 
deflected upward by the magnetic field could produce 
new positive ions on the retrograde side of the cathode 
spot. These new positive ions then could form a new 
cathode spot at a position in the retrograde direction. 
It was pointed out by Gallagher*® that this explanation 
required the ejection of more electrons in directions 
nearly tangent to the cathode surface then would be 
plausible. 

Rothstein” has proposed that the current just 
outside the surface of the cathode might be carried 
in part by holes which move in the retrograde direction 
and start a new cathode spot when they strike the 
cathode. This proposal assumes that holes are more 
effective than positive ions in producing a cathode spot 
azd assumes the existence of holes in a vapor. To 
obtain conduction by holes there must be many 
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Fic. 9. Argon pressure vs arc current for constant 
magnetic field strengths. Zero-spot velocity. 


” J. Rothstein, Phys. Rev. 78, 331 (1950). 





MOTION OF ARC CATHODE SPOT IN MAGNETIC FIELD 


Fic. 10. Spectra of Hg. (a) Spectrum of the arc in a weak magnetic field, (b) Spectrum of the arc in a 
stong magnetic field and (c) Spectrum of Hg» molecules. 


neutral particles which can supply electrons and thus 
becomes new holes. The vapor pressure of mercury 
near the cathode would not be expected to be high 
enough to permit this type of hole conduction. 

Tanberg"' proposed that rapid evaporation of 
partially ionized metal vapor from the cathode spot 
could provide a stream of positive ions moving away 
from the cathode. These positive ions could be de- 
flected in the retrograde direction by the magnetic 
field and strike the cathode and form a new cathode 
spot on the retrograde side of the previous cathode 
spot. It is unlikely that a stream of atoms evaporated 
from the cathode spot weld contain an eppreciable 
number of positive ions since positive ions would be 
held near the cathode by the high electric field in the 
cathode dark space. This theory also would not account 
for the nearly doubling of the arc spot retrograde 
velocity at high magnetic field strengths. 

A possible mechanism which is consistent with all 
observations of retrograde and forward motion so far 
made is illustrated in Fig. 11. The magnetic field is 
normal to the drawing. The potential difference across 
the cathode dark space from the spectral evidence 
shown in Fig. 10 must be about 20 or 30 volts while the 
total potential difference across the arc is about 12 
or 15 volts. This potential distribution requires a 
positive ion sheath very near the cathode and an 
electron cloud between this sheath and the anode. 

The proposed mechanism for the case in which no 
inert gas is present is as follows. Electrons emitted 
from the cathode spot are accelerated through the 
cathode dark space, and bent into a curved path by 
the force from their motion through the magnetic 
field. At the end of a free path for ionization they 
collide with atoms to produce new positive ions on 


HR, Tanberg, Nature 124, 371 (1929). 


the forward side of the cathode spot as shown in Fig. 11. 
These new positive ions are drawn toward the cathode 
spot region by the forces exerted on them by the 
electrons in the cathode, the positive ion sheath, the 
electron cloud above the sheath, and the electrons 
streaming toward the new positive ions (F;, Fs, F3, Fa, 
in Fig. 11). This gives the new positive ions a velocity 
which has a component in the retrograde direction. 
As these positive ions approach the cathode spot 
region they are shielded from the electrons in the 
cathode spot by the positive ion sheath and attracted 
toward the electron cloud. Their tangential velocity 
then carries them over the positive ion sheath after 
which they are pulled into the cathode and start a 
new cathode spot at a point in the retrograde direction 
from the previous cathode spot. 

With no inert gas in the tube, the force of attraction 
between the new positive ions and the cathode spot 
assembly produces motion of the positive ions and 
practically no motion of the cathode spot assembly 
because the mobility of electrons in the cathode is much 
less than the mobility of the new positive ions. The 
mobility of Hg* ions in mercury vapor at a pressure of 
about 0.3 mm of mercury (tube temperature about 
100°C) is about 10000 (cm/sec) per (volt/cm) while 
the mobility of electrons in the cathode is near 40 or 
50 (cm/sec) per (volt/cm). Also, it can be expected 
that the cathode spot assembly will not be greatly 
distorted by the forces exerted on it by the new positive 
ions. 

An increase in magnetic field strength has several 
effects on the operation of the arc. The potential drop 
across the cathode dark space increases considerably, 
but only a slight increase results in the total potential 
difference between cathode and anode. This increases 
the charge in the electron cloud above the positive 
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Fic. 11, The mechanism for a qualitative description 
of the cathode spot motion. 


ion sheath and thus increases the total force on the 
new positive ions. 

Also, an increase in magnetic field strength increases 
the bending of the electron path and new positive ions 
are produced closer to the cathode. The velocity of 
these new positive ions then has a larger component 
in the retrograde direction. 

These effects cause the positive ions to overshoot the 
cathode spot to a greater distance in the retrograde 
direction when the magnetic field strength is increased. 
Thus, an increase in the retrograde velocity of the arc 
spot results from an increase in the magnetic field 
strength. 

The approximate doubling in the retrograde spot 
velocity with an increase in magnetic field strength 
beyond 11.000 oersteds when no inert gas is present 
can be attributed to the production of Hgt* ions. The 
spectrum shows that excited Hg*t ions are produced. 
It is to be expected that Hg** ions are also produced. 
The tangential force on Hg** being twice that on Hg*, 
the retrograde velocity should be nearly doubled when 
Hgt* ions are formed. 

With an inert gas present high-energy electrons can 
be expected to ionize or excite gas atoms and not gain 
enough energy to produce doubly-charged ions like 
Hg*t+. Thus, with an inert gas present, there should be 
no sudden increase in retrograde velocity with increase 
of magnetic field strength. This agrees with ob- 
servations. 

An increase in the arc current causes an increase in 
the total charge in the cathode spot assembly, and this 
in turn increases the force on each of the positive ions. 
With no inert gas present they overshoot further in 
the retrograde direction before starting a new cathode 
spot, and thus there results an increase in the retrograde 
velocity of the cathode spot. 

The introduction of an inert gas into the discharge 
tube reduces the mobility of the positive ions very 
greatly since the mobility is inversely proportional 
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to the gas pressure. Addition of argon to a pressure of 
760 mm Hg reduces the positive-ion mobility from 
about 10 000 (cm/sec) per (volt/cm) to 1 or 2 (cm/sec) 
per (volt/cm). Thus, the mobility of the positive ions 
in the gas is reduced until it is of the order of that of 
the electrons in the cathode. The cathode spot assembly 
can then move in the forward direction during the 
time of motion of the positive ions. Also the tangential 
velocity acquired by the positive ions is rapidly dissi- 
pated by collisions with inert gas atoms, so that the 
positive ions will not be able to overshoot the cathode 
spot assembly as much as they did with no inert gas 
present. These effects produce a reduction in retrograde 
velocity and, if sufficiently large, cause a motion of 
the cathode spot in the forward direction. Under these 
circumstances an increase in arc current increases the 
charges in the cathode spot assembly and increases the 
number of new positive ions, thus increasing these 
effects. Experiment shows that the velocity increases 
in the forward direction with an increase in arc current 
when an inert gas is present. 


CONCLUSIONS 


The retrograde motion of the cathode spot of an 
electric arc in a transverse magnetic field when little 
or no inert gas is present can be described in terms of 
positive ions overshooting the cathode spot assembly. 

A substantial amount of inert gas retards the move- 
ment of the positive ions to the extent that the move- 
ment of the cathode spot assembly in the forward 
direction is greater than the overshooting of the positive 
ions. This can account for the forward motion of the 
cathode spot with an inert gas present. 

The writers wish to thank Dr. C. G. Smith for the 
use of a magnet and one of his arc tubes, and also for 
some pure molybdenum that was used in making 
electrodes of other tubes. 

Work is continuing with the support of the Research 
Corporation. 

Note added in proof.—A. E. Robson and A, von Engel 
[Phys. Rev. 93, 1121 (March 1, 1954)] suggest that 
retrograde motion may result from a local reversal of 
magnetic field due to sharp bending of the electron 
current. While the process might give retrograde motion 
it would not account for the doubling of retrograde 
velocity at high magnetic fields. Also this mechanism 
requires that the retrograde velocity be nearly propor- 
tional to the square of the arc current while measure- 
ments (Fig. 5) show it to be less than proportional to 
the first power of arc current. 
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Second Virial Coefficients of He* and He*j 
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The second virial coefficients of He* and He‘ have been calculated at closely spaced temperatures over 
the range 0.3°K to 60°K using the Lennard-Jones 12-6 potential with constants determined by de Boer 
and Michels. The necessary phase shifts were calculated on a high-speed electronic digital computer. The 
resulting He‘ second virial coefficients agree very well with the available experimental data. They also 
join nicely at 60°K with the coefficients calculated from the high-temperature classical equation with 
quantum corrections. The second cross virial coefficients for He*, He* have also been calculated. The devi- 
ation of a gaseous solution of He* and He‘ from an ideal solution is comparatively small at temperatures 
above about 2°K, while at very low temperatures pronounced quantum solution imperfection appears. 





I. INTRODUCTION 


HE second virial coefficient of He* at low temper- 
atures has been calculated by Massey and 
Buckingham! and by Buckingham, Hamilton, and 
Massey,’ from several intermolecular potentials, the 
constants of which are theoretical or semitheoretical 
in origin. A similar calculation has been made by 
de Boer and Michels* with the Lennard-Jones 12-6 
potential. The constants of this equation were de- 
termined empirically by fitting the high-temperature 
statistical equations (with quantum corrections) to 
experimental (above 50°K) virial coefficient data. Of 
these several calculations, that of de Boer and Michels 
best fits the experimental low-temperature virial co- 
efficient data. The same Lennard-Jones potential 
has also been used by de Boer, van Kranendonk, and 
Compaan‘ to calculate the second virial coefficients of 
He’. There are as yet no experimental data in this case. 
The most difficult and lengthy part of such a calcu- 
lation is the determination of the very large number of 
phase shifts needed to describe the binary atomic 
collision. Most of the phase shifts given by de Boer 
and co-workers'* were determined by numerical inte- 
gration of the one-dimensional radial Schrédinger 
equation with the Lennard-Jones potential. Relatively 
few details are given of the numerical technique used, 
so that it is difficult for one to judge the probable 
accuracy of the calculation. However, it is safe to 
assert that at least a lifetime of work on a desk calcu- 
lator would be needed to achieve moderately high 
accuracy in the results. This problem obviously calls 
for the use of a modern high-speed digital computer. 
Although one observes that the second virial coeffi- 
cients of de Boer and Michels’ for He‘ are a pretty 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

*Department of Chemistry, The Rice Institute, Houston, 
Texas. 
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4de Boer, van Kranendonk, and Compaan, Phys. Rev. 76, 998 
(1949); 76, 1728 (1949); Physica 16, 545 (1950). 


good representation of the experimental results, we 
decided to recalculate these coefficients for Het and He’, 
using constants given by de Boer and Michels® for the 
Lennard-Jones potential, for two reasons: (1) to estab- 
lish how much of the small deviation of the previous 
work? from the experimental data is due to the potential 
and how much is due to accumulated numerical error, 
and (2) to extend the temperature range of the calcu- 
lated second virial coefficients. In addition, we have 
calculated the cross He’, He* coefficients using the 
same Lennard-Jones potential. 


Il. THEORY 


The equation of state of a gas may be expressed in 
either the pressure or the inverse volume expansion: 


Po= RT+BP+CP*+:->, (1) 
Po= RT(1+B'/v+C'/P?+---, (2) 


where B= B’ is the second virial coefficient (C#¥C’, 
etc.). In this section the method used to obtain B will 
be briefly developed inasmuch as the several aspects of 
this theory have not been consolidated in the earlier 
literature. In Part (a), an expression for B in terms of 
the density of energy levels for an ideal gas relative to 
that for a real gas is derived from the statistical me- 
chanical relationship for B. In Part (b), the potential 
energy between the two particles is inserted into the 
radial wave equation from the solution of which one 
obtains the relative energy density. In Part (c), the 
results of the quantum-mechanical operations are 
introduced into the formula for B. 


(a) Transformation of the B Equation 


The statistical mechanical expression for B is given 
by® 
B= —NV(Z,.—}Z;’)/Z/, (3) 


where NV is Avogadro’s number, Z; is the partition 
function for one molecule, and Z, is the partition 
function for two molecules. This expression is correct 
5 J. de Boer and A. Michels, Physica 5, 945 (1938). 
6 J. E. Kilpatrick, J. Chem. Phys. 21, 274 (1953). 
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both quantum-mechanically and classically. Z, is given 
by 
Z\= (2s+1)dV, 


where’ 


a 


\?= h?/2armkT, (5) 


and s is the nuclear spin.* 

In the following discussion we shall use the term 
“ideal”’ to refer to a hypothetical gas identical with the 
real gas except that the potential of interaction is zero 
for all distances. Properties of such a gas will be denoted 
by attaching an asterisk to the appropriate symbols. 
It is convenient to divide B into two parts, B* and 
B— B*. Equation (3) then takes the form 


2-52NF Nd*(Z.—Z3*) 


— (6) 
(2s+-1)?V 


B=F 
2s+1 


The sign of the first (ideal gas) term is negative for a 
Bose-Einstein gas and positive for a Fermi-Dirac gas. 
In general 


Z.= . ay oe BIRT a Z2(trans) *La(rel)= 2A V + Zoceer), (7) 


where the prime on the summation indicates it is to be 
taken over all quantum states, Zo(trans) is the partition 
function of the translatory motion of the center of 
gravity of the two-molecule system, and Zo;r¢1) is the 
partition function of the two-molecule system summed 
over only the quantum states due to the relative 
motion. We can then write Eq. (6) as 


2-82NX} NAF (Zo ¢ret) — Zaceer)*) 
B= ~ ————, (8) 


2s+1 (2s+1)? 

The only term in Eq. (8) that offers any difficulty is 
Za(ret)—Za(r01)". Its value depends principally upon the 
difference in density of the energy levels of relative 
motion between the two cases. 


(b) The Quantum-Mechanical Relations 


The energy levels of relative motion are the eigen- 
values of the radial wave equation 


L(l+-1)h 
St V)=E, (9) 


mr 


where uw is the reduced mass and V(r) is the actual 
intermolecular potential for the real pair of molecules 
and is identically zero for the ideal pair. It is convenient 
to reduce Eq. (9) to a dimensionless form by the 


7 Values of the fundamental physical constants used in this 
yaper were obtained from F. D. Rossini et al., J. Am. Chem. Soc. 
4, 2699 (1952). The values employed for the isotopic masses 
were obtained from C. W. Li ef al., Phys. Rev. 83, 512 (1951). 

* We assume a monatomic gas since this theory is of interest 
principally for helium. 
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substitutions 
(10) 


(11) 


R=r/p, 
U(R) = (2u/h*)p*V (r), 
g’= (2u/h*)p*E, (12) 
Ry(R)=rh(r). (13) 


Here we introduce the symbol p, rather than the usual 
a, to emphasize the fact that in the above expressions 
p is an arbitrary parameter, whereas the o in the 
Lennard-Jones potential (see further on) has special 
significance; for this potential it is convenient to let 
p=o. 
We then obtain 
— (Ry)"+[—@+l(/+1)R?+U(R)JRY=0. (14) 


The energy levels fall into two classes: (1) a finite 
number (possibly zero) of negative levels for the real 
pair of molecules (there are never any negative levels 
for the ideal pair) whose contribution to Z: can be 
directly summed, and (2) an infinite number of very 
closely spaced positive levels for both the real and the 
ideal pair. The relative density of these two near- 
continua can best be treated by the method of phase 
shifts, introduced for this problem by Gropper® and by 
Beth and Uhlenbeck." 

For values of R large enough that /(/+-1)R-?+ U(R) 
is negligible, 

Ry=sin(¢R—}x/l+ 71). (15) 

The phase shift », of course is zero for the case U (R)=0. 
With very little loss in generality" we can set a bound- 
ary condition of RY=0 at R= L, a fairly large number. 
The possible values of g for the two cases [real U/(R) 
and ideal U=0] are given by 
(16) 
(17) 


where n is a positive integral quantum number and is 
equal to the number of zeros of the wave function 
(excluding the one at the origin). The difference in 
density of the energy levels between the real and the 
ideal cases is obtained by taking the variation of these 
two equations and rearranging: 


(5n/6q) — (5n/8q)*= (1/7) (5m,/8q). (18) 


This difference in density then is measured by the rate 
of change of the phase shift n; with the energy parameter 


q. 


gL —}$nl--n.= nr, 


qgL—}nl= nr, 


(c) Final Expression for B 


We may divide 72;,.1) into two sums, one extending 
over the discrete negative states (if any) and the other 
extending over the positive states. Since the positive 
levels are so very close together no appreciable error is 
introduced into Zo(re1) by replacing the sum over all 

91, Gropper, Phys. Rev. 51, 1108 (1937). 

1 E. Beth and G. E. Uhlenbeck, Physica 4, 915 (1937). 


The error is only in the very minor shape-of-container effect 
upon the equation of state. 
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quantum states by an integration with respect to n. 
We then convert to an integration with respect to q¢ 
and obtain 


Za(rety)=D' XP(— En, -/RT) +’ exp(— Ez, i+/kT) 


= rs a(s|¥ exp(— E,, ~/kT) 


” dn 
ss f exp(—¢ ata (19) 
q=0 dq 


where (s,/) gives the appropriate quantum weighting 
factors, the summation in n is over all negative energy 
levels of the system, and E,,,;+ has been replaced by 
its equivalent according to Eq. (12), so that 

go?= 2up?kT /h? = 2xp*h~*. (20) 

The corresponding expression for Z2;r.1)* may then 
be combined with Eq. (19) using Eq. (18) to obtain 
Z (ret) — Z2(re1)* in terms of the phase shifts 7. 

The degeneracy Q(s,/) of a particular energy level 
depends on the statistics of the two atoms, their 
nuclear spin, and the value of the angular-momentum 
quantum number. For a pair of identical Fermi-Dirac 
atoms, each with nuclear spin s, the weight is 
(s+1)(2s+1)(2/+1) for / odd and s(2s+1)(2/+1) for 
1 even [the factor (2/+1) arises from the spatial 
degeneracy |; these two weights are interchanged for a 
pair of Bose-Einstein atoms. 

We may now write for a pair of Fermi atoms, for 
example, 


Z2(re1) — Z2(r01)* 
= (s+1)(2s+1) >> ai+1)|¥ exp(— E,, ~/kT) 
l odd n 


1 7” ng dn | 
+o FOE 
dq 


TS om 


+s(2s+1) ¥ 


I even 


(21+ pfx exp(— En, ~/kT) 


+ -{" exp(—¢ wy ‘dq}. (21) 
q=0 
Integration of Eq. (21) by parts, insertion of the 
resulting expression into Eq. (18) and re-arrangement 
with the aid of Eq. (20), yields the final expression for B, 
8Nrip3 
2(2s-+1)qo? qo 


s+1 
xz| D> (2/+1)Lexp(— En, -/kT)—1) 


2s+1 t odd 


§ 
+—— PY (2l+1)[exp(— Ey, -/kT)—1] 


2s+1 1 even 
-F 16 Nap? 


nf Dewn(- ¢ ‘qe)ad4, (22) 


AND Het 


were 


s+1 
(~)=— Qh art — — dX (2l+1)m. (23) 


Ss 1 lodd 1 even 
2s+ 


Again, Eqs. (22) and (23) apply to a pair of identical 
Fermi atoms. The nuclear spin weighting factors s+1 
and s are to be interchanged for a pair of Bose atoms. 
The Boltzman factors arise directly from Z2, but the 
associated minus unity comes from the integration by 
parts of the phase shift integral. Phase shifts in general 
are arbitrary to the extent of any integral multiple of r. 
They are made definite by the convention that (1) 
m=0 for all g and / when U(R)=0, and (2) m be 
continuous for all g and / as U(R) varies. This con- 
vention necessitates that »,= am, for g=0, when m is 
the number of discrete negative energy states associated 
with the angular quantum number /. 

If the same analysis® that led to Eq. (3) is applied 
to a gaseous solution such as a mixture of He’ and Het, 
the following equation is obtained for the second virial 
coefficient : 


B = N#?Ba3t+ 2N3NiBut NP@Bu. 


The mole fractions of the two components are NV; and 
N4. Bs; and By are the second virial coefficients of pure 
He’ and pure He*. By, the second cross virial coefficient 
of the mixture, is defined by 


2Bu= ~ NV (Za, 4) —Z13)Z1¢4))/Z1¢3)Z 104) (25) 


where Z2;3,4) is summed over all of the states of a 
system composed of an He’ and an Het atom. The 
initial ideal gas term of Eq. (22) is exactly zero since 
the two atoms are distinguishable. The sum (>) 
= 45° (2/+1)m is taken over al) values of / and the 
nuclear spin weignting factors cancel identically. 


(24) 


III. NUMERICAL SOLUTION OF EQUATIONS 


With the exception of some preliminary, exploratory 
calculations that were performed on an IBM CPC 
computer, all of the numerical calculations of this work 
were carried out on the MANIAC, the Los Alamos 
electronic digital computer. This is a single address, 
binary, fixed decimal machine with electrostatic storage. 
The access time of a word in storage is about 10 usec, 
and the multiplication time of two forty place binary 
numbers (approximately twelve decimal places) is 
about 1000 usec. 

The radial wave equation in the reduced form of Eq. 
(14) was integrated by a method given by Milne.” 
This method is quite advantageous in that it requires 
relatively few operations, only two starting values, and 
has the same error term as the more commonly used 
three-point closed double integration formula. We used 
the integration pattern R=0.625(1/128)1.5(1/64)4 
< (1/32)8, since it was necessary to use a finer inte- 


2 W. E. Milne, Amer. Math. Mon. 49, 96 (1942). 
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gration interval when R was small. This choice was 
made after considerable experimentation in order to 
determine the effect of integration interval pattern 
upon the phase shifts. The numerical procedure was so 
arranged that the integration interval was doubled 
automatically at the preselected values of R. 

The potential] term was so coded that with relatively 
little work any new potential function, even one given 
in the form of a numerical table, could be easily substi- 
tuted. The Lennard-Jones potential used has the form 


V (r) = 4e[ (o/r)"*— (a/r)*]. (26) 


The two parameters were determined from the state- 
ment of de Boer ef al.‘ that for helium ¢/k=10.22°K 
and No*= 10.06 cc. 

The reduced Lennard-Jones 12-6 potential may be 
written as 


U(R)= p?(R-Y— R-), (27) 


where p=o and p’=8yueo"/h?. In the region of small R, 
Ry=exp(— pR-*/5). (28) 


For the Milne integration formula the first-order error 
per cycle is 6°(Ry)/240. To obtain accurate phase 
shifts, it is necessary in solving the wave equation to 
preserve accuracy in Ry or in (Ryp)’/Ry. Whereas a 
prohibitively small integration interval would be neces- 
sary in the region of small R to obtain Ry exactly, 
only a moderately coarse interval (AR=1/128) is 
sufficient to preserve accuracy in (Ry)’/Ry. Further- 
more, the phase shift in the wave function (determined 
at large R) is pretty nearly independent of the particular 
starting values of Ry used in the neighborhood of 
R=0.6. For example, the phase shifts for He® for g=1 
and /=0, 1, 2, 3, etc., were determined using the 
following arbitrarily chosen starting values: Ro and 
R,=0.625 and 0.625+ 1/128; (Ry)o and (Ry),= (1) 2-” 
and 2~*; (2) 2-4 and 2~*; (3) 2-* and 2-”. The phase 
shifts for each value of / were the same to at least six 
significant (decimal) figures in all three trials. 

It would be necessary to integrate out to a prohibi- 
tively large value of R in order that Ry be given 
accurately by Eq. (15). For much smaller values of R 
[namely, when U(R) is negligible] an expression in 
half-integral Bessel functions may be used, 


Rv= AR‘ 144(gR)+BR'J-1-4(qR), 
m= tan“[(—)'B/A]. 


To obtain B/A, two equations of the form of Eq. (29) 
were solved simultaneously, using values of Ry corre- 
sponding to two values of R separated by two inte- 
gration intervals. In the course of our exploratory work 
we observed a smooth systematic trend in the apparent 
value of n; (determined in the region of some particular 
value of R) as R increased. This error in m, due to 
stopping at a finite value of R, was shown to be 


(29) 
(30) 


ni (true) — (apparent) = p?/10gR'+---. (31) 
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This error expression is the first term of an asymptotic 
series. The integration proceeded until the error term 
was less than 0.0001 radian, at which point m (ap- 
parent) was obtained. This value of »; was corrected 
by means of Eq. (31). The proper quadrant for 7 was 
determined automatically by a series of discriminations 
upon the trend in the apparent value of ; from Eq. (30). 

The Bessel functions of Eq. (29) are simple algebraic 
functions in gR, singR and cosgR. Since according to 
Eq. (31) the same stopping point in R for a particular 
value of g can be used for ail /, it was possible to have 
the computer first generate the necessary trigonometric 
functions and then higher-order Bessel functions by 
recursion as they were needed. 

The over-all pattern of operation was as follows. 
Starting with some particular value of g, the first 
integration would be carried out with /=0; the phase 
shift would be calculated; the necessary Bessel func- 
tions for the next higher value of / would be generated, 
1 advanced by unity (by two in the case of He‘) and 
the next integration begun. At the end of each inte- 
gration the following information was printed out: gq, /, 
(2/+-1)m: and the running sum of (2/+1)m (over even 
and odd / separately). Whenever (2/+1)n: reached a 
predetermined small value, g was advanced by Ag 
= 1/16, / set to zero, the paper spaced and a new series 
begun at once. The running time required per phase 
shift was about 7 seconds. 

The phase shift 4; was probably determined (for a 
given value of g) to the same number of decimal places 
accuracy for all /. It is the sum with respect to / of 
(2/+-1)m, that is needed. For each value of g a value of 
| was soon reached at which it was better to use phase 
shifts calculated from the Born approximation in 
preference to those determined by numerical integra- 
tion. The Born approximation” becomes good whenever 
/ is several times g in magnitude. The definite integral 
can be evaluated in a simple form by means of equations 
given by Watson" to yield 


m= 3rp*q'/ (2145) (2/+-3) (2/+-1)(2/—1)(2/—3), (32) 


where ’ is interpreted as the coefficient of R~* in U(R). 
The repulsive term contributes essentially nothing. 
For each value of g the summation over / of (2/+1)m 
was extended until (2/+1)y;<0.00001 radian. 

A curious relation was observed between the phase 
shifts computed by numerical integration and those 
obtained from the Born approximation. For sufficiently 
large values of / these two series always agreed very 
well in the mean. However, although (Born) is a 
smooth function of /, »,(num. int.) continued to oscillate 
about »,(Born) with a wavelength of perhaps ten units 
in /. This effect is perfectly real and was not affected 
by drastic changes in the integration pattern or in the 


'L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949). 

“G. N. Watson, Theory of Bessel Functions (Cambridge 
University Press, Cambridge, 1952), p. 396. 
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value of R at which 7, was determined. It probably 
contributes very little error to > (2/+1)m. 

To obtain >> (2/+1)m, for a given value of g, the 
procedure was to join 


law 


dX (2l+-1)m(Born) 


l=lo+A 


l=lo 


¥ (2/4+-1)n:(num. int.) to 
l=0 
at a value of /=/) when 4,(num. int.) was very nearly 
equal to 7:(Born). For example, for He‘, g= 10, 


lo= 34; nio(num. int.) =0.09215; 


lama 
nlo(Born)=0.09206; 5 (2/-+1)m= — 63.6064. 
l=0 


The values of /) chosen were roughly proportional to q. 

Phase shifts and the sums > (2/+-1)m were calculated 
directly at intervals of Ag= 1/16 from g = 1/16 to g= 10. 
From g=10 to g=15, numerical integrations were 

















q 
Fic. 1. 2(2/+1)m versus q for Het. 


performed at intervals of Ag=0.5 and the values of 
> (2/+1)m at intervals of 1/16 determined by interpo- 
lation. 

A total of about 15 000 individual phase shifts were 
calculated by numerical integration in the course of 
this work, with an even larger total calculated from 
the Born approximation. Fortunately this tremendous 
mass of numbers did not have to be handled in detail 
by hand; the computer tabulated the final sums 
> (2/+-1)m in a form convenient for examination and 
checking. Periodically, detailed spot checks were run 
on individual phase shifts. 

It is difficult to make an estimate of the accuracy of 
our final values of (5-) [as defined in Eq. (23) ]. In the 
region around g=1 they are probably good to better 
than 0.0005 radian. The accuracy decreases as 9 
increases until at g= 10, the error may be as large as 
0.05 radian. 

The radial wave equation for a pair of He’ atoms 
certainly has no discrete negative energy levels. The 
He‘ system, with the Lennard-Jones potential we used, 
almost has a negative level but clearly just fails to have 
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one. Our value of p? in this case is 22.049. The critical 
value for the appearance of a negative level is 22.37 
according to calculations of Kilpatrick and Kilpatrick.” 

The phase shift integral of Eq. (22) was evaluated 
numerically by both Simpson’s and Weddle’s rules. 
At all temperatures between 0.1° and 60°K results 
were very nearly the same. 


IV. RESULTS 


The results of our phase shift calculations are pre- 
sented graphically. In Fig. 1, >> [> (2s+-1)m summed 
over even /] for He‘ is plotted against g. The sums 
calculated by de Boer and Michels* are shown as solid 
circles. The agreement is fairly good. In Fig. 2, >, 
and >°. for He’ are plotted against g. De Boer’s* sums 
are shown in squares and circles. The agreement in 
certain ranges, particularly for large q is not so good. 
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Fic. 3. He* phase shifts. 


"16J. E. Kilpatrick and M. F. Kilpatrick, J. Chem. Phys. 19, 
930 (1951). 
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Fic. 4. He® phase shifts. 


In Fig. 3, m (for }=0, 2, 4 and 6) for Het‘ is plotted 
against g. Figure 4 shows », vs q for He’. Figure 5 shows 
the relation of our calculated second virial coefficients 
for He* to the available experimental data and to 
de Boer and Michels” calculated points. In the case 
of He’, there is no experimental data. The agreement 
between our calculations and those of de Boer et al.>. 
is fairly good. This was surprising, since for He’ there 
is considerable disagreement in the phase shifts. The 
small disagreement between de Boer and Michels’ Het 
calculations and the experimental data appears to be 
almost wholly accumulated numerical error. Here our 
curve gives a somewhat better representation of the 
experimental data. 

In Table I we give our final virial coefficients at 
closely spaced temperature intervals. They probably 
represent the second virial coefficient (for the exact 
potential used) correct to the number of figures given. 
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Between 40°K and 60°K it was necessary to add a 
small correction to our virial coefficients, due to the 
fact that we directly determined phase shifts only up 
to g=15. This correction was evaluated by fitting a 
quadratic expression in g to the values of (>>) from 
qg=10 to 15 and then integrating the phase integral 
analytically from g= 15 to infinity. This correction had 
a maximum value of 0.19 cc/mole for He* at 60° and 
of 0.03 cc/mole for He’ at the same temperature. 

The Boyle points of He® and Het, interpolated from 
our B33; and By tables, are 19.64°K and 23.18°K, 
respectively. By means of de Boer’s'® quantum theory 
of corresponding states we extrapolate a value of 
T(Boyle) for He*® of 19.9°K. The agreement is satis- 
factory considering the uncertainty in the extrapolation 
curve. 

The theory of corresponding states does not include 
the effect of nuclear spin or of statistics. We thought 
it would be of interest to calculate the second virial 
coefficients of a hypothetical He with zero spin and 
Bose-Einstein statistics but with a mass exactly that 
of He’ for comparison with the normal He’. The 
appropriate values of >>: even(2/+1)n were already on 
hand. There was practically no difference between the 
two except at very low temperatures. The difference 
amounted to 0.003 cc/mole at 8°, 0.4 cc at 4°, 2.0 cc 
at 3°, 22 cc at 2°, and 107 cc at 1°. It can easily be 
shown that in order for these two He’ molecules to 
have the same second virial coefficients, it is necessary 
for > oaa— Dceven= 7/8. For g>5, this is true within 
0.02 radian from our data for He*. Therefore essentially 
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Bu 


cc/mole 


— 2715.4 
— 1712.8 
— 1203.2 
— 906.6 
—717.6 
— 589.0 
—497.2 
— 428.9 
— 376.5 
— 335.2 
— 302.0 
— 274.6 
— 251.7 
— 232.34 
— 215.69 
— 201.25 
— 188.58 
— 177.39 
— 167.41 
— 158.47 
— 150.39 
— 143.06 
— 136.38 
— 130.26 
— 124.62 
— 119.42 
— 114.60 
— 110.13 
— 105.96 
— 102.06 
—98.40 
— 94.98 
—91.75 
— 88.71 
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TABLE I. Second virial coefficients of He‘ and He’ and the solution 
imperfection as a function of temperature. 


cc/mole 
—375.1 
— 348.6 
— 320.0 
— 293.5 
— 269.9 
— 249.1 
— 230.7 
—214.4 
— 200.0 
— 187.08 
— 175.53 
— 165.13 
— 155.73 
— 147.21 
— 139.45 
— 132.36 
— 125.86 
— 119.89 
— 114.38 
— 109.29 
— 104.57 
— 100.18 
— 96.10 
—92.28 
— 88.72 
— 85.38 
— 82.24 
— 79.29 
—76.51 
— 73.88 
—71.40 
— 69.05 
— 66.83 
— 64.72 
— 62.71 
— 60.80 
— 58.98 
— 57.25 
— 55.59 
— 54.01 
— 52.49 
— 54.04 
— 48.32 
— 45.81 


4 
cc/mole 


—0.81 
—0.77 
—0.74 
—0.71 
—0.69 


all of the difference between B;; and By above 4°K is 
a mass rather than a statistical effect. 

It is of interest to compare our virial coefficients 
with those calculated from classical theory corrected 
by de Boer and Michels*:'” for quantum effects. The 
most convenient temperature for this comparison is 
61.32°K (corresponding to a reduced temperature of 
T*=kT/e=6). From de Boer’s equations we calculate 


By= 6.804 —0.147+2.756—0.457= 8.96, (33) 
B33= 6.804+0.139+ 3.662—0.805=9.80, (34) 
B34= 6.804+0.000+ 3.137 -0.592=9.35. (35) 


The first term is from the high-temperature, classical 
equation ; the second is the (ideal-gas) nuclear spin— 


WY, de Boer and R. B. Bird, University of Wisconsin Report 
CF 1509-A, 1952 (unpublished), Chap. 6. 


Bu 


ec/mole 


— 46.53 
— 44.50 
— 42.59 
— 40.80 
— 39.12 
— 37.53 
— 36.03 
— 34.61 
— 33.27 
—31.99 
— 30.78 
— 28.00 
— 25.53 
— 23.32 
— 21.34 
— 19.54 
— 17.90 
— 16.41 
— 15.04 
— 13.79 
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Bu 
cc/mote 
— 35.74 
—34.11 
— 32.57 
— 31.13 
— 29.78 
— 28.50 
— 27.29 
— 26.14 
— 25.05 
— 24.02 
— 23.04 
— 22.11 
— 19.95 
— 18.04 
—16.31 
— 14.75 
— 13.34 
— 12.05 
— 10.87 

—9.78 

— 8.78 

—7.86 

—7.00 

—6.21 

— 5.46 

—4.77 

—4.12 

—3.51 

— 2.40 

—1.41 

—0.52 

0.28 
1.00 
1.65 
2.25 
2.79 
3.29 
3.76 
4.18 
4.58 
4.94 
5.28 
6.67 
7.70 
8.47 
9.07 
9.55 
9.93 


4 
cc/ mole 


— 0.66 
— 0.64 
—0,62 
—0.60 
—0.58 
—0.56 
—0.85 
—0.53 
—0.52 
—0.50 
—0.49 
—0.48 
—0.45 
—0.42 
— 0.40 
—0.38 
—0.36 
— 0.34 
—0.33 
—0.31 
—0.30 
—0.28 
—0.27 
—0.26 
—0.25 
—0.24 
—(0,24 
—0.23 
—0.21 
—0.20 
—0.19 
—0.18 
—0.17 
—0.16 
—0.15 
—0.14 
—0.14 
—0.13 
—0.12 
—0.12 
—0.11 
-0.11 
—0.09 
— 0.08 
—0.07 
—0.06 
—0.05 
—0.05 








statistical term; and the third and fourth, the first two 
quantum deviation terms. The next quantum correction 
term is positive, so these results are low by a few tenths 
cc. Our data (Table I), extrapolated to 61.32°K, yield 


Bu = 9.34, (36) 
By= 10.04, (37) 
Bu= 9.64. (38) 


The agreement is within the probable magnitude of the 
missing terms of Eqs. (33), (34), and (35). 

For an ideal solution of He* and Het, B3,= }( By + Bay) 
and Eq. (24) becomes B= N3By3+ N4Bu. Equation (24) 
can therefore be written in an alternate form 


B = N3Bast+ N But 2N3N,A, 
A= Bu—}(Bast+Bu). 


(39) 
(40) 
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Bu cc/mole 


p? 22.049 p? =22.300 


vi, a1 vi, @ 72, €1 





— 1244.6 
— 442.27 
— 259.40 
— 182.73 
— 113.36 

— 80.36 
— 60.85 
— 47.87 
— 31.67 
— 22.00 

— 9.08 


— 1245.2 
— 441.54 
— 258.57 
— 182.03 
— 112.91 

— 80.07 
— 60.67 
—47.76 
— 31.66 
— 22.05 

—9.21 


— 1203.2 
— 428.93 
— 251.72 
— 177.39 
— 110.13 

—78.11 
— 59.14 
— 46.53 
— 30.78 
— 21.34 

—8.77 





The quantity A (tabulated in Table I) is a good measure 
of the deviation of the solution from ideality. A ap- 
proaches pius infinity at very low temperature, passes 
through zero at about 1.33°K, and stays small and 
negative at all higher temperatures. 

Our data, extrapolated to 61.32°K [Eqs. (36), (37), 
and (38) | give a value for A of —0.05 cc/mole. Equa- 
tions (33), (34), and (35) yield A= —0.03. This latter 
value of A is more accurate than the individual values 
of the virial coefficients from which it is derived since 
the effects of the missing higher terms tend to cancel. 

We also considered it of interest and importance to 
determine what effect changes in the potential constants 
¢ and @ would have on the low-temperature values of 
By. To accomplish this, we first obtained phase shifts 
for He‘ using a value of p= 22.300 instead of 22.049 
and then carried out the quadratures for two cases, 
both corresponding to the new p*: (1) o,=2.571X10-* 
cm, @=1.428K10~" erg; (2) o2=2.557K10-* cm, 
¢:=1.411X10~ erg. (The subscript 1 refers to the 
parameters as used in the original potential.) A brief 
summary of the results is given in Table II, where some 
original values of By, are repeated for easy comparison. 
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Several points are worthy of mention. First, it is 
seen that for the two cases corresponding to p?= 22.300 
the By,’s are nearly the same; but curves representing 
the two sets of points cross at about 0.7°K and at 8.5°K. 
Next we observe that a do (e€ constant) of 0.6 percent 
or a de (o constant) of 1.2 percent may change By by 
about 3 percent and that the effect on By is nearly 
temperature independent (up to 15°K). Simultaneously 
changing o and e within the above limits and subject 
to p’= 22.300 would introduce no larger variations in 
Bu. Thus the values of By, computed with this p’ 
would adequately fit the existing experimental data 
but not quite so well as those computed with the 
original p”. 

A similar analysis, employing only the classical 
Lennard-Jones treatment, shows that the above vari- 
ations in o and e may produce variations in the high- 
temperature values of By, as great as 5 percent; but 
this too is within experimental error. We may therefore 
safely conclude that de Boer and co-workers have 
chosen parameters for the Lennard-Jones potential 
which best fit experimental values of the second vir- 
ial coefficient for He‘ for the temperature range up to 
400°K. 

Mason and Rice'* have recently obtained constants 
for a Slater-type potential which give a fit for the 
experimental second virial coefficients of He* from 40 
to 1500°K as good as or better than the Lennard-Jones 
(12-6) potential. In addition, the three-constant po- 
tential gives a clearly superior representation of the 
observed viscosity and thermal conductivity of He‘ 
above 100°K. It is therefore of considerable interest to 
investigate the low-temperature virial coefficients and 
transport properties calculated from this new potential. 
Such an undertaking will be the subject of a forthcoming 
paper from this Laboratory. 

1% E, A. Mason and W. E. Rice, J. Chem. Phys. 22, 522 
(1954). 
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The problem of sclving the Schrédinger equation in a periodic lattice is studied from the point of view 
of the variation-iteration method. This approach leads to a very compact scheme if the potential V(r) is 
spherically symmetrical within the inscribed spheres of the atomic polyhedra and constant in the space 
between them. The band structure of the lattice is then determined by (1) geometrical structure constants, 
characteristic of the type cf lattice and (2) the logarithmic derivatives, at the surface of the inscribed sphere, 


of the s, p, d, . 


. . functions corresponding to V(r). By far the greater part cf the labor is involved in the 


calculation of (1), which needs to be done only once for each type of lattice; (2) can be obtained by numerical 
integration or directly from the atomic spectra. Although derived frcm a different point of view, this scheme 
turns out to be essentially equivalent to one proposed by Korringa on the basis of the theory cf lattice 
interferences. The present paper also contains an application to the conducticn band of metallic lithium. 





1, INTRODUCTION 
NE of the central problems in the band theory of 
solids is to find the propagating solutions of a 
Schrédinger equation, 


[-V2+V(r)—E W(r)=0, (1.1) 


in which the potential has the periodicity of the lattice 
under consideration. Exact solutions of this problem are 
in general not possible, and so a number of approxi- 
mation methods have been used in the past.' The 
present paper deals with the application of the vari- 


ation-iteration method to this problem, a method 
which has in recent years been found to be a very 
useful tool for the approximate solution of the wave 
equation in nuclear and electromagnetic theory and 
whose practicability in solid state physics is just 
beginning to be explored.?~® 

A straightforward application of this method was 
used by one of us [W. Kohn (unpublished) ; sze refer- 
ence 3] to find the ground-state energy (k=0) of 
metallic Na. While the result was very satisfactory, 
the labor involved discouraged him from calculating 
the rest of the band in this way. 

Dank and Callen*® have proposed a technique based 
on repeated iteration. Apart from orthogonality ques- 
tions, not yet fully clarified, which arise from the fact 
that the wave functions of interest in band theory do 
not correspond to the lowest eigenvalues, their method 
has the advantage of being a general and systematic 
technique. It involves, however, a major computational 


* Supported in part by the U. S. Office of Naval Research. 
Preliminary reports were given at the 1953 Durham and Rochester 
meetings of the American Physical Society, Phys. Rev. 91, 234 
(1953) and Phys. Rev. 92, 847 (1953). 

t Now at Armour Research Foundation, Chicago 16, Illinois. 

1 See, e.g., W. Kohn, Phys. Rev. 87, 472 (1952) where many 
references are given; also C. Herring, Phys. Rev. 57, 1169 (1940). 
(1949) S. Saxon and R. A. Hutner, Philips Research Repts. 4, 81 

*R. Silverman and W. Kohn, Phys. Rev. 80, 912 (1950). 

4M. Dank and H. B. Callen, Phys. Rev. 86, 622 (1952). 

5M. Dank, Office of Naval Research Report, University of 
Pennsylvania, December, 1952 (unpublished). 


effort for each physical problem, requiring the assistance 
of large scale computing machines. 

After our original attempts we noticed that under 
two conditions the whole problem simplified enor- 
mously, namely when the effective potential was 
spherically symmetrical within the inscribed spheres of 
the atomic polyhedra and constant in the space between 
them. Both of these are rather well satisfied in many 
solids. If necessary, small deviations from these condi- 
tions can be taken into account by a perturbation 
calculation. 

The most attractive feature of the scheme which then 
emerges is that by far the greater part of the work of 
calculating energy bands consists of the calculation of 
certain geometrical “structure constants’ which must 
be calculated once and for all for each type of lattice. 
Beside these, the only other information required are 
the logarithmic derivatives Z;, at the surface of the 
inscribed sphere, of the s, p, d, . . . solutions of the 
Schrédinger equation with the given V(r). These can 
be easily obtained either by numerical integration or, 
in some cases, directly from the atomic spectra*® without 
explicit introduction of V(r). 

It should be emphasized that in spite of the assump- 
tion of a spherical V(r) the method is not equivalent 
to the spherical approximation of Wigner and Seitz in 
which also the atomic polyhedron is approximated by 
a sphere. The present method takes the actual shape 
of the polyhedron exactly into account. 

We have used this method to calculate the filled part 
of the conduction band of metallic lithium (Sec. 5). On 
the basis of our experience with this calculation, we 
believe that once the structure constants are tabulated, 
the method affords a very convenient way of calcu- 
lating energy bands when the potential satisfies approx- 
imately the aforementioned conditions. 

A program of preparing systematic tables of the 
structure constants for body- and face-centered cubic 


*T. S. Kuhn and J. H. Van Vleck, Phys. Rev. 79, 382 (1950). 
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lattices has been started, and the results will be pub- 
lished when available. 

When this work was completed, a paper by Korringa’ 
was brought to our attention® in which an essentially 
equivalent scheme was developed from a different point 
of view. We have felt, however, that a presentation of 
our work in substantially its original form was ad- 
visable, since it brings out a number of new points 
which did not appear in Korringa’s work. 


2. RESUME OF GENERAL THEORY 


Consider a monatomic lattice of nuclei at the equiva- 
lent positions, 


F,=SytitSotet Sets, 5;=0,+41,42,---, (2.1) 


where the +; are three fundamental translation vectors 
of the lattice. Let V(r) be an effective potential with 
the periodicity property : 

V(r+r,)=V(r). (2.2) 
We shall look for the “propagating” solutions, 


¥(r+r,)=e*'h(r), (2.3) 
of the Schrédinger equation, 


f—V?2+V(r)—EW(r)=0. 


These solutions satisfy the following boundary condi- 
tions in the central polyhedron, which surrounds the 


origin: 


(2.4) 


¥(r°) = exp(ik-2,)¥(r), 
Oy (r°)/On°= —exp(ik-2,)dp(r)/dn, 
where k is the wave vector of the solution, r¢ and r are 
conjugate points on the surface of the polyhedron, and 


*, is the fundamental translation vector joining them. 
(See Fig. 1.) From here on, it will be sufficient to 


(2.5) 


Fic. 1. Conjugate boundary points. 


7 J. Korringa, Physica 13, 392 (1947). 

*We are greatly indebted in this connection to Drs. E. M. 
Baroady and R. J. Harrison of the Batelle Memorial Institute. 
We understand that Drs. Harrison and Trefftz are engaged in 
applications of Korringa’s method which are similar to the work 
reported here. 
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consider the solution of (2.4) and (2.5) in the central 
polyhedron only. 
We now introduce the Green’s function G(r,r’) defined 


by 
(—V?— E)G(r,r’) = —6(r—r’), 


(2.6) 
ard, for conjugate boundary points r and r¢ 
G(r°,r’) = exp(ik-,)G(r,r’), 
OG (r°,r’)/On°= —exp(ik-2,)0G(r,r’)/dn. 
Let K,, be the vectors of the reciprocal lattice defined by 


i=1, 2, 3. (2.8) 


(2.7) 


K,,- t,= 21 X (integer), 
Then G can be written as 


G(r”) =- > expLi(K.+k)- wll 
.. £12 





(2.9) 


where 7 is the volume of the atomic polyhedron. 
Alternatively, G can be expressed in the form, 


1 exp[ix|r—r’—r,| ] 
6¢0)=-—f —-———---- pte,), 
4 2 lr—r’—r,| 


(2.10) 


where 
c=+/E, E> 0, 


=+i/(—E), E<o0. 


The correctness of (2.9) and (2.10) may be verified by 
direct substitution. Equation (2.9) is the standard 
expansion of a Green’s function in terms of the eigen- 
functions of the homogeneous boundary value problem 
and (2.10) can easily be derived from it. (See Appendix 
2.) The Green’s function has the hermitian property, 


G(r’,r)=G*(r,r’), (2.12) 


(2.11) 


as is apparent from (2.9). 

To replace the boundary value problem (2.4), (2.5) 
by an integral equation, we multiply (2.4) by G*(r,r’), 
and the complex conjugate of (2.6) by ¥(r), subtract 
and integrate over r in the interior of the polyhedron. 
This leads to 


(2.13) 


vie)= [Gren )VCovindr, 


which, by (2.12) is equivalent to 


y(r)= fear V(r’ W(r’)dr. (2.14) 


T 


Our further considerations are based on this equation.® 

* The final secular equation (3.17) is derived in the following 
from a variational formulation, which shows that the energy 
calculated from it will have an error of the second order compared 
to that of the trial function. A briefer, nonvariational derivation 
is given in Appendix 1. The reader who wishes to omit the varia- 
tional discussion should proceed from here to the beginning of 
Sec. 3 up to (3.7) and then to Appendix 1. 





SCHRODINGER EQUATION 


The integral Eq. (2.14) is equivalent to the varia- 
tional principle: 
(2.15) 
where 


A= f v*()V (V(r 


-f fr@vecaryveperarr, (2.16) 


as may be directly verified. It should be noted that 6A 
vanishes for arbitrary variations of ¥, in particular also 
such as do not satisfy the boundary conditions (2.5). 
This allows one much greater freedom of choice of the 
trial functions. 

The variational formulation has considerable practi- 
cal usefulness. For let y be a solution of (2.14) corre- 
sponding to k and E (the latter enter through G); 
then, clearly, 


A(y,k,Z) =0. (2.17) 


If now y; is a trial function, 
Vi=V+tE, 
where ¢ is a parameter of smallness, then by (2.15), 
A(W.,k, EZ) =O(€). (2.18) 
Hence if for given k we calculate E, from the equation, 
A(Wi,k,Z,) =0, (2.19) 


then clearly, 
E,—E=0(@), (2.20) 


ie., the error of the energy is of the second order 
compared to that of the trial function. Similarly, if we 
considered E given and calculated k, from 


A(Wijk:,Z) = 0, (2.21) 


we would have 


k,—k=O0(e). (2.22) 


The variational principle (2.15) lends itself to an 
application of the Rayleigh-Ritz technique. We use a 
trial function of the form: 

V=Licipi, c=ast+ib;, (2.23) 
0 


and substitute into (2.16). Calling 


Aes f ee*()V (es(e)dr 


‘ f f et ()V (OG(Er)V (e)es(e')drdr’, (2.24) 


where A,.; is Hermitian, we have 


A= os Ce* AG, iC}. (2.25) 


i,j=0 


IN PERIODIC LATTICES 


The conditions, 
0A/da;= 0A/0b;= 0, (2.26) 


which follow from (2.15), give the linear equations 


i=0, 1, --+m, 


¥ Ay. ¢j=0, i=0,1, ---n, (2.27) 
7=0 


which are compatible only if 


DetA,, ;=0. (2.28) 


Since, for given functions ¢;, the A;,; are functions only 
of k and E, Eq. (2.28) gives the required stationary 
connection between k and E. 

If desired, the coefficients c; can be determined from 
(2.27) after (2.28) has been solved. 


3. SIMPLIFICATION FOR A CERTAIN CLASS 
OF POTENTIALS 


While the method described in the preceding section 
does formally represent a solution of our problem its 
practicability depends on whether the A,,; (2.24) can 
be evaluated with a reasonable effort. Unfortunately 
this is in general quite a formidable task, involving first 
of all the calculation of the Green’s function for various 
k and E but then also the evaluation of the 6-dimen- 
sional integrals occurring in (2.24); the latter is made 
harder by the fact that the Green’s function is singular 
for equal arguments, and that the region of integration 
is the rather complicated atomic polyhedron. 

A great simplification can be achieved if one confines 
oneself to potentials V(r) with the following properties : 


V (r)=spherically symmetrical, 


r<r,= radius of inscribed sphere; (3.1) 


V(r)=Vo=constant, r>r;. 


In that case we can first of all shift our zero of energy 
to make 


Vo=0, (3.2) 


and can therefore restrict our discussion to potentials 
which vanish for r>r;. We then notice from (2.16) 
that the contribution to A come only from the spheres 
r<ri, <I. 

Now for r<r; the true solution of our problem, for 
energy E, can be expanded in spherical harmonics, 


oa I 
LX LX CimRilr) Vim, ¢), (3.3) 


l—) m=—lI 
where R;(r) is defined by 
1d d_ I(l+1) 
Hibs 
r dr dr r 


R,(0) = finite, 


+V(r)— E]RW =0, 
(3.4) 


Ri(r)=1; 
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and 
2l+1 (l— |m|) 1° 
VY im (0,9) = | 
4 (4+ | m|)! 


P;'™\ (cosd)e*?, (3.5) 


which is normalized to unity: 


r 2n 
f ao f dg| Vim(0,¢) |? sind= 1. 
0 0 


It is therefore natural to use as trial function a finite 
series of the form (3.3), 


(3.6) 


v= > s CimRu()¥ im (0,0), (3.7) 


l—) m= 


which satisfies the wave equation exactly. 
To deal properly with the singularities of G we must 
use a limiting procedure in evaluating A. We set 
A=limA,, (3.8) 
0 


where 


am f drp*(r) V(r) 
r<rj-te 


x [vin — f dr'G(r,r’) viewer] (3.9) 


"<rinme 


With the trial function (3.7), the volume integrals in 
(3.9) can be transformed into surface integrals by using 
the wave equation (2.4) satisfied by the trial —y and 
(2.6) satisfied by G. Thus, 


voo- ff dr'G(r,r’) V(r’ W(r’) 


-vir)- f dr'G(r,r') (V+ E)p(r'’) 


0 
=— f is| 6 (r,r’)—v(r’) 
r/=ri—e Or’ 


ts] 
-ve— ie) (3.10) 
Or’ 
Substituting into (3.9) and noting that, for r>r’, 


f drp*(r)V (r)G(r,r’) 


¥ f dr(V-+EW*(r)-G(er) 
rcrgmte 


* aG y / 
-f io Ga e)-v 0), (3.11) 
reri—le or or 
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we find 


ge Begs 


rs] rs] 
x [v (r’)—G(r,r')—G(r,r’)—v(r) | (3.12) 
Or’ Or’ 


— — 


Now it is shown in Appendix 2 that, for r<r’<r,, 
G can be expanded in the form 


G(r,r’) => Pe tm; tm? Ju(Kr) jv (xr’) 
+5 11-3 mm ju(ar) miler’) | 
X Vim (0,9) ¥* vm (6’,¢’), 
jil(x) = (w/2x)*T 44 (x), 
n(x) = (/2x)*J_14(x) 5” 


(3.13) 


(3.14) 


6, g and @’, y’ are polar angles of r and r’, relative to 
some fixed system of coordinates; and the “structure 
constants” Az m:1’,m Which are functions of E and k 
are characteristic for the lattice under consideration. 
They are explicitly given in the form of infinite sums 
(for details see Appendix 2). 

When (3.13) and (3.7) are substituted into (3.12) 
and the limit e—0 is taken, one obtains for the matrix 
elements of A: 


(Liji- WL (A Im; Um jv +b mmr’) 

— (A tm; jutKbvbmm ny) Ly |, 
dRi(r) 

= at Ri)| 


r=" 


Aim; t'm’ = 
(3.15) 
where 


In deriving (3.15) we have used the normalization 
R.(r;)=1. Before equating the determinant of (3.15) 
to zero, we divide each row by (Liji— ji’), and each 
column by (Lijv— jv’) which gives the secular equa- 
tion, 

ny —nLy 
A im: tm +45 18am————| = 0. 


(3.17) 
— jal| 


Det 


This equation contains the required connection between 
E and k. It is shown to be equivalent to Korringa’s 
Eq. (19)? in Appendix 3. 

In practice, (3.17) may be used as follows: 

(1) The structure constants Aim vm’ are tabulated 
once and for all, for each type of lattice, as functions 
of E and k. 

” For _ For explicit expressions in terms of sinx and cosx see, e.g., 


L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), first edition, 77. 
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(2) For the first few }, the logarithmic derivatives L; 
are obtained as functions of the energy. [It is under- 
stood here that the energy zero has already been 
shifted to make V(r)=0, r>r;..] This may be done by 
numerical integration of (3.4) or directly from the 
observed term values of the atomic spectrum.® 

(3a) If the energy is required for general k’s (i.e., k’s 
which are not invariant under any of the symmetry 
operations of the lattice), the most convenient way of 
solving (3.17) is to fix E (and hence x) and to find 
those k’s which make (3.17) vanish. Note that k enters 
only through the A’s. 

(3b) Certain points in k space are invariant under 
some of the symmetry operations of the lattice. The 
procedure (3a) does, of course, still apply to such 
points, but in general (3.17) can now be factored and 
it is advantageous to perform this factorization in 
advance. 

Suppose then we know from group-theoretical con- 
siderations" that the wave function must have the form, 


V=L COR (1) Daim’ Y im (0,¢), =hy, ba, +++, (3.18) 
lé m 


where the aim‘ are given by group theory and may be 
chosen so that 


L aim® etim ? = 545. (3.19) 


Substituting (3.18) into (3.12) and demanding that 
6A/5C,“ = 0 gives, in the limit e—0, 


ny —nLy 
Det Bu; vj Kbd,;———— =(), 
ji — jl} 


Jats, Is, +++, (3.20) 


V=lI,, le, eee 


Buv i= Zz; Qim**A lm; Vm’ m™. 


, 
mm 


The order of this secular equation equals the number of 
independent functions (i.e., the number of C;“) intro- 
duced in (3.18). 

If the energy is wanted at an isolated point of high 
symmetry, e.g., k=0, then (3.20) must be solved by 
varying FE. If however the energy is required on a 
symmetry axis or plane, e.g., along the axis k,=k,=0, 
along which the a;,‘° remain constant, it is simpler to 
fix E and solve (3.20) for k,. 

For definitions of the A im;vm: see Appendix 2. 


Wave Functions 


For some purposes one requires, besides the energy 
E(k), also the wave functions yy. As usual, these can 
be obiained from the set of linear equations (2.26), 


uF. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947). 
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after the secular equation (3.17) or (3.20) has been 


solved. 
For a “general” k, the coefficients Cim in (3.7) are 


given by 


; ny —nilr 
p (4 Im; Um’ + KOO mm Jerw=0, 
Um -j (3.21) 


Cim = Cm/ (j'- ji). 


Similarly, for a symmetrically located k, the coefficients 
C,™ in (3.18) are given by 


ny — nly 
vi jl—julr (3.22) 


C=O, / (Gr = jab. 


One should remember, however, that in a variational 
procedure such as the present one the accuracy of the 
wave function is much poorer than that of the energy. 


4. USEFULNESS AND LIMITATIONS 


In this section we shall try to appraise the advantages 
and limitations of the method just described. 

In cases where an effective potential is given which 
has the properties (3.1) to a sufficient degree of approxi- 
mation we believe that the present method offers an 
extremely convenient way of calculating the energy 
bands. By far the greatest part of the work consists of 
the calculation of the structure constants A im:r, m’ 
which are characteristics of the geometry of the lattice 
and whose computation is well suited for high-speed 
calculating machines. 

The only other ingredients necessary for obtaining 
the band structure are the logarithmic derivatives of 
the radial functions, which are easily obtained. 

The convergence of the procedure is very good, as 
illustrated in the application to metallic lithium which 
is described in the following section. Very accurate 
results for the energies are obtained there with as few 
as 2 or 3 trial functions. There are three factors which 
favor rapid convergence: 

(1) The secular equation results from a variational 
principle so that the error of E (or k) is of the second 
order compared to the error of the trial function. 

(2) As a rule, variational principles based on the 
integral equation, as the present one is, give much more 
accurate results than those based on the differential 
equation.! 

(3) The trial function is required only inside the 
inscribed sphere. In this limited region a smaller number 
of partial waves will give a good approximation to the 
correct function than is needed to describe the wave 
function in the entire polyhedron. 

The chief limitation of the method is, of course, its 
restriction to potentials of the class (3.1). When the 
actual potential violates these conditions radically the 
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Taste I. The lithium potential. 








(atomic units) 
5.727 
5.544 
5.450 
5.351 
5.253 
5.157 
5.058 
4.960 
4.862 
4.762 
4.563 
4.360 
4.1584 
3.9463 
3.7360 
3.5429 
3.3797 
3.2417 
3.1209 
3.0138 
2.8342 
2.6881 
2.5662 


r -—1V 
(atomic units) (atomic units) 


0.92 2.4242 
1.00 2.3766 
1.08 2.3058 
2.2458 
2.2035 
2.1661 
2.1350 


Y 
(atomic units) 
0.02 
0.04 
0.06 
0,08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.24 
0.28 
0.32 
0.36 
0.40 
0.44 
0.48 
0.52 
0.56 
0.60 
0.68 
0.76 
0.84 
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procedure is not suitable. In many cases, however, the 
deviations from these conditions are small. One can 
then write 


V(r) =VO(r)+V(R), (4.1) 


where V“°? satisfies (3.1), and V“ is small. Thus for 
r<r, one might take for V“)(r) the angular average of 
V(r), and for r>r,; the average value of V(r) in the 
space between the inscribed sphere and the polyhedron. 
One then solves the problem with V, and adds to 
this a first-order perturbation correction using the 
wave functions determined by (3.21), (3.22). 


5. APPLICATION TO METALLIC LITHIUM 


As a first test of this method we have calculated the 
filled part of the 2s conduction band of metallic lithium. 

As potential we took that which was used by Seitz!” 
in his original calculation, but due to an error was not 
correctly printed in his published paper. It is correctly 
listed in Table I. 

This potential, while spherically symmetrical, is not 
strictly constant outside the inscribed sphere. We have 
therefore replaced it by the potential: 


V'(r)=V(r), 


= Vo, 


rr, 
>i, 


(5.1) 


where V» was chosen as the average value of V(r) in 
the space between the inscribed sphere and the bound- 
ary of the polyhedron: 


Vo= — (0.6629 ry. (5.2) 


” F. Seitz, Phys. Rev. 47, 400 (1953). In Table IT of the paper 
by Seitz, the quantity 7V was obtained from rV; incorrectly by 
adding a small corrective potential with the wrong sign. Thus the 
correct rVy can be obtained from the rV; given by adding the 
difference (rVi—rVir) derived from Table IT to the value of rV; 
given in the table. 


Figure 2 shows that this replacement is not likely to 
introduce an appreciable error, an expectation borne 
out by the calculation. 

In the subsequent work the energy zero was shifted 
to Vo, so that the effective potential in our calculation 


was 
Vin=Vin)—Vo, rr 
(r) (r) 0» TNTiy (5.3) 
=(, 1>Ti, 


and the effective energy was 
E= E- Vo. 
The lattice parameter (cube edge) was taken as 


a= 6.51834, 


(5.4) 


(5.5) 


where dp is the Bohr radius. 
At k=0, we used the trial function, 


¥=Coo(4r)!Ro(r), (5.6) 


which, when substituted into (3.17), gave 


E= —0.6832 ry. (5.7) 


This agrees to four figures with the energy calculated 
in the spherical approximation.’ Since it is known that 
for k=0 the spherical approximation gives very accu- 
rate results for the alkalis, this agreement represents a 
good check on the validity of replacing V by V’, Eq. 
(5.1). We may also note that E, the value of E relative 
to Vo, is very small (—0.0203 ry) for the ground-state. 

Next the energy was fixed at E=2(ao/a)? ry and the 
corresponding k along the (1,0,0) direction was deter- 
mined. As trial functions we used 


(5.8) 


I 
y=> CiRi(r) V.0(6,¢), 


l= 


with the VY,» referred to the (1,0,0) direction. To test 
the convergence, ! was taken as 1 and 2 (2 and 3 trial 
functions). The results are listed in Table IT. 

Finally EF was taken as 10(ao/a)? ry (near the Fermi 
level) and the corresponding k’s were found along the 
(1,0,0) and (1,1,1) directions. The trial functions were 
again of the form (5.8) with the VY.» referred to the 


A 


4 5 §& 
v3 T T 


Vo 














Fic. 2. The potentials V and V’. 
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(1,0,0) and (1,1,1) directions, respectively. The results 
are jisted in Table II. 

It will be seen that the convergence is very rapid. 
With 2 trial functions the error is less than 2 percent, 
so that with 3 functions it is presumabiy quite negligible. 

Adopting the three values of || calculated with /=2 
and the E for k=0 [Eq. (5.7) ], we can fit an expression 


E= Eot+ E.k?+ Ey! kA 


+ (SEy) (Rk +h7k Pe +hkekf—tk) (5.9) 


to these points. (The smallness of Ey and E,® justifies 
the use of this form, which is strictly correct only for 
small k’s.) The result is listed in Table III, where it is 
also compared with the corresponding result obtained 
in the spherical approximation.’ 

As was to be expected, the band is not strictly 
spherically symmetrical in k space, i.e., Ey? 40. (In 
the spherical approximation the band has, of course, 
spherical symmetry.) However, the smallness of both 
fourth order coefficients is quite remarkable. It means 
that the entire filled part of the band is very nearly 
parabolic, although the top of the filled region is quite 
close to the boundary of the Brillouin zone. 

From a physical standpoint the £,“) and £,® terms 
are too small to be taken very seriously." We believe, 
however, that the present method is useful when the 
band shape differs considerably from spherical sym- 
metry as a result of the nonsphericity of the poly- 
hedron. Such deviations from spherical symmetry, when 
substantial, play an important role in the theories of 
the Hall coefficient and of magnetoresistance. 

We should like to express our thanks to Miss Alice 
Carroll for her expert assistance with the numerical 
calculations. 


APPENDIX 1. NONVARIATIONAL DERIVATION OF 
THE SECULAR EQUATION 3.17 


Let us consider a potential V(r) with the properties: 


V (r) = sphericall mmetrical, for r<r;— 
r)= spherically sy rical, for r<ri—e (ALA) 


=(, for r>ri-e 


TABLE II. Three 


ae 
E(a/ao)? 


(ry) (1,0,0) 





l= 1:0.3026 
t= 2:0.3037 


l= 1:0.5757 
l= 2:0.5844 


+ 2.0 


+10.0 l= 1:0.5845 
l= 2:0.5920 








13 A very rough estimate shows, for example, that the neighbor- 
ing ions contribute a small term of the form ¢(x*y*+ y*z?+-2?x*— }r*) 
to the potential which gives rise to an E,) whose order of magni- 
tude doch within a factor of 5) is —0.006. Furthermore, 
it is very doubtful if the band picture can be trusted for such 
fine effects. 
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TABLE III. Expansion coefficients of the energy, Eq. (5.9). 


Spherical approximation Present method 


— 0.6832 
0.723 
0.039 

— 0,033 


— 0.6832 
0.7270 

—0.029 
0.000 


Eo 

Ea 
E™ 
E,® 


(in the end e—0). Then (2.14) becomes 
vio f Grr’) V(r W(r')dr’. (A1.2) 


Now consider an r for which r=r;—2e, and use (2.4) 
and (2.6). This gives 


o=ven- f G(r’) (02+ EW ("')dr’ 


0 0 
f {Grr —p (r')— (r')—G(8,"") pds’. (A1.3) 
r’=Ti-¢ ; Or’ 


or 


In this equation, we substitute (3.13) for G and (3.3) 
for ¥, multiply by Vi,*(0,g) and integrate over the 
sphere r=r,;— 2e. Finally, we let e—0 and obtain: 


DY fA imum (jrly— jv’) 


1m’ 


+ bb mm (ny Ly—ny’) Cum =O, (A1.4) 


where the symbols are explained in (3.13), (3.14), and 
(3.16). These linear equations lead at once to the 
compatibility condition (3.17). 


APPENDIX 2. EXPANSION OF THE GREEN’S 
FUNCTION 


We begin by setting down three standard results 
which will be used in what follows: 


Addition Theorem: 


4dr l 
P,(cosO)=———- © Vin (0,¢)V im*(0',¢’), (A2.a) 
21+1 m=! 


where © is the angle between the directions (0,¢) and 
(@,¢’) and the Y;,, are defined in (3.5). 


Expansion of Plane Wave: 
eK R= An 7 i 7(KR)Vim(Or,er)Vim*(Ox,ex), (A2.b) 
l,m 
where j; is defined in (3.14), and 0g, gr and Ox, ox are 


the polar angles of K and R relative to some fixed 
coordinate system. 
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Expansion of Free Space Green’s Function: 


1 etl rr’ 


—= KS) julur)[mi(nr’)—ijr(xr’) } 
4r pany’ | lm 
x V im (8,9) Vim* (0',¢’), 


(A2.c) 


for r<r’, and a symmetrical expression when r’ <r. 
We now turn to the expansion of the Green’s function 
in spherical harmonics. For this, either (2.9) or (2.10) 
can be used as a starting point, leading to alternative 
expressions for the expansion coefficients. 
We begin with (2.9), 
expli(K,+k)- (r— r v)] 
G(r,r’)=— - 
tT. ( K,+k)— 
and introduce 


D(r,r') =G(r,r')—Go(r,r’), 
where 
1 cos(x|r—r’|) 
Go(r,r') = ” . 
4n [rr | 
«> jrlur)ni(xr’) V im(O,¢) ¥ im* (0,9) ; 
l,m 
ie r<r'’, 
K i ni (xr) jr(r’) V im* (0,0) V im (0’, 9’) ; 
l,m 


r' <r, 


(A2.2) 


[see (A2.c) ] and satisfies the same inhomogeneous wave 
equation as G(r,r’) for r, r’ inside the atomic polyhedron. 
Consequently D satisfies the homogeneous wave equa- 
tion in r and r’, and hence for r, r<7; must have an 
expansion of the form 


D(r,r') = > » A im; Um’ JURY) jy (xr’) 


im Um’ 
X Vim (0,0) V vm*(6',¢’). (A2.3) 


Together with (A2.1) and (A2.2), this gives the form 
(3.13) for G. The Hermitian property of G, (2.12), 
implies the relationship 


A Um’; ln= A teste!" (A2.4) 

Explicit expressions for the A’s can be obtained by 
expanding each of the factors exp[i(K,+k)-r] and 
exp[ —i(K,+k)-r’] occurring in (2.9) in spherical 
harmonics and comparing the result with the expansion 
(3.13). Thus one finds 


(49)? 
_ EOL Fi (xr) ju (xr) 


T 
 Ji(| Ka tk] 1) jv SO eRe tee ven 
ry (K,+k)?— 


ni ity 


ron 5 118.am'——— 
ji(xr) 


A im; Um! = 





r<r' <r, (A2.5) 


where 0,, gy, are the polar angles of K,,+k relative to 
the fixed coordinate system. The right-hand side is of 
course independent of the particular choice of r and 1’. 
It should be noted that in view of the asymptotic 


behavior, 
1 Cs 
jilx)—- sin( x~/") P 
x 2 


the sum in (A2.5) is absolutely convergent. 

Apart from the Hermitian relationships (A2.4) the 
A’s are not all independent but are derivable from a 
smaller number of independent constants. It may be 
noted that G is a function only of the single vector, 


R=r-r’. (A2.7) 


We shall now show how the A’s can all be expressed in 
terms of the expansion coefficients of G relative to R. 

Proceeding exactly as before, we find that G can be 
written in the form 


expli(K, +k): R) 
n (K, +k)? 


(A2.6) 


x72: 


G(R)=-— 


+ 2% Dz, mjr(kR)Viu(9,®), 
>. 


for R<r, (s=1,2,--+), (A2.8) 


where ©, ® are the polar angles of R. The Dz, y are 
given by 


4 ; 
Di, m= ——4"*ji(kR) } 
T 


ju(| K,+k!R) Y, eM™ On @n) 


(K,2 -k)'— 


K 
+—60ob.uo cotkR, 
4dr 
Di,-m=(—1)"Dz, m* (A2.9) 
where @,, g, are the polar angles of (K,+k). 
The infinite sum in (A2.9) converges, but only 
slowly. A convenient practical scheme of evaluating 
this sum is based on Ewald’s method." We consider 


S()= Tel 
ai (K.+k)?— 
Xexp{(E— (K,+k)*)/n}. 


We require S(~). Now Ewald has shown that S(m) 
—5S() approaches zero exponentially as 7 . Hence, 
by choosing for n a sufficiently large value (which in 
practice turns out to be remarkably small), we can 
without appreciable error evaluate S(n) instead of 


(A2.10) 


4 P, Ewald, Ann. Physik 64, 253 (1921). 
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S(). This is a great practical advantage since the 
sum for S(n), because of its exponential factor, con- 
verges much more rapidly than that for S(). 

The Aim;vm are expressible in terms of the Dz, w. 
Comparing (3.13) with (A2.8), we see that 


Dd Du, wir(kR)Viu(O0,®) 
L,M 
=r ps A Im l', m’ Ju(xr) jv (xr’) 


l,m Um’ 


X Vi,m(8,¢)Vm(’,¢’). (A2.11) 


Now by a double application of (A2.b), 
ju(kR)V iu (0,%) 


aut 
exp (ix: R)V rar (0x, ¢.)dQ, 


1 


Agile 


_* 
=F Yi filer) jv (xr) ¥ im (0,¢) 


art: ym! 


Wek r) exp(—ix-r’) Vn (Ox, ¢,)dQ, 


X Vim *(0',¢')Cim:im:vm’, (A2.12) 


where 


CLM; 1m; Um’ 
= f ViuO,)¥in*(G,0)¥ rm (Oo)d0. (A2.13) 


Substituting (A2.11) into (A2.10) and comparing 
coefficients of Vim(0,¢) Vm’ (0’,¢’), gives 


1 
A tm; 0), m= 40") > —D1, m mC L m—m'; lm; Um’ (A2.14) 


L it 
Here we have used the fact that 


M+m—m'. (A2.15) 


CLM; 1, mt, m= 9, 
The sum over L runs only over the values, 
L= [s—I'|, [i—#| +2, ita) [i+0’|, 


as, by (A2.13), the C’s vanish for other L’s. 

In summary, the structure constants A im;im in the 
secular equation (3.17) are given either directly by 
(A2.5) or in terms of the smaller number of constants 
Di,m by (A2.14, 13 and 9). A practical method for 
evaluating the sum in (A2.9) is indicated in connection 
with (A2.10). 


(A2.16) 


Alternative Definitions of Structure Constants 


As already mentioned, the Green’s function can also 
be expanded by starting from the expression (2.10). 
We begin by deriving (2.10) from (2.9)." For this 
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purpose we use the standard results: 
1 


K,+k— K 
Gs)! exp[i( )-@ ]de 


=6(K,+k—K), (A2.17) 


1 
~ > exp(iK,-9)=< 6(o—t,), (A2.18) 





ee f= (R-1)] 
K?— (E+ie) 


+0 (2yr)3 
1 exp(ix| R—r,|) 


|R—r,| 
VE, E>0 


k= 
i/-E, E<0. 
Then, 





K,+k)-R 
G(R)= lim == 5 ba Pe 
rt» (K,+k)?— (E+ie) 
exp(iK- R) 
momen 


K*— (E+ie) 


—r ff exp[i(Kx-+k—K)-9] 


exp(iK- R) 
Hae nates 
— (E+-te) 


1 
iste: ? 


= lim —- 
HW + (2x) 


odK 


1 
= lim “Geet > exp(ik-r,) 


e++0 





4 pes (R-1)] 
— (E+ ie) 


R-— s 
-=5 > exp(ik- ee 


(A2.20) 


If « had been chosen negative, then for E>0O, « in 
(A2.20) is replaced by —x. Both of these expressions 
are correct since their difference is evidently a solution 
of the homogeneous problem and hence zero. Thus, 
instead of (2.10) we can also write 


cos(x|r—r’—r,| ) 
G(r,r’)= —-— —¥ exp(k-r,)——————__, 
r—r’—r,| 


E>0, (A2.21) 

which, in contrast to (2.10), is manifestly Hermitian. 
If (A2.20) is expanded in spherical harmonics relative 

to R, using (A2.c), the following alternative expression 
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is found for the coefficients Dz, 4 of (A2.8): 


Diw=k 3 exp(ik-r,)[ m1 (xr) —ijr(wrs) Vim" (0,,¢5) 


a+0 


ik 
————bpobm0, (A2.22) 
(49)! 


where 9,, yg, are the polar angles of r,. It may be noted 
that this series converges exponentially for E<0 since 
n,(ix)—ij,(ix)~e~*/x for large x. Hence it provides a 
good check on evaluations of Dz, 4 by (A2.9). 


Convergence of the Green’s Function Expansion 


It has already been remarked that D(r,r’), (A2.1) 
has an expansion of the form (A2.3) which converges, 
provided both r and r’ are inside the inscribed sphere 
of the polyhedron. On the other hand, a consideration 
of (2.10) shows that the expansion does not converge 
for all other r and r’ inside the atomic polyhedron. 
This must be borne in mind when one considers appli- 
cations of the integral equation method to potentials 
which are not constant outside the inscribed sphere. 


APPENDIX 3. CONNECTION WITH THE WORK 
OF KORRINGA’ 


Consider the scattering in free space by the potential 
V=Vi(r), 
= (), 


ri, 


3.1 
r> Ti, (A ) 


at an energy E. Let R, be the radial part of the solution 
corresponding to angular momentum /, which for r <r; 
satisfies (3.4) and for r>r,; has the form 


R(r) =A [ j:(«r) —_ tannm,(xr) |, (A3.2) 
where 7 is the phase shift. An elementary calculation 
shows that if Z, is the logarithmic derivative of R at r;, 
then 

ni’ (xr) —mi(xr,) Li 


(A3.3) 


cotn. = 


ju (xr) — ule) Lr 
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When this is introduced into (3.17), together with the 
constants, 
Gim: Um’ = KA lm; Um’ 16.115 mm’, 


(3.17) becomes 


(A3.4) 


| etn | 
Det | Gim; vm’ +515mm'——| = 0, 
sinn, 


(A3.5) 


which corresponds to Korringa’s Eq. (19). Equation 
(3.17) appears to be slightly more convenient than 
(A3.5), as its elements are Hermitian for positive and 
negative E, and as it involves the logarithmic deriva- 
tives which are the quantities directly obtained from 
numerical integration or extrapolation of atomic data.® 

Note added in proof.—Recently a calculation of the 
lithium conduction band was published by B. Schiff." 
This author used a potential which differs from that 
constructed by Seitz, on which previous calculations 
by Seitz,’ Bardeen,'® Silverman and Kohn,’ as well as 
the present work were based. 

The results of Schiff for the position of the lowest 
level in the conduction band, relative to the ionization 
energy of the atom, and for the width of the filled part 
of the band, differ from the results of the other authors 
by 13 and 23 percent, respectively. However, the 
cohesive energies are in good agreement. 

This discrepancy is presumably due to the difference 
between the potentials used. According to the theory 
of Wigner and Seitz the potential should be the best 
effective potential for the valence electron in the free 
atom. The potential of Seitz does indeed reproduce all 
atomic energy levels with great accuracy. Schiff’s po- 
tential is substantially weaker than that of Seitz in the 
vicinity of the nucleus, in places by as much as 15 per- 
cent. As a result his calculated ionization energy for the 
atomic 2s electron is 8 percent smaller than the observed 
value, while the Seitz potential gives agreement with 
experiment within a fraction of a percent. 


16 B, Schiff, Proc. Phys. Soc. (London) A67, 2 (1954). 
6 Bardeen, J. Chem. Phys. 6, 367 (1938). 
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A galvanomagnetic effect is described which is observed by measuring the induced voltage normal to the 
direction of current flow as in the Hall effect but with the magnetic field in the current-voltage plane. The 
measurements enable us to test the assumptions of spherical energy surfaces and spherical relaxation time 
surfaces for semiconductors. If these assumptions are correct, the effect should be isotropic. Preliminary 
room temperature measurements show this effect to be anisotropic in both p- and n-type germamum, in 


agreement with magnetoresistance measurements. 





I. INTRODUCTION 


HE galvanomagnetic effect to be discussed here is 
not new in the sense that it is based on new 
principles, but is new because it apparently has not 
been previously discussed and investigated. As will be 
shown in the following sections, if a crystal carrying an 
electric current is placed in a magnetic field, an electric 
field will be induced perpendicular to the current in 
the current-magnetic field plane. We call this field the 
“planar Hall field” since the experimental conditions 
are similar to those used in Hall experiments, except 
that in observing the Hall effect the magnetic field, 
electric field, and current are mutually perpendicular. 
The electric field induced by the planar Hall effect 
analytically involves the same coefficients (but in a 
different arrangement) as does magnetoresistance. The 
magnetoresistance effect, of course, is concerned with a 
change in electric field parallel to the current direction. 


II. GENERAL 


In the absence of temperature gradients the electric 
current carried by a crystal with cubic symmetry is! 


a eo *s 
oO Bf 6 1, 


0 O FH? 


M= (la) 


where E and H are the electric and magnetic field, 
respectively, and the subscripts 1, 2, and 3 refer to 
the axes of cubic symmetry. Equation (1) is actually 
an approximation obtained by ignoring terms contain- 
ing E to a power higher than the first or H to a power 
higher than the second. The coefficients in (1), a0, a, B, ¥, 
and 6 are expressed in terms of integrals which can be 
evaluated, in principle, if assumptions are made con- 
cerning the statistics to be used and the dependence of 
relaxation time and energy upon the wave vector k. 
If 5 is nonzero, the presence of the tensor M complicates 
this equation since the current passing through the 
crystal in the presence of electric and magnetic fields 
will be anisotropic, being dependent upon the orienta- 
tion of the crystal. 


—_ 


1 F, Seitz, Phys. Rev. 79, 372 (1950). 


Equation (1) gives the current density in terms of the 
electric and magnetic fields. Since in an experiment it 
is customary to fix the current and magnetic field and 
to measure the resulting electric field, it is more useful 
to have an equation of the following form?: 


E=poLit+AixH+Bil?+CH(i-H)+DMi). (2) 


Here we have the electric field as a function of the 
current and magnetic field. If we substitute this equa- 
tion for the electric field into Eq. (1), we can determine 
the coefficients in Eq. (2) in terms of the coefficients in 
the current Eq. (1). 


(3a) 
(3b) 
(3c) 


po= 1/a0, 
A=—apo, 

B= — (B+ po’) po, 
C= — (y—poa*)po, (3d) 
D= — ipo. (3e) 


In obtaining Eqs. (3) we ignore terms containing the 
magnetic field to a power higher than the second. 

If for a semiconductor we assume Maxwell-Boltz- 
mann statistics for the carriers and a mean free path 
independent of energy, and if we assume that the energy 
and relaxation time surfaces in k space are spherical, 
then we can integrate the coefficients of (1). If the 
resulting values for ao, a, 8, y, and 6 are substituted into 
Eqs. (3), we have the following as the coefficients of (2) 
for these assumptions: 


(4a) 
(4b) 
(4c) 
(4d) 


po= 1/neou, 
A= — (3m/8c) (q/eo)h, 
= —C= (9n/16c*) (1-1/4) yp’, 
D=0, 
where 
= 4er/3(2emkT)! 


is the mobility, is the carrier density, c is the velocity 
of light, \ is the mean free path, and q is the charge of 
the current carrier, being +e for holes and —eo for 
electrons. Since for these assumptions, D is zero, the 
field as given by Eq. (2) will be isotropic. The only 


2 G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
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crystal parameter involved in the coefficients A, B, or C 
is the mobility so that these parameters should not 
vary too much from one crystal to another of the same 
type but of different resistivity, as long as we are con- 
cerned only with relatively pure crystals. Thus, meas- 
urement of A, B, or C should enable us to calculate the 
mobility. Essentially (4b) is used to calculate mobility 
from Hall and conductivity measurements and (4c) is 
used to calculate mobility from magnetoresistance 
measurements. From (4c) we see that 


u=1.623B), 
w= 1.623(—C)}, 


(5a) 
(5b) 


and, anticipating Eq. (13), it is found from (4b) that 


(39/8)u= Rao. (Sc) 


The mobilities calculated from (Sa), (5b), and (5c) 
should be equal to the mobility determined from drift 
measurements.’ Since mobilities determined by (5c) for 
germanium do not agree with the mobilities determined 
by drift measurements, the isotropic assumptions must 
be incorrect for germanium. The correct set of assump- 
tions must lead to the observed experimental relations 
between Roo, B, and C and must give the observed 
value for D. If the correct assumptions enable us to 
calculate the mobility from B, C, and Rao, the mobilities 
obtained should equal the drift mobility. Experimental 
values for B, C, and D will thus be useful in checking 
assumptions made about energy and relaxation time 
surfaces. 

Experimentally it is convenient to set up a coordinate 
system in a crystal which may or may not coincide with 
the axes of cubic symmetry. If the axes we define experi- 
mentally are x, y, and z, then the components of the 
electric field in these directions are represented by 


E,= poli, +A (iX H),+ Bi,H?+CH, (iH) 


$ 2 s s 
+D> - > > bp Dy Aye Aye Aer Hy Hy, (6) 


gel lag reg 7’! emg 


where r may equal x, y, or z and where the a,, are the 
direction cosines of the x, y, z axes with respect to the 
1, 2, 3 axes of cubic symmetry. 

The coefficients B, C, and D can be calculated from 
magnetoresistance measurements.” These measurements 
give B directly, but C and D always appear in additive 
combinations with B or with each other and B. Hence, 
the accuracy of the values of C and D obtained from 
magnetoresistance measurements will depend upon the 
relative magnitudes of the three coefficients. 


Ill. THE NEW EFFECT 


If we use the experimental conditions that i=i,, 
H,=i,=i,=0, i.e., the current is along the x axis and 
the magnetic field is in the xy plane, we find from 


sj. R. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951). 
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Eq. (6) that the field in the y direction is 


E,= poCizH H+ poDi (L 4,2'dy)H,’ 
+ (3 Gy10y,*) Hy? + 2H, (SE aez*Qy?)]. (7a) 


If H,=0 and we define y as arctan(H,/H,), then (7a) 
may be written as 


E,=i,H%G sin(2~+A)+g], (7b) 


where 
G=po{(4C+D>, as2°an,7 }? 
ED°LX. (de2°dey— Gexdny*) }*}3, 
8=48Dpol Dis (Gez*dey+GrxOry') |, 
[¥5 (Gs2*@ey— Or24sy*) | 


A=arctan——_—_ 


[AC+DE, dus?) 


It is the field given by Eq. (7b) that we wish to in- 
vestigate. This field which has apparently not been 
previously discussed or investigated, will be anisotropic 
unless D=0, and measurements of it for crystals with 
known orientations should enable us to calculate the 
coefficients C and D. 

If we use a crystal in which x, y, z coincide with the 
(100) axes of cubic symmetry, (7b) becomes simply 


E, = Gi,H* sin(2y), (8) 


(7c) 
(7d) 


(7e) 


with 
G=Cp)/2. (9) 


If x coincides with the (110) axis, y with the (110) 
axis, and z with the (001) axis, (7) again reduces to (8) 
only for this crystal orientation: 


G= (C+D)po/2. 


Equation (8) shows that the field should have a 
maximum at ¥=45° for crystals with the two orienta- 
tions mentioned above. G can be calculated by making 
measurements at this angle and by using the relation, 


G= (V,t/H*I) X10", (11) 


where / is the sample thickness. Equation (11) follows 
directly from (8). The factor 10'* is used so that G and 
hence C and (C+D) calculated by (9) and (10) will be 
in laboratory units (cm5/joule sec) if the units of 
V,, t, H, and J are volts, centimeters, gauss, and am- 
peres, respectively. 

Thus, this new effect enables us to calculate C directly 
and D indirectly and enables us to check our assump- 
tions of isotropy discussed in Sec. I. It should be pointed 
out that crystal orientations other than those dis- 
cussed above could be used in studying this effect. The 
orientations discussed in this section, however, are 
readily obtainable, at least for germanium, and also 
lead to simple expressions for G, g, and A of Eq. (7b). 


(10) 
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IV. PRELIMINARY EXPERIMENTS 


In order to investigate the effect described in Sec. III 
several properly oriented samples of both n- and p-type 
germanium were prepared. The samples had their x, y, z 
axes parallel to either the (100), (010), (001) axes or 
the (110), (110), (001) axes. Several samples of both 
orientations were cut from a single slice of a single- 
crystal germanium ingot grown by the method of Teal 
and Little.‘ By preparing the samples in this way it was 
hoped to obtain a group of samples that had the same 
characteristics except for orientation. Three groups of 
samples were prepared from three ingot slices: 9.5 and 
20.5 ohm cm p type and 13 ohm cm m type. Leads were 
soldered to the samples as in a Hall measurement. For 
the effect we wish to investigate (which we shall refer 
to as the “planar Hall effect’) the magnetic field lies 
in the xy plane, i.e., the plane of the sample. The 
voltage developed in the y direction may contain a 
contribution from the Hall effect if the magnetic field 
does not lie precisely in the xy plane. By proper 
reversals of the magnetic field and sample current we 
can obtain that component of the voltage in the y 
direction which is a function of H? and J, thus elimi- 
nating any Hall voltage. 

All measurements were made at room temperature. 
The planar Hall voltage was found to vary linearly 
with the sample current and sinusoidally with 2y as 
predicted by Eq. (7b). The dependence upon the angle 
y is shown in Fig. 1. The coefficient G was calculated 
by means of Eq. (13) and Fig. 2 shows the dependence 
of G upon H*. The horizontal lines obtained from n-type 
samples indicate that E, is proportional to H*. The 
finite slope obtained for the p-type samples indicates the 
presence of an H‘ contribution to £, which is not un- 
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Fic. 1. Dependence of the planar Hall voltage upon the angle 
between current and magnetic field. The solid line fits the equation 
V = 16.47 sin2(y+3°) —0.50. [Compare with Eq. (7b).] 


4G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 
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Fic. 2. Dependence of coefficient G on magnetic field for 
germanium at room temperature. The numbers in parentheses 
refer to the crystal orientation (see footnotes to Table I). The 
letter before the parentheses indicates whether the particular 
curve is for an n- or p-type sample and the number after the 
parentheses is the resistivity in ohm-cm. 


expected since our derivation has ignored higher-order 
terms. (The values of G for n type indicate a very small 
H* contribution which is not detectable in Fig. 2.) If we 
consider the (100) p-type samples we see that for a 
ratio of resistivity of 2.19 the G values have a ratio of 
2.17 which is in good agreement with Eq. (9). 

The G values for the two n-type crystals in Fig. 2 
show a decided anisotropy. Not only the magnitude of 
G but also its sign is dependent upon crystal orientation. 
The anisotropy is also evident in the p-type samples. 

The values of C and D obtained by means of (9) and 
(10) from Fig. 2 are shown in Columns I of Table I. 
In order to compute D it is, of course, necessary to use 
data from two samples with different orientations. 
Since the values obtained for C and D differed from 
those obtained by Pearson and Suhl* by magneto- 
resistance measurements (Table II), magnetoresistance 
measurements were made on the same samples for 
which the coefficient G had been measured. With these 
data it was possible to obtain B and C from measure- 
ments on single samples while D could be obtained by 
combining measurements on the two samples with 
different orientation. The results of these magneto- 
resistance measurements are shown in columns II of 
Table I. By combining planar Hall measurements with 
magnetoresistance measurements it is possible to deter- 
mine all three coefficients by measurements on a single 
sample as shown in columns III. The values of B and C 
for n- and p-type crystals and of D for n-type material 
are fairly consistent for the different crystals and the 
different techniques of measurement. The values of D 
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TABLE I. Measured values of the coefficients for germanium (room temperature). 
(The units of the values given for B, C, and D are 107 cm‘/volt? sec?.) 











(dD 
RxX1074 Planar Hall effect 


Orienta po 
(ohm cm) (cm*/coul) c D 


Sample Type tion 


(III) 
(Ip Magnetoresistance plus 
Magnetoresistance planar Hall effect 
B Cc D B Cc D 


(IV) 
pe (cm?/ 
volt sec) 





33-2 n (110)* 13.2 —4.44 
Both 


33-5 n 


+2.04 


(100)° 12.7 —4.36 —1.09 


9-7 (110) 9.62 


Both 
9-9 2.94 
5.56 


5.00 


(100) 9.38 


9-2 (110) 20.3 
Both —1.03 
9-6 —3.83 


(100) 20.5 


—0.98 +1.08 —0.98 +1.93 
+1.14 
+4.62 


—1.09 5400 
—3.22 


—3.86 


+2.02 
—0.88 
—0.20 
—1.22 
—0.80 


+4.60 +4.60 
+5.23 


+4.97 


—3.64 


+4.97 —3.83 








* The symbol (110) refers to a crystal whose x, y, 8 axes are parallel to the (110), (110), and (001) crystallographic axes. 


> The symbol (100) refers to a crystal whose x, y, 8 axes are parallel to the (100), (010), (001) crystallographic axes, respectively. 


for p-type material are not consistent. This may be due 
to the fact that in computing D it is necessary to sub- 
tract two large numbers in order to obtain a much 
smaller number. For p-type germanium it would 
apparently be better to measure the coefficient D by 
the method proposed in Sec. V. 

The mobilities as calculated by the isotropic formula 
from the value of C obtained by the planar Hall effect 
(columns I of Table I) are given in column IV of 
Table I. These values are appreciably different from 
those obtained from drift experiments or the Hall 
coefficient. As pointed out in Sec. I, this indicates that 
the assumptions used in evaluating the coefficients of 
Eq. (4) are incorrect. Furthermore, the nonzero values 
of D obtained for both n- and p-type germanium also 
indicate that either the energy surfaces or the relaxation 
time surfaces in k space or both are not spherical. 
Seitz' has derived expressions for B, C, and D by 
assuming that the energy surfaces are spherical and 
that the expression for relaxation time as a function 
of the wave vector k has a spherically symmetrical 
term plus a term containing the simplest cubically 
symmetric anisotropy. He finds that with these assump- 
tions D and C should be of the same sign. Our experi- 
mental] results show this to be true for p-type germanium 
but not m-type so that Seitz’s theory does not describe 
the proper situation for electrons in germanium. It can 
also be shown’ from Seitz’s derivation that for his 
assumptions the ratio (B+C+4D)/(B+C+D) should 
equal 2.5. For our data of Table I we find this ratio 
varies from 1.19 to 2.65 in p-type germanium. The un- 
certainty in the ratio is due to the uncertainty in the 
value of the coefficient D. Seitz’s theory, however, does 
not (but should) explain the serious discrepancy in 


TaBLe II. Values of the coefficients for germanium (room 
temperature) obtained by Pearson and Suhl.* (Units are 10’ 
cm‘/volt? sec*.) 











Type 


p 











* See reference 2. 


mobility between Hall and drift measurements for 
p-type germanium. 


V. A METHOD FOR DIRECT MEASUREMENT 
OF COEFFICIENT D 


As indicated in Sec. IV, it would be useful to have a 
method for measuring the coefficient D directly. In this 
section it will be shown that this can be done by obser- 
vation of the dependence of the Hall field upon H*. 

The experimental conditions when measuring the 
Hall coefficient arei=i,, H= H,, i.e.,i,=i,= H.= H,=0. 
If our assumptions of Sec. I are correct, then (6) shows 
that for these experimental conditions 


E,= — Apoizll,, (12) 
and R, the Hall coefficient, is 


(13) 


There will be no terms quadratic in the magnetic field 
in the expression for the Hall field. However, if the 
assumptions are incorrect and D is nonzero then 


R= — Apo=ape’. 


(14) 


E, = A poizH,+ Dpoi:H,’ (> Ayr yyle2) . 


Thus for D0 the Hall field will be anisotropic.® For 
the x, y, z axes respectively parallel to the (211), (111), 
(011) crystallographic axes the Hall field is 


E,= — ApotzH,+0.236Dpoi.H,’. (15) 


Equation (15) shows that the coefficient D could be 
obtained directly by a direct measurement of the H? 
dependence of the Hall field. It should be possible to 
measure this field dependence directly by using an ac 
magnetic field and a dc sample current. 


VI. SUMMARY 


The coefficients C and D have been measvred by 
means of the effect described in Sec. III and the values 
obtained agree with values calculated from magneto- 


5 This anisotropy has been pointed out by Mason, Hewitt, and 
Wick, J. Appl. Phys. 24, 166 (1953). 
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The nonzero values obtained for D indicate that the 


in p-type germanium. The coefficient D could probably assumptions of Sec. I are incorrect, i.e., the energy 


be evaluated most accurately by the method proposed 
in Sec. V. 
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Sawaguchi and Kittaka obtained the threshold field of PbZrO;—that field necessary to change the 
antiferroelectric to the ferroelectric phase—below the Curie temperature. The free-energy difference is the 
difference between the area under the ferroelectric portion of the curve and that under the antiferroelectric 
portion. An expression for free-energy difference has been obtained as a function of voltage, by eliminating 
the temperature parameter, This experimental relationship is compared with the author’s theoretical 
expression—one that involves the product of the constant spontaneous polarization (16 10~* coulomb/cm* 
in the ferroelectric phase), the threshold voltage, and the molar volume (43 cm") ; the free energy so calcu- 
lated is small—of the order of 4 calories/mole at 25 kv/cm. Equations are given for calculating the threshold 
field-strength and free-energy difference as functions of temperature. The equation for threshold field- 
strength resembles the Clapeyron-Clausius equation, with field strength analogous to pressure and spon- 
taneous polarization analogous to volume. The threshold voltage versus the downward shift of the Curie 
temperature is in good agreement with the experimental results of Sawaguchi and Kittaka. 


I. INTRODUCTION 


T is known that pure lead zirconate has an antiferro- 
electric phase below and a paraelectric phase above 
230°C, the Curie point. Sawaguchi and Kittaka have 
shown that one can apply a field of the order of 10 
kv/cm to pure lead zirconate ceramic and cause the 
ferroelectric phase to appear below the Curie point.' 

Below the Curie point the sample is normally anti- 
ferroelectric ; the dielectric constant €, is approximately 
200, and has a positive temperature coefficient. At the 
Curie point, the dielectric constant increases sharply 
about twenty-fold.? 

Figure 1 shows the experimental “data obtained by 
Sawaguchi for the threshold field of the antiferro- 
electric-to-ferroelectric phase transition, as a function 
of temperature.' 

Figure 2(b) shows the point O, from which the 
threshold field E,; was calculated; the cross-hatched 
area is proportional, essentially, to the free energy.' 

The author intends to calculate the value of the 
threshold field, and the free-energy difference AF, 
between the ferroelectric phase and the more stable or 
lower free-energy antiferroelectric phase, as a function 
of temperature and voltage. 


CALCULATION? 


Sawaguchi and Kittaka have derived an expression 
for the free-energy difference AF=(F,—F,) between 


~ 1 E, Sawaguchi and T. Kittaka, J. Phys. Soc. Japan 7, 336-337 
(1952); E. Sawaguchi, J. Phys. Soc. Japan 8, 615-629 (1953). 
2Shirane, Sawaguchi, and Takagi, Phys. Rev. 84, 476-481 
(1951). 
3 Background for this type of calculation can be found in the 


the ferroelectric state F, and the antiferroelectric state 
F,, in terms of the internal energy of the antiferro- 
electric state U, and the internal energy of the ferro- 
electric state U/' 


F(T m)—Fa(Tm)=Uj(Ty)—Ua(To). (1) 


The temperatures of the antiferroelectric and ferro- 
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Fic. 1, Relation between threshold field and Curie temperature. 


field of low-temperature physics. See J. C. Slater, Quantum Theory 
of Matter (McGraw-Hill Book Company, Inc., New York, 1951), 
pp. 504-508; E. T. Jaynes, Ferroelectricity (Princeton University 
Press, Princeton, 1953), pp. 70-80. 
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(b) 

Fic. 2, (a) An idealized hysteresis loop and the method of 
calculating free-energy difference between the two phases. D is 
the dielectric displacement; EZ is the electric field strength. 
(b) The experimental data on which the free-energy difference 
can be calculated. Shaded area is that area used by Sawaguchi 
and Kittaka to calculate free-energy difference. 


electric states are 7, and Ty, respectively, while 7,, 
is the mean of the two temperatures. The temperature 
difference is small and amounts to only 3°C and is 
obtained by dividing the latent heat by the specific 
heat for lead zirconate with 3 percent lead titanate. 
Sawaguchi and Kittaka showed that Eq. (1) is essen- 
tially equal to the work done per mole by the electric 
field, (Nv/4r) f EdD, where No is the molar volume, 
E is the electric field, and D is the dielectric displace- 
ment.'* They evaluated this term experimentally by 
integrating the area AOCL surrounded by the loop in 
Fig. 2(b). The expression 


Nv ¢?= Nv f* 
ar=— f EdD;— —f EdD,, (2) 
4n Jp, 4r J 


and will be evaluated below. 

The second or negative term in Eq. (2) is the internal 
energy of the antiferroelectric state. It is shown by the 
area AON in Fig. 2(b) and is negligible for lead zirconate 
as will be shown later. Therefore, the author agrees 
with Sawaguchi and Kittaka that the free energy is 
essentially the area AOCL in Fig. 2(b). 

Furthermore, Sawaguchi and Kittaka showed the 
free energy due to the temperature difference of the 
two states could be neglected. This term amounts to 
only 0.01 calorie compared to several calories for the 
electrostatic work term. 

‘H. Frohlich, Theory of Dielectrics (Oxford University Press, 
London, 1949), pp. 160-161. 
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The internal energy of the antiferroelectric state per 
unit volume is* 
Nov p* 
U.=— f EedE=¢,E?N0/8n, (3) 
4r 0 


and this energy is shown graphically in Fig. 2. The 

author has neglected the term 
Nov p*® Nov p* 
> E-deg=— E 


4dr J 4n Jo 


O€, O€, 
—dT+—“E), 
oT dE 

because 0¢,/97~1, and de,/9E~0; therefore it can 
be neglected compared to (3). 

For the ferroelectric state, dU ;= (E/4r)dD,Nv, and 
the limits of integration are derived from Fig. 2(a). 
The idealized Fig. 2(a) is only an approximation for 
the purpose of calculation. One is here dealing with a 
ceramic material, which gives a lower value of the 
spontaneous polarization, P,, than the true value which 
is approached more nearly with single crystals and will 
be discussed later. The limits will be 


Nov p* 
Us;=— 


4nd zg, 


Pm 
PAE+NeE f dP, 

Pt 
where P,, is the maximum polarization namely P, 
+¢,E,/4r. P, is the threshold polarization or ¢,E;/41. 
The maximum polarization cannot be used, because 
only values of spontaneous polarization P, are available. 
The integrated equation is 


Us= E,.P,Not+ (2€;—2€,) E?N 0/8. (4) 


The area LMCG in Fig. 2(b) corresponds to slightly 
more than half the value of the first part of the second 
term in Eq. (4). The slope LCG is proportional to e,, 
or equal to 44(dP/dF). 

Inserting the internal energy difference per mole 
[Eq. (4) minus Eq. (3)] into the expression for the 
free energy per mole [Eq. (1) |, one obtains 


AF = P,E.No+ (2¢;— 36.) EZN0/8m. (5) 


This is the fundamental expression for the free-energy 
difference. The term due to the internal energy of the 
antiferroelectric phase, ¢,£?Nv/8m, is negligible for 
the region in which the experimental data were taken, 
and amounts to only 3 percent of the first term for the 
maximum threshold field. 

The value of €, is approximately the same as ¢, for 
lead zirconate so that the last two terms in (5) tend 
to cancel each other out. 

Threshold field strength is calculated from (5), by 
using the relation S= —0F/0T. The new equation then 
becomes, assuming P, constant, and Ae= (2€;—3¢,), 


Ack, OF; 


4n OT 


AS= — P,—Nv— 
oT 


Nv. (6) 


0 Me (= E? 


oT Sx 


Substituting the increase of entropy per mole, AS 
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= AH/T, Eq. (6) becomes 


OF; AH Ode E? Ae 
= -[ 4 | i [P+] (7) 
oT TNv OT 84 4r 


This is the most general form for the equilibrium slope. 
For lead zirconate the last two terms in (6) can be 
neglected ; then (7) becomes 


0E,/dT = —AH/P,TN2. (8) 


This is equivalent to the familiar Clapeyron-Clausius 
equilibrium equation, with electric field analogous to 
pressure and spontaneous polarization analogous to 
volume. This equation was first pointed out by Shirane, 
Sawaguchi, and Takagi as being applicable to PbZrO; 
in studying the dec field-dependence of transition 
temperature from ferroelectric to antiferroelectric 
state.® 

Equation (8) expresses the fact that the phase 
transition is a first order one which is due to the large 
jump of spontaneous polarization. 

In Fig. 2(b) the polarization ordinates are compressed 
and do not give the reader a true picture of the magni- 
tude of the jump in spontaneous polarization compared 
to the threshold polarization. The spontaneous polariza- 
tion is fifteen times greater than the maximum threshold 
polarization. This ratio was computed by dividing P, 
by e.F,/4x, using P,=16X10~* coulomb/cm’, E,=60 
kv/cm and ¢e,= 200. Inserting 135 calories/mole from 
calorimetric measurements on Pb(Zro.97-Tio.o3)O3 which 
is ferroelectric without an applied field, using T7,=511°K 
obtained by extrapolating the curve of AF versus t to 
zero, and using the value of P,= 16 10~* coulomb/cm’, 
we obtain 

0E,/dT = —1.61 kv/cm°C. 
The experimenta) value obtained from the solid curve 
of Fig. 1 is — 1.65 kv/cm°C. 

Integrating (8) with respect to 7, assuming that 
AH, P,, and 0 are constants, gives 

E,= (—AH/P,Nv) InT+constant. 


Using T=T, for E,=0 to determine the constant, 
one obtains 
E,=(4H/P,N») \n(T,/T). 

To the author’s knowledge, this equation has not been 
published elsewhere. The logarithm is expanded and 
only the first term is retained. This is justified because 
the second term amounts to only 3 percent of the first 
term with respect to a 30°C lowering of the Curie 
temperature. This gives 


AH /T.- 3 
P.No\ T. J 


E,= (9) 


Equation (9) is plotted in Fig. 1. The equation is in 
good agreement with the experimental data. 


§Shirane, Sawaguchi, and Takagi, J. Phys. Soc. Japan 6, 208 


(1951), and Sawaguchi, Shirane, and Takagi, J. Phys. $ 
6, 337 (1951). 
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Equation (9) is plotted in Fig. 1, where 238°C is used 
for the “ferroelectric” Curie point. In a private com- 
munication to the author, Y. Takagi and E. Sawaguchi 
state that they have investigated the PbZrO;-PbTiO; 
system. They found the free energies of the antiferro- 
electric-paraelectric phase became equal at 230°— 
“antiferroelectric” Curie point ; and the free energies of 
the ferroelectric-antiferroelectric phase became equal 
at 238°C—“ferroelectric”’ Curie point. The more stable 
paraelectric phase actually replaces the ferroelectric 
phase at 238°C. Hence, the Curie point used in Eq. (9) 
was determined by extrapolating the temperature- 
composition line of the ferroelectric-antiferroelectric 
phase boundary.' 


DISCUSSION 


Sawaguchi and Kittaka' estimated the heat of 
transition from their free energy data by taking the 
product of the slope and the Curie temperature of pure 
PbZrO; and obtained 80 cal/mole. They then compared 
this with 130 ca!/mole obtained by their calorimetric 
measurement with Pb(Zro.97-Tio.os)O3. They attributed 
this discrepancy between 130 (135 for Sawaguchi’s 
latest value) and 80 cal/mole to their material, a 
ceramic. 

Some discussion of the E, versus T graph for pure 
PbZrO; is in order, to explain why the values of AH 
and P, are not those of PbZrO; but those of Pb(Zro.97- 
Tio.os3)O3. The phase change for pure PbZrO, is from 
an antiferroelectric state to a paraelectric state, and 
therefore the value of or 440 cal/mole could not be 
used.* However, when 3 mole-percent PbTiO; is added, 
a ferroelectric phase appears between the antiferro- 
electric phase and the paraelectric phase. Therefore 
the value of the heat of transition, 135 ¢al/mole, of 
this latter antiferroelectric-ferroelectric phase change 
is used.' For a full discussion of the phase diagram and 
the heats of transition see Sawaguchi.' 

The value of spontaneous polarization P, is practi- 
cally constant and equal to 16X10~* coulomb/cm? 
from 170 to about 220°C, where it begins to drop 
slightly. This value was given to the author before 
publication through the kindness of Y. Takagi and 
E. Sawaguchi and was obtained by the hysteresis loop 
method. 

Earlier in the paper, it was stated that €, was approxi- 
mately equal to ¢, or about 200. A calculation of «, 
can be made using the expression 44r(0P/0E), which 
can be written as 44r(0P/0T)/(0E/dT). Using Sawa- 
guchi’s' value of (@P/8T), or about 3.4X10-* cou- 
lomb/cm? °C obtained from Pb(Zro.97-Tio.o3)Oz, and the 
value 1.65X10® v/cm°C for (8E/dT) in the above 
expression, one obtains 230 for ey. 

Since the temperature coefficient of polarization is 
so small, Eq. (9) is unaffected. It was assumed that 
aP/8T was zero in the derivation of (9). 


* G, Shirane, Phys. Rev. 86, 226 (1952). 
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CONCLUSIONS 


The fundamental equation for the free energy is 
given by (5), from which a general equation for other 
ferroelectrics expressing the equilibrium slope of the 
threshold field with respect to temperature can be 
derived. 
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Pressure Dependence of the Resistivity of Germanium 


WriitaM Paut* AND Harvey Brooks 
Division of Applied Science, Harvard University, Cambridge, Massachusetts 
(Received January 26, 1954) 


The effect of hydrostatic pressure on the resistivity of a sample of 35 ohm-cm germanium has been in- 
vestigated up to 30 000 kg/cm? pressure at temperatures between 25°C and 76°C, and up to 7000 kg/cm? 
pressure at temperatures down to — 195°C. The results indicate an increase in the total energy gap to 15 000 
kg/cm? at a rate in agreement with earlier experimental determinations at lower pressures. A rapid rise 
in resistivity above 15 000 kg/cm* that seems to apply to n-type germanium crystals of any purity has 
also been investigated. Explanations based on the deionization of impurities and on a decrease in electron 


mobility are discussed. 


HE effect of hydrostatic pressure on the electrical 
properties of germanium has been investigated 
experimentally by measurements of p-n junction resis- 
tance,' the resistivity of impure samples,’ and the 
resistivity of high-purity material at elevated tem- 
peratures.** It has also been estimated theoretically by 
a deformation potential method.* Both experiment and 
theory indicated a uniform increase of resistivity with 
pressure in the intrinsic conduction range, correspond- 
ing to a widening of the energy gap between valence 
and conduction bands. Bridgman’s results also showed 
interesting behavior at pressures above 15 000 kg/cm? 
where the resistivity of n-type samples of a wide range 
of purity increased rapidly with increasing pressure. 
In the present work new measurements are reported 
at elevated temperature which extend the effective 
pressure range for intrinsic conduction. New measure- 
ments are also reported for temperatures down to liquid 
nitrogen. An attempt is made to correlate the new and 
the older measurements and to clarify the behavior 
above 15 000 kg/cm’. 


APPARATUS AND METHOD 


The pressure apparatus used in the present set of 
experiments is that developed by Bridgman. The first, 


* Carnegie Research Fellow of the Universities of Scotland. 

1 Hall, Bardeen, and Pearson, Phys. Rev. 84, 129 (1951). 

*P, Miller and J. Taylor, Phys. Rev. 76, 179 (1949). 

*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 79, 139 (1951); 
82, 71 (1953). 

4W. Paul, Phys. Rev. 90, 336 (1953). 

* W. Shockley and J. Bardeen, Phys. Rev. 77, 407 (1950); 80, 
72 (1950). 


which allowed resistivity determinations up to 30000 
kg/cm’, has been sufficiently described already in the 
literature,® so that only a general discussion of it, and 
of any features peculiar to this experiment, need be set 
down here. The chamber in which the high pressure is 
generated is slightly coned on its external surface. As 
the main moving piston produces high hydrostatic 
pressure in a central cylindrical hole, this cone is 
simultaneously thrust into coned receiving sleeves by 
a second piston; the external support of the chamber 
compensates the effect of the internal pressure and 
allows its prolonged operation at pressures higher than 
a single unsupported cylinder can stand. 

The pressure, which was produced in liquid isopen- 
tane, was measured by a manganin wire gauge pre- 
viously calibrated by Bridgman at 30°C and 75°C; 
sufficient data were therefore available for a determina- 
tion of the pressure at any of the temperatures of the 
present set of experiments. 

The sample, a germanium single crystal of 35 ohm-cm 
room temperature resistivity, had been previously in- 
vestigated by Bridgman,’ and was originally supplied 
by Bell Telephone Laboratories through the interest 
of Dr. W. Shockley. The crystal dimensions were 
3 cmX3 mm’, and the contacts to it were soldered with 
pure tin. The resistance was measured by a potentio- 
metric method for both increasing and decreasing pres- 
sure; care was taken that temperature equilibrium 
had been reestablished after each alteration of pressure. 
No hysteresis was found, and no variation of resistivity 


*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 72, 157 (1938). 
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with time when both temperature and pressure were 
constant. The resistivities to be quoted were derived 
from the measured resistances at high pressure and the 
dimensions at atmospheric pressure and room tempera- 
ture. The error involved in disregarding any changes 
in dimensions of the crystals with pressure and tem- 
perature is usually small.” Readings of resistivity were 
usually made at 5000 kg/cm? intervals up to 30000 
kg/cm’, and on reducing pressure at 27 500 kg/cm? 
and at 5000 kg/cm? intervals thereafter. An initial 
pressure of about 100 kg/cm? was applied before the 
temperature was raised above 25°C in the high-tempera- 
ture experiments, to prevent boiling of the isopentane. 

For runs at elevated temperatures, the apparatus 
was immersed in a symmetrically-heated, continuously 
stirred oil bath to a point above the top of the carboloy 
piston transmitting pressure to the central cavity. 
A mercury regulator switched the heating current to a 
very low value when the temperature rose too high. The 
variation of temperature in the bath was less than 
0.02°C, and doubtless the regulation at the sample was 
better than this because of the very large mass of metal 
shielding it from the oil. As indicated above, it is 
necessary to wait for the heat of compression to be 
dissipated after each increase of pressure; ten minutes 
was generally found to be sufficient time for all the 
pressures and pressure increments of these experiments. 

The second pressure apparatus*® yielded pressures 
up to 7000 kg/cm? with temperatures from —80°C to 
350°C using commercial nitrogen as transmitting gas; 
its use for this purpose has been described by Bridgman.’ 
Below —80°C, commercially produced helium was 
used as transmitting fluid, necessitating some changes 
in technique: for example, a pressure of some 4-5000 
kg/cm? was applied at —80°C before the temperature 
was further lowered, in order to flow the lead washers 
that formed part of the sealing mechanism for the 
pressure chamber. Without this device the washers 
become stiff at zero pressure at the temperature of 
boiling nitrogen, and will not seal effectively. 

The experiments here described were all carried out 
at temperatures below room temperature so that 
cryostats with ice, COz, and nitrogen coolants could 
conveniently be used. The pressure is produced in a 
cavity some 2 in. long by } in. diameter in a cylindrical 
tube 4 in. long by 1 in. diameter. This is connected to 
an upper cylinder, in which the main pressure pro- 
ducing piston moves, by a slim tube 12 in. long by } in. 
diameter pierced by a qy in. hole. Before the main 
piston is operated the cavity is filled to a pressure of 
2000 kg/cm? by two precompressors. The thermostat- 
ting bath liquid covers the bottom cylinder and most 
of the connecting tube; the upper cylinder is at room 
temperature. A pressure increase therefore produces a 


7 However, in two of the low-temperature experiments the 
corrections are not inconsiderable. These will be indicated later 


in the text. 
8 P. W. Bridgman, Proc. Am. Acad. Arts. Sci. 67, 305 (1932). 
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rise in temperature of the germanium by virtue of the 
compression, and also by the addition of warmer gas 
to the cold lower chamber. It was found in practice that 
the resistivity reading settled very quickly—within 
minutes—to its final value, so that any temperature 
variation would seem to be unimportant here. It must 
be noted, however, that in this temperature range the 
germanium was relatively insensitive to temperature 
change; a more careful consideration of these variations 
might be necessary for a semiconductor with a high 
temperature coefficient at the temperature of the experi- 
ment. The thermoelectric emf’s present were small in 
comparison with the applied ones, and were con- 
veniently eliminated by suitable switching. 

The connections to the crystal were made by Teflon 
covered copper wires threaded through the slim con- 
necting tube and out by way of insulated plugs in the 
upper cylinder. The manganin gauge was also located 
in the upper cylinder. Both pressure and resistivity 
were determined as in the experiments to 30 000 kg/cm’. 
Again no hysteresis or time variation in the readings 
was found. Except at —195°C, readings were usually 
taken at 1000 kg/cm? intervals from 0 to 7000 kg/cm? 
and from 6500 kg/cm? down to zero pressure. 


THEORY 


It can be shown that the resistivity of an intrinsic 
semiconductor is given by 


p=[1/e(uet+my) ](1/2A) exp(E,/2k7), (1) 


where uw, and yu, are the electron and hole mobilities, 
respectively, e the electronic charge, Z, the energy gap 
between the valence and conduction bands, k Boltz- 
mann’s constant, 7 the absolute temperature, and A 
given by 
A= (2ekT/h?)'(mm,)', 

where m, and m, are the effective masses for electrons 
and holes, respectively. The assumption is made that 
the energy vs crystal momentum curves for both bands 
are nonmultiple; multiplicity of branches would result 
in a more complicated expression for A, and an altera- 
tion in the estimated values of m, and m,. 

When donor or acceptor impurities contribute to the 
conductivity, the expression for p is altered; in the case 
of a single donor level, the resistivity is given by 


p= 1/e(nuet pry), (2) 


where nm and p, the number densities of electrons and 
holes, are given by 


n=no/2+[(mo/2)?-+n?}}, 
p= —no/2+[(n0/2)*-+n2}), 


n?=4A? exp[ —E,/kT ], 


where mp» is the number density of ionized donors. 
E,, the minimum energy gap between valence and 
conduction bands, we assume dependent on both tem- 


(3) 
(4) 


and 
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Fic. 1. Resistivity of high-purity germanium vs pressure, at 
several temperatures, (with two runs at 349°K). Also shown is 
the resistivity vs pressure curve for a less pure sample at room 
temperature. 


perature T and pressure P 


OE, TOE, 
E,? 7 = none f ( *) apt +f ( ) ar (5) 
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Under certain conditions of low temperature and/or 
high pressure we shall see that the contribution of the 
intrinsically derived carriers (;) will become negligible 
compared to that of the impurity derived carriers. For 
a single donor level of depth below the conduction band, 


orao f(2) are f'(2) an 6 
Cc Cc 


the value of p tends to zero and n to the solution of 


n?+- An exp(€/kT)— oA, exp(e/kT)=0, = (7) 


where 
= (2rm.kT/h*)!. 


RESULTS 


Figure 1 shows the resistivity—-pressure relation at 
several temperatures, Fig. 2 the corresponding resis- 
tivity—temperature curves at several pressures. Figure 
3 shows the results to 7000 kg/cm? at low temperatures. 
Log,.R is plotted here: the conversion to log.p involves 
a correction of some 10 percent of the total change 
under pressure at — 80°C, and 20 percent at —195°C, 
due to the change in dimensions of the sample. This 
change is insignificant at the other temperatures. 

Figure 2 shows that at 76°C the sample is intrinsic 
over the entire pressure range; in this case the log 
resistivity vs pressure relation is almost linear. Figure 3, 
and room temperature experiments by Bridgman on 
less pure samples,’ suggest that up to about 15 000 
kg/cm? the carrier mobility is substantially independent 
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of pressure. If we assume that both the mobilities and 
effective masses are independent of pressure, we can 
deduce from Eqs. (1) and (5) that in the pressure 
range to 15 000 kg/cm’, 


(0E,/0P)7=5.5X10-" ev dyne cm~ at 76°C. (8) 


This compares reasonably well with previously deter- 
mined values: for example, Bridgman found 5.6 10-” 
and Miller and Taylor, 5.210-". It also agrees with 
the value deduced by Shockley and Bardeen from the 
hole and electron mobilities by the deformation poten- 
tial method,’ although in view of the probable com- 
plexity of the energy band structure, it seems likely 
that this last agreement is coincidental. 

As the temperature is reduced from 76°C, the curve 
of log resistivity vs pressure tends to become S§ shaped, 
approaching a plateau below 15 000 kg/cm?, and then 
bending upwards back towards parallelism with the 
76°C curve above 15 000 kg/cm’. This effect is barely 
visible at 42°C, but becomes quite definite at room 
temperature. Above 15 000 kg/cm? the curves, which 
are fairly parallel, have a slope about equal to that 
found by Bridgman in this pressure range for less pure 
samples (see the 19 ohm-cm sample in Fig. 1). Although 
this slope is very close to the slope of the intrinsic 
curve, a consideration of the resistivity-temperature 
relation shows that at the low temperatures and high 
pressures the sample is not intrinsic. Bridgman’s results 
for less pure samples* support the view that in the 
pressure range above the bend the conduction is by 
impurity-derived electrons. 


DISCUSSION 


The data appear to warrant the conclusion that the 
increase of E, with pressure extends to at least 15 000 
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Fic. 2. Resistivity of high-purity germanium vs 
temperature, at several pressures. 
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kg/cm’, and our value for (0E,/dp)r agrees with those 
previously determined. The unexplained element in the 
situation is the increase of resistivity above 15 000 
kg/cm’, even for impure samples, and in view of this 
any interpretation of the intrinsic curve above 15 000 
kg/cm? in terms of energy gap variation is not neces- 
sarily justified. It is to these aspects of the situation 
that attention will now be directed. We examine several 
alternative hypotheses. 

(a) First let us suppose that the total energy gap is 
changing at the rate quoted above throughout the 
entire pressure range, that the impurity activation 
energy is constant, and that the carrier mobilities are 
unaffected by pressure. 

The curves of Fig. 3, in conjunction with Bridgman’s 
earlier results,’ support the assumption that the mobility 
is independent of pressure up to about 15 000 kg/cm? 
for electrons’ while Bridgman’s experiments on rela- 
tively impure p-type samples’ indicate that to a first 
approximation the hole mobility may be considered 
independent of pressure up to 30000 kg/cm’. If we 
attempt to ascribe the entire resistivity variation in 
Figs. 1 and 2 to changes in carrier concentration, re- 
sulting from change in energy gap, then Eqs. (2), (3), 
(4), and (5) apply. 

no, the number of electronic carriers at low tempera- 
tures, is determined from the resistivity values of Fig. 3, 
assuming an electron mobility of 3600 cm*/volt sec at 
300°K and a 7~! law of variation with temperature: 
its value is 2X10" cm~*. The determination of n? in- 
volves some uncertainty. In practice £,°° and 
B=(0E,/8T)peo can be found from the slope and 
intercept on the 1/T axis of curves of log.n? vs 1/T at 
zero pressure. In germanium such a curve follows 
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Fic. 3. Resistance of high-purity germanium vs pressure, at 
low temperature. Also shown for comparison is a resistance vs 
pressure curve at high temperature. 


* The indications are that there is a slight increase in hole 
mobility and a slight decrease in electron mobility, in this pressure 
range, but the evidence is not conclusive. 
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Fic. 4. Resistivity of high-purity germanium vs pressure, at 
room temperature, along with theoretical curves for two hypo- 
thetical cases quoted in the text. 


the rule” 


n?=9.3X10"T* 
Xexp(—0.75/kT) cm~ at temperature 7, (9) 


where E,°°=0.75ev, and 4A? exp(8/K)=9.3X 10". 
Comparison of (4) and (9) give E,° and B (@ is as- 
sumed independent of 7) if A is assumed. The value 
for 8 thus depends on the assumed band structure, 
and on the assumed effective masses. The value for 8 
normally assumed, —0.0001, is a good round figure, 
but is not exactly consistent with £,°°=0.75 ev and 
with an A deduced assuming m.=m,=m the free 
electron. mass. 

When the pressure is varied at a temperature 7, (9) 
becomes 


n?=9.3X10"T* exp[(—E,°°—aP)/kT], (10) 


where a= (0E,/P)r and P is the pressure. Throughout 
the following discussion we shall use Eq. (10) where a 
value of n? at pressure P and temperature 7 is required. 

n and p are thus determined from (3) and (10), and 
thence p, at any pressure. Figure 4 (a) represents the 
expected room temperature behavior of log.p with 
pressure. Although it describes the actual low-pressure 
behavior well, and the flattening predicted around 
15 000 kg/cm? is obtained, it is clearly inadequate at 
the higher pressures. 

(b) The analysis above indicates that above 15 000 
kg/cm? conduction should be largely by impurity- 
derived electrons. Thus the high-pressure resistivity 
behavior must be ascribed to a change of impurity 
activation energy with pressure or a pressure variation 
of electron mobility or a combination of the two. Let 


” E. M. Conwell, Proc. Inst. Radio Engrs. 40, 1327 (1952). 
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Fic. 5. Variation of mobility of electrons in germanium with 
pressure, deduced from conductivity of a relatively impure n-type 
sample. 


us first examine the possibility of a change of activation 
energy with pressure. It is necessary to suppose that 
the activation energy changes with pressure at the 
same rate as the total energy gap; we assume that in 
Eq. (6), &:7=0.01 ev. Then, ignoring any contribution 


from the intrinsically derived electrons, n is given by 
(7). The resultant variation of log.p with pressure, given 
by (2), is that of Fig. 4 (b). There is but 2 percent 
deionization by 40000 kg/cm? at room temperature, 
and the sharp rise in resistivity due to rapid deioniza- 
tion does not set in until we are beyond attainable hy- 
drostatic pressures. Also, the effect of deionization 
would appear at lower pressures the lower the tem- 
perature. The curves in Fig. 3 which should show the 
rapid rise in resistivity, indicate only a very slow uni- 
form increase. 

(c) We have concluded that the hole mobility is sub- 
stantially constant to 30000 kg/cm’, and the electron 
mobility to 15 000 kg/cm*. However, it is not possible 
to infer anything about the electron mobility above 
15 000 kg/cm’. Let us, then, examine the supposition 
that the behavior of n-type Ge above 15 000 kg/cm? 
is due entirely to a decrease of electron mobility with 
pressure. At 76°C, the rate of increase of resistivity 
above 15000 kg/cm’® would then be due both to the 
decreasing carrier density and to the decreasing 
mobility of the electronic carriers, and should be some- 
what greater than the rate due to energy gap change 
alone. In fact, there is a slight increase of slope in the 
76°C curve around 15 000 kg/cm’, but still the slope 
of the curve above 15 000 kg/cm? at this temperature 
is little different from that at room temperature in 
impure n-type germanium samples. 

We can derive the supposed change of electron 
mobility with pressure from 0-30 000 kg/cm’, assuming 
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constant carrier density, from Bridgman’s results for 
impure n-type samples, avoiding the complication of 
intrinsic carrier depopulation in the 35-ohm-cm sample. 
This is shown in Fig. 5. For this derivation we used 
the curve of log.p vs pressure for a 4-ohm cm sample 
[see second reference under (2) ]. If we then suppose 
that the total energy gap increases at the quoted rate, 
that the impurity activation energy is constant, and 
that the mobilities of electrons and holes are as indi- 
cated, (corrected for 7! and 7-* law of variation" 
with temperature for electrons and holes, respectively, 
and with u,”:"/u,°:? assumed independent of tempera- 
ture) we can derive the curve of Fig. 6 for log.p vs 
pressure at 76°C. Clearly, although there is a slight 
increase in slope of the experimental curve above 
15 000 kg/cm? the fit of the theoretical curve is not 
very good. In order to account for the nearly constant 
slope of the intrinsic curve it would be necessary to 
suppose that in the same region where the mobility 
change begins there is a reduction in the rate of increase 
in band gap with pressure. Such a change is, in fact, 
net too unlikely if it is assumed, as seems probable, 
that the change in mobility is associated with a change 
of the point in & space at which the minimum energy 
in the conduction band comes. 

(d) An explanation based on the presence of a large 
number of p-n junctions in the material is excluded by 
the absence of any resistance change with pressure 
at very low temperatures, and by the fact that the 
rapid resistance increase above 15 000 kg/cm? at and 
above room temperature also occurs in very impure 
samples. 
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Fic. 6. Resistivity of high-purity germanium vs pressure, along 
with theoretical curves on a decrease in electron mobility 
at high pressures. 


M. B. Prince, Phys. Rev. 91, 208 (1953). 
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Bridgman” found a sharp maximum in the resistivity- 
pressure relation for n-type germanium in experiments 
out to 100 000 kg/cm? pressure, but the interpretation 
of this result may be complicated by the nonhydrostatic 
nature of the pressure. 

The suppositions of (c) can be used somewhat differ- 
ently. From (2) and (3), [(mo/2)?-+-n2]'=1/(uet+up) 
X[(1/pe)— (n0/2)(ue—uy) ]. Hence, with the assump- 
tions of (c), and using the experimentally determined 
values of p vs P at 76°C, we can find n? vs P and hence 
E, from (4). Figure 7 shows E, vs P determined in this 
way. We note that in the linear range the rate of change 
of E, with P is nearly 10 percent less than when con- 
stant carrier mobility was assumed. It is suggested 
that the flattening in the £, vs P curve at high pressures 
is not an unreasonable additional hypothesis on which to 
base a full explanation of the experimental facts. 

The small differences between the slopes of the ex- 
perimental curves above 15 000 kg/cm? at the various 
temperatures measured are not implausible. Although 
it is not obvious from the general expression for the 
slope of log.p vs P, derived from Eq. (2), how the slope 
will change with temperature, some idea of the change 
can be obtained from the two cases (a) where the con- 
duction above, say 20 000 kg/cm’, is by impurity de- 
rived electrons. This corresponds to our sample at 
room temperature; (b) where the conduction above, 
say 20 000 kg/cm?, is mostly by intrinsic electrons and 
holes. This corresponds to our sample at 76°C. In 
(a) p=1/enou,, and 
1 Ope 


Me aP. 

This expression is nearly temperature independent. For 
(b) p=1/[Leni(uet+uy) ], and 

(d/dP) log.p= (1/2kT) (0E,/dP)r 
—{1/(uet+ur)}{Ou./P}. 


The first term in this expression decreases as the 
temperature is raised. The second term is also tempera- 
ture dependent because of the 7~** law for holes as 
opposed to a 7-1-5 law for electrons; since dy,/dP is 
negative, this term tends to increase d log.p/dP as the 
temperature is raised. The net effect can be greater or 
smaller than the slope given by (a). In fact the slope 
of the 76°C curve above 15 000 kg/cm? is smaller than 
that of the room temperature case, while the slopes for 
the 42°C and 60°C experiments are greater than both. 


d log.p 
oP 


CONCLUSION 


The energy gap between conduction and valence 
bands in germanium increases with hydrostatic pres- 


 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 221 (1952). 
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Fic. 7. Variation of energy gap in germanium, deduced from 
resistivity data, and assuming the decrease in electron mobility 
with pressure indicated in Fig. 5. 


sure up to at least 15 000 kg/cm’ at a rate in agreement 
with earlier determinations at lower pressures. A rapid 
increase of resistivity with pressure above 15 000 kg/cm? 
found in n-type germanium, but not in p type, cannot 
be explained by a change in impurity activation energy, 
and is not wholly consistent with a change in mobility, 
unless the additional assumption is made that the rate 
of increase of energy gap decreases at the same pressure 
at which the reduction of electron mobility sets in. Any 
theoretical explanations must also ultimately be con- 
sistent with the possibility of a maximum in the resis- 
tivity at 50 000 kg/cm? found by Bridgman, and with 
the relative insensitivity of the resistivity to pressure 
at low temperatures. 

Experiments to determine the Hall constant and the 
drift mobility under pressure are planned, in addition 
to experiments to examine the pressure shift of the 
optical absorption edge. 
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Seebeck Effect in Germanium 
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An apparatus for making measurements of the Seebeck effect between 20°K and 375°K is described. 

Experimenta! curves of the Seebeck effect are given for a series of germanium crystals in which various 
concentrations of acceptor and donor atoms have been incorporated. The Seebeck data are compared with 
Hal] data obtained concurrently. Above 250°K the two effects can be correlated by means of existing theory. 
Below 250°K a marked discrepancy occurs between existing theory and experiment. The temperature 
dependence of this discrepancy and its dependence upon concentration of added atoms are given. The 
results are consistent with a new theory proposed by C. Herring which considers an interaction between 
the phonon and electron systems. A dependence of Seebeck voltage upon sample dimension which is predicted 
by Herring’s theory has been found in the temperature region below 50°K. 

A value of (0.75+-0.2)m has been determined for the mass parameter of both holes and electrons which 


enters into the “density of states” equation. 





I. INTRODUCTION 


HIS investigation! was undertaken to examine 

the Seebeck effect and its relationship to the 
Hall effect in the well-defined single crystals of ger- 
manium that have recently become available. It 
will be apparent that a major modification of existing 
theory is necessary to explain the results presented 
here and elsewhere’ in order to account for the very 
large Seebeck voltages measured below room tem- 
perature. Measurements have been made between 
20°K and 375°K on a series of p-type germanium 
crystals which have varying excess amounts of acceptor 
atoms and n-type germanium crystals which have 
varying excess amounts of donor atoms incorporated 
into the lattice. Near room temperature it is found that 
the results can be explained by existing theory. 


Il. THEORETICAL RELATIONSHIPS 


The energy flux’ relative to the electrochemical 
potential carried through the thermoelectric circuit 
per carrier of charge e is given by eQT7, where Q is the 
Seebeck voltage per degree difference in junction 
temperature, or the thermoelectric power, and T 
the absolute temperature. The Wilson-Sommerfeld 
theory applied to a nondegenerate extrinsic semi- 


conductor gives‘ 
e0.T =AEr—AEr. (1) 


The subscript e is used to emphasize that we are 
considering the contribution of current carriers only. 
The terms on the right-hand side refer to potential 


1 Some results were presented at the Rochester meeting of the 
American Physical Society, June, 1953 [Phys. Rev. 92, 857 
1953) ]. 
' *H. b. R. Frederikse, Phys. Rev. 92, 248 (1953). 

*C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 5506 
1949). ; ; 
‘This equation is discussed in detail in a forthcoming paper 
by C. Herring, Phys. Rev. (to be published). The theoretical 
investigation carried out by Herring and the experimental investi- 
gation reported here were carried out cooperatively and it will 
be convenient to make frequent reference to that paper. 


and kinetic energy respectively. AEr is the average 
kinetic energy transported by the carriers and AEr 
is their Fermi level, both measured relative to the 
energy of the edge of the band (conduction or valence) 
in which the carriers move. AE,p is the same parameter 
which enters into the equation for the density of mobile 
carriers in an extrinsic, nondegenerate semiconductor. 


2am*kT \ } 
n=2,(——) exp(—AEr/kT), (2) 


where N, is a statistical weight factor and m* is an 
inertial effective mass. The density of mobile carriers, 
n, is also inversely proportional to the Hall con- 
stant and thus the m determined from Hall measure- 
ments can be related to the thermoelectric data by 
means of Eqs. (1) and (2). The data to be presented 
below yield a value for the product V,'m*. This product 
is referred to as the “densicy of states’’ effective mass. 


III. EXPERIMENTAL PROCEDURE 


The crystals were grown by pulling from the melt by 
the method of Teal and Little.’ In some cases, the 
samples were taken from the same crystals used by 
Debye.® We are indebted to J. P. Maita for some help 
with the sample preparation. Briefly, this is done as 
follows: A slab is cut perpendicular to the pulled 
direction of the crystal and lapped to approximately 
0.13 cm thick. The [110] direction which is per- 
pendicular to the developed faces is conveniently 
located. The long axis of the cutting die is lined up in 
the [110] direction and the sample shown in Fig. 1 
cut out using the magnetostriction device developed 
by W. L. Bond.’ 

Two of the arms shown in Fig. 1 are spares. The 
two control arms, F, are used as Hall probes and the 
two outside arms, £, as electrical conductivity probes 

5G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 


®P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
7W. L. Bond, Phys. Rev. 78, 646 (1950). 
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in the manner developed by Pearson.* All samples 
used, or samples cut from sections of the crystals near 
to the samples used are probed at room temperature 
at 0.05- or 0.1-cm intervals to insure uniform resistivity 
along the axis. The sample is gold-plated from aqueous 
solution and then tinned with an indium alloy solder 
a distance of 0.18 cm on the upper and lower surface of 
each end. In a few cases, the solder has been secured 
directly to the germanium surface using acid flux. 
Gold lead wires are welded to the arms. The sample is 
washed in distilled water and lightly sand-blasted using 
180-mesh silicon carbide powder and soldered in the 
holder shown schematically in Fig. 1. The hollow 
heater A is sufficiently light to be supported by the 
sample. The thermal sink B is made from copper-filled 
lead in order to have sufficient thermal stability at 
the lower temperatures. The copper thermocouple 
blocks C are soldered to the upper surface of the 
germanium. To facilitate assembly, they are held in 
place by phosphor-bronze springs that are electrically 
and thermally insulated from the rest of the system. 
The thermocouples are constructed from No. 30 con- 
stantan and No. 36 copper wires. They are soldered in 
0.06-cm holes drilled close to the lower inside corner 
of each block as indicated. It proved desirable to 
incorporate the differential thermocouples G in order 
to keep track of the thermal impedance across each 
junction. The whole system is surrounded by a radia- 
tion shield and placed in a container connected to a 
high vacuum system. The vacuum is usually maintained 
at 5X10-* mm except at the higher temperatures 
where out-gassing causes the pressure to rise slightly 
above 10-° mm. 


IV. METHOD OF MEASUREMENT 


The Hall and electrica? conductivity m2asurements 
are made in the usual manner.’ The Seebeck effect 
is measured in the steady state with a few hundredths 
of a watt dissipated at the heater A. For a period of 
about 10 minutes, the power dissipated at the heater, 
the thermocouple readings, and the Seebeck voltage 
across the two thermocouple copper leads are followed 
as a function of time. The system inside the container 
drifts upward about 0.02° per minute at room tempera- 
ture with a gradient of 2° between the thermocouples 
when in a vacuum. The decreasing thermal capacity of 
the thermal sink and increasing thermal conductivity of 
the germanium cause the drifts to increase as the 
temperature is lowered. To maintain the 2° gradient 
between the junctions, the heat introduced causes a 
0.05° drift at nitrogen temperatures and 0.3° drift per 
minute at 30°K. However, it is possible to stabilize 
the system between 20 and 30°K, and also in the liquid 
nitrogen range, by introducing a small pressure of 
helium into the container and utilizing the heat capacity 
of the liquid refrigerant surrounding the container. 


*G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949). 
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Fic. 1. Apparatus for making Seebeck and Hall measurements. 


The system quickly reaches a steady state in which 
there is no drift of temperature with time. 

Although it is difficult to estimate the absolute 
accuracy of the measurements, we have made numerous 
checks and taken sufficient precautions to insure a 
reproducibility of better than 2 percent in the measured 
values of OT. 

The chief source of error is in measuring the tem- 
perature exactly at the electrical junctions. The all- 
copper circuit which is used to measure the thermo- 
couple voltages originally consisted of a type K 
potentiometer and a high sensitivity galvanometer. 
Parasitic emf’s in the measuring circuit were measured 
and corrected for. Parasitic emf’s introduced by 
rotation of the potentiometer drum were allowed to 
decay before taking drifts. Later measurements have 
been taken with a White double potentiometer and 
agree with the earlier results. The thermocouples have 
been calibrated at the boiling and triple points of 
hydrogen and nitrogen near the beginning and end of 
the measurements reported here and a temperature 
scale prepared from the table of Giauque ef al.’ The 
thermocouples are intercompared during each run. 

It is possible to perform the following experiments 
without changing the measured QT value more than 
2 percent. 

(a) Vary the temperature gradient several fold. 

(b) Make a drastic change in the container tem- 
perature (for instance from nitrogen temperatures to 
either hydrogen temperatures or room temperature) 
without changing the sample temperature. This shows 
that radiation and heat conduction losses are not 
affecting the results. 

(c) Remove the sample, clean off all the contacts 
and remount. This indicates the thermocouples are 
measuring the temperature at (or reproducibly close 
to) the electrical junctions of the copper and the ger- 
manium. 

(d) Have either 1 mm of the gas in the container 


* Giauque, Buffington, and Schulze, J. Am. Chem. Soc. 49, 
2343 (1927). 
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(no drift conditions, see above) or less than 10-* mm 
residual pressure in the container. This shows the 
thermocouple blocks are in excellent thermal contact 
with the sample. 

One can compare the ratio of the Seebeck voltages 
measured between the thermocouple blocks and _ be- 
tween the arms £ (Fig. 1) with the ratio of the distances 
between the blocks and between the insides of the 
arms £. At room temperature, the ratios are the 
same. In some samples, the Seebeck voltage ratio 
remains the same at low temperatures whereas in 
other samples it increases by as much as 10 percent. 
In a few cases, the ratio changed several hundred 
percent and in such cases the results have been 


discarded. 
V. EXPERIMENTAL RESULTS AND ANALYSIS 


The measured values of Q show a remarkable rise 
as the temperature is lowered below room temperature 
for a wide range of donor and acceptor concentrations. 
The QT product is plotted as a function of temperature 
between 20°K and 300°K for the series of p-type 
crystals in Fig. 2 and for the n-type crystals in Fig. 3. 
The room temperature resistivities of the samples are 
given in Table I. Also in Table I the excess donor 
or acceptor atom concentrations are given for each 
sample. These values are assumed equal to the number 
of mobile carriers determined by Hall measurements in 
the saturation temperature range. This assumption 
has been verified for the antimony-germanium system 


160 200 220 
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Fic. 2. Measured values of the 
QT product for eight p-type 
samples listed in Table I. 


240 260 260 300 320 


by Pearson, Struthers, and Theuerer using radioactive 
techniques.” By saturation temperature range is meant 
the temperature range over which the donor or acceptor 
atoms are almost completely ionized giving a constant 
number of mobile carriers which is much larger than 
the number of mobile carriers resulting from intrinsic 
ionization. In the purer samples the saturation range 
extends from below 50°K to room temperature. In 
the upper temperature range the measured QT values 
are almost proportional to 7. The Wilson-Sommerfeld 
theory predicts this type of behavior throughout the 
saturation temperature range, i.e., from about 40°K 
to almost 300°K for the purer samples. It appears that 
this theory can be reasonably complete only above 
250°K. For a given temperature the absolute value 
of QT decreases as the number of acceptors or donors 
increases as is also predicted by the Wilson-Sommerfeld 
treatment. The rapid increase in Q for the purer 
materials as the temperature decreases from 200°K 
to 35°K cannot be accounted for by this theory. It is 
postulated by Frederikse? and Herring‘ that there is 
an interaction between the anisotopic lattice vibra- 
tions, which exist of necessity in the thermal gradient, 
and the mobile charge carriers. The carriers are prefer- 
entially scattered toward the cold end of the sample 
by the nonequilibrium phonon distribution. The 
electrostatic field established within the semiconductor 
by the normal diffusion of the mobile carriers from 
hot to cold is thus enhanced by an interaction between 


” Pearson, Struthers, Theuerer, Phys. Rev. 77, 809 (1950). 
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TABLE I. Room temperature resistivities and composition of samples. 








Excess No, of donor 
atoms per cc (from 
Hall measurements) 


Resistivity 
at 300°K 


Sample No.* (ohm cm) 


Excess No. of atoms 
per ce (from Hall 
measurements) 


Resistivity 
at 300°K 


Sample No.* (ohm em) 





0.0033 
0.016 
0.066 


7.1X 10" gallium 
6.0K 10" gallium 
8.0X 10"* gallium 
0.18 2.1 10'* gallium 
0.23 1.5X 10" gallium 
1.7 1.510" gallium 
21.5 1.6 10" gallium 
20.0 1.9X 10" indium 
34.5 8.0X 10" gallium 


CoOnNaunkh oN 





2.3 X10" arsenic 
0.032 1.08 X 10" arsenic 
0.38 6.4 X10" arsenic 
2.5 7.8 X10" arsenic 
18.5 8.9 10" arsenic 

46.0 8 X<10%> 


0.0050 








* All samples are cut in the 110 direction from crystals pulled from the melt as described in the text except sample 8. Sample 8 is cut in some direction 


perpendicular to the 111 direction from a zone-leveled [see W. 
> Identity of excess donor not known. 


the mobile carriers and the lattice. Indeed, the experi- 
mental values to be presented show that at the lower 
temperatures the latter effect must dominate almost 
completely. 

The discrepancy between existing theory and 
experiment, which presumably is the result of the 
phonon-electron interaction, and will be referred to 
as such in the subsequent discussion, can be estimated 
by setting the measured QT product equal to two 
terms, 


(OT) mens=O-7+0,>7, (4) 


where Q,7 is the contribution of the mobile carriers 
arising from the Wilson-Sommerfeld treatment, and 
Q,7 is the contribution arising from the phonon- 
electron effect. Combining Eqs. (1) and (2) and 
transforming to convenient units gives 


m*\ ' 
+0,T= [tog.70% oerwy,(~) 
m 


= logn |1/5087+ kT, (5) 


where A is a constant specifying the kinetic energy 
transported and which can be calculated, and m is the 
number of mobile carriers per cc. The theoretical 
limits of A in the final term of Eq. (5) are discussed by 
Herring.‘ Following him, A is taken as 2.0 for high 
purity -type material and as 2.0 for high purity 
p-type material below 125°K. Between 125°K and 
300°K, A for p-type material is assumed to decrease 
linearly from 2.0 to 1.7. It should be noted that the 
whole AkT term is only 15 percent of Q, T for the high 
purity samples. The number of mobile carriers per cc, n, 
is calculated from the Hall constant Ry using the 
equation" 


(6) 


" W. Shockley, Electron and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 215. 


G. Pfann and K. M. Olsen, Phys. Rev. 89, 322 (1953) ] single crystal. 


The Hall to conductivity mobility ratio uu/p., has 
been determined by Morin” and differs somewhat 
from 39/8 which is correct only when the mean free 
path is independent of energy. The Q.7 values are 
insensitive to small uncertainties in m since a 10 percent 
variation in m changes Q by only 10 microvolts. 

In Figs. 4 and 5 are plotted isotherms of 0,7 deter- 
mined from Eqs. (4) and (5) as functions of acceptor 
and donor atom concentrations, respectively. The 
unspecified effective mass parameter V,'m* occurring 
in Eqs. (2) and (5) is chosen as 0.75 of the free electron 
mass m for both m and p material on the basis of 
measurements in and near the intrinsic range which 
are discussed below. 

It is apparent from Figs. 2 through 5 that the 
behavior of p- and n-type material is qualitatively 
similar. The dependence of Q,7 on donor or acceptor 
concentration is small until a concentration range is 
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Fic. 3. Measured values of the QT product for five 
n-type samples listed in Table I. 


4 F, J. Morin, Phys. Rev. 93, 62 (1954). 
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Fic. 4. Isotherms of 0,7, Eq. (4), as function of 
concentration of excess acceptor atoms. 
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Fic. 5. Isotherms of Q,7', Eq. (4), as function of 
concentration of excess donor atoms. 


reached beyond which Q,7 falls rapidly. This concen- 
tration range becomes lower as the temperature 
decreases. Q, becomes small when the concentration 
becomes large enough to approach Fermi-type de- 
generacy. The slightly positive slope between 10" 
and 10'* which persists down to 75°K can be partly 
accounted for by a reasonable variation of the transport 
term ART of Eq. (5) with carrier concentration.‘ 

The temperature dependence of Q,7 is shown in 
Fig. 6 for both n- and p-type material. The plotted 
chords bracket variations in Q, for samples of con- 
centration less than 10*'® per cc down to 50°K and for 
concentrations less than 10+ per cc below 50°K. 
The inverse temperature dependence is greater for 
the p-type material. Between 75°K and 150°K Q,7 
for the p-type sample is proportional to about 7-?, 
whereas (),7° for the n-type sample is proportional 
to about 7~'“. The slopes of the linear portion of the 
curves of Fig. 6 correspond to the above temperature 
dependence. The effect becomes too small to measure 
at temperatures much above 150°K. 

Herring’s theory suggests that boundary scattering 
of phonons should be an important factor in describing 
the low temperature behavior in much the same way 
as it is important in low temperature thermal con- 
. ductivity.“ Reference to Fig. 6 shows that departure 
from the inverse temperature dependence given by 


4% R. Berman, Advances in Physics 2, 103 (1953). 
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the straight lines occurs at between 50°K and 70°K. 
This is a considerably higher temperature range than 
that at which phonon boundary scattering becomes 
important in thermal conductivity experiments. This 
is what one would expect if the low energy phonons 
predominantly are interacting with the mobile carriers. 
In order to determine whether boundary scattering 
can be used to explain the low temperature curvature 
in Fig. 6, and, in fact, to provide experimental corro- 
boration of Herring’s model,‘ the thicknesses of p-type 
sample 7 and n-type sample E were reduced by sand 
blasting and the samples remeasured. Sample 7 was 
reduced from 0.125 cm to about 0.069 cm for a distance 
of about 1.0 cm. Sample £ was reduced from 0.148 cm 
to about 0.025 cm for a distance of about 1.0 cm." In 
order to avoid breakage the thin portion of the sample 
was supported by a sheet of 0.005 in. mica using an 
epoxy-resin cement. The curves for the “thin” samples 
are within 2 percent of the originals shown in Figs. 2 
and 3 down to 80°K. The results below 80°K are 
shown in Fig. 7 on a somewhat enlarged scale for both 
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Fic. 6. Dependence of Q,7', Figs. 4 and 5 on temperature 
for the purer samples. 
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Fic. 7. Dependence of measured values of QT 
upon sample dimension. 


4 All samples except E were between 0.12 cm to 0.13 cm thick. 
However, breakage was encountered while measuring high purity 
n-type samples (for example, sample F, which did not break 
until after measurements shown in Fig. 8 were completed). 
Sample Z was purposely made thicker in order to reduce the 
chance of breakage. 
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Fic. 8. Calculated values (curves) and measured values in the temperature range 
where the sample changes from extrinsic to intrinsic. 


the normal (original) size and the “thin” size. It 
appears that the measurements below about 75°K 
are not typical of bulk germanium alone. The values 
are smaller for the smaller dimensions as is expected 
on the basis of Herring’s model. The curvature in the 
low temperature portion of the curves of Fig. 6 is a 
property of the samples used, presumably much 
larger samples would follow the inverse temperature 
relations to lower temperatures. Similarly the maxima 
in Figs. 2 and 3 would shift to lower temperatures and 
higher values. The availability of large crystals of 
sufficient uniformity makes possible a more complete 
investigation of the effect of the sample dimensions. 
We hope to be able to report on this in the near future. 

We now consider data near room temperature, where 
Q, is small, in order to determine a value of N,'m* 
occurring in Eq. (5). It can be seen from Figs. 3 and 4 
that the choice of NV,!(m*/m)=0.75 for both n- and 
p-type samples satisfies Eq. (1) to about +0.01 ev 
for the purer samples at 250°K after making a small 
allowance for Q,. It has already been noted that the 
positive slope of these curves, indicating a slow, 
possibly logarithmic variation with impurity con- 
centration, can be partly explained by a variation of 
the transport term Ak7T of Eq. (5). Additional con- 
fidence in this value of NV,!(m*/m) can be obtained 
by considering the results above room temperature 


where the purer samples become intrinsic. The purer 
samples have been measured to 375°K, and the results 
shown in Fig. 8. The curves are calculated using only 
the 1 adjustable parameter V,!m*=0.75m for both 
the » and p samples. To make this calculation, equation 
(5) must be generalized to include both positive and 
negative mobile carriers: 
T(Oynyu,+Q-n_n) 
0.7 =—_______—_. (7) 
Nyy Np 


The concentration product of holes, #,, and electrons, 
n_, at the temperature 7, and the respective mobilities 
uy and w_ are taken from the data of Morin and Maita."* 
The quantities Q, and Q_ are the thermoelectric 
powers the mobile holes would have in the absence 
of electrons, and the mobile electrons would have in 
the absence of holes, respectively, calculated from Eq. 
(5). The higher temperature points where the samples 
are almost completely intrinsic fall on the curves 
within experimental error. A variation of N,'4m*/m 
by +0.15 for either holes or electrons separately 
would be sufficient to cause a systematic deviation 
of the points from the curves in the almost intrinsic 
region. The agreement is not so good in the temperature 
region where the sample is changing from extrinsic 


16 F, J. Morin and J. P. Maita, Phys. Rev. (to be published). 
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to intrinsic, i.e., where the concentration of the minority 
carriers is changing rapidly with respect to the majority 
carriers. In order to expect agreement in this region, 
one must assume an unusually high degree of uniformity 
and perfection of the crystal. The extrinsic region, or 
lower temperature region of Fig. 8, has already been 
discussed. The value of N,!m*/m=0.75 for both holes 
and electrons gives a reasonable fit at 300°K. An 
assumption of N,'m*/m=1.0 would decrease the 
absolute value of the 300° points by 0.011 volt whereas 
an assumption of V,!m*/m=0.55 would increase them 
by 0.015 volt. 

The “density of states” effective mass parameter 
N,'m*/m is related to the inertial effective mass 


PHYSICAL REVIEW 


VOLUME 94, 


T. H. GEBALLE AND G. W. HULL 


parameter, m*/m, by the statistical factor which we 
have called V,!, N, would be the number of equivalent 
valleys or edges in a band with no spin-orbit splitting. 
The theoretical problem is discussed in some detail 
by Herring.‘ It suffices here to point out that while 
our result is not directly comparable with a number 
of recent experiments'*® that determine inertial effective 
mass, a comparison of the values may give further 
information about the band structure. 

We are indebted to our colleagues F. J. Morin, J. A. 
Burton and C. Herring for many helpful discussions. 


© Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953); 


T. S. Benedict and W. Shockley, Phys. Rev. 89, 1152 (1953); 
P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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Structure of Gd, Dy, and Er at Low Temperatures* 


J. R. Bantster,f S. Lecvotp, anp F. H. Speppinc 
Institute for Atomic Research, Iowa State College, Ames, Iowa 


(Received February 24, 1954) 


The crystal structures of gadolinium, dysprosium, and erbium metals have been determined over a wide 
temperature range. The metals are hexagonal close packed and the a» unit axis contracts nearly linearly 
with decreasing temperature, whereas the co unit axis exhibits an abnormal expansion with decreasing 
temperature below magnetic transformations of the metals. The co behavior is believed to be associated with 


the magnetic properties of the metals. 


I. INTRODUCTION 


AGNETIC transformations in metals are usually 
accompanied by crystal structure changes which 
may be of different types.' In view of the fact that some 
of the rare earth metals have been reporied to be ferro- 
magnetic it was felt that an x-ray study of the structures 
of these over a wide temperature range should be made. 
This report covers such studies for gadolinium, dyspro- 
sium, and erbium. 

Gadolinium has been reported?-® to have a ferro- 
magnetic Curie point of 16°C. Dysprosium exhibits*® 
a magnetic anomaly at about 175°K and a ferromag- 
netic Curie point near 90°K. Erbium has recently been 


* Contribution No. 309 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 

t Present address, Sandia Corporation, Albuquerque, New 
Mexico. 

1'R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951). 

2 Urbain, Weiss, and Trombe, Compt. rend. 200, 2132 (1935). 

*F, Trombe, Ann. phys. 7, 385 (1937). 

4 Legvold, Spedding, Barson, and Elliott, Revs. Modern Phys. 
25, 129 (1953). 

5 Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953). 

*F. Trombe, J. phys. et radium 12, 222 (1951). 

7F. Trombe, Compt. rend. 221, 19 (1945). 

* F. Trombe, Compt. rend. 236, 591 (1953). 

* Elliott, Legvold, and Spedding, this issue, Phys. Rev. 94, 
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found” to have a magnetic susceptibility anomaly of 
the dysprosium type near 80°K, and it is further re- 
ported that the susceptibility becomes strongly field- 
dependent below 55°K. 

Dilatometric studies on gadolinium and dysprosium 
have been reported by Trombe and Foex."*” For 
gadolinium they report an abrupt decrease in the 
coefficient of thermal expansion below the Curie point. 
A similar phenomenon was displayed by dysprosium 
below the magnetic anomaly near 175°K. 

The electrical resistivities‘ of the three metals also 
exhibit peculiarities near the temperatures cited above, 
showing the influence of the transformations on the 
conduction process. This is also in evidence in the 
study of the Hall effect as reported by Kevane et al." 


II. EXPERIMENTAL METHODS 


The metal samples used were prepared by methods re- 
ported earlier. Metal filings annealed under vacuum 
at 550°C for about 30 hours were mixed with pulverized 


Elliott, Legvold, and Spedding, “Some of the Magnetic 
Properties of Erbium Metal” (to be published). 

 F, Trombe and M. Foex, Cempt. rend. 235, 42 (1952). 

2 F. Trombe and M. Foex, Compt. rend. 235, 163 (1952). 

8 Kevane, Legvold, and Spedding, Phys. Rev. 91, 1372 (1953). 

4 Spedding, Voight, Gladrow, and Sleight, J. Am. Chem. Soc. 
69, 2777, 2786, 2812 (1947). 
( sd x H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 

1952). 





STRUCTURE OF Gd, 


NaCl crystals which served as an internal standard for 
the exposures. The mixed samples were placed in thin- 
walled glass capillaries approximately 0.035 cm in 
diameter. A Debye-Sherrer powder camera capable of 
operating at various temperatures was used for the 
exposures. A temperature-controlled, helium gas stream 
flowing past the sample was used to obtain the different 
temperatures. The temperature fluctuation during a 
given exposure was less than four degrees and mean 
temperatures for exposure have been used in reporting 
the results. Cu-a radiation was employed in the study 
and long exposure times gave negatives suitable for 
analysis. 

The metal samples used showed the following im- 
purities as determined spectrographically: for gado- 
linium, 0.02 percent Ca, 0.05 percent Nd, 0.1 percent 
Sm and 0.02 percent Tb; for dysprosium, Ca detectable, 
0.01 percent Ho, 0.07 percent Y, traces of Fe, Ta, and 
Mg; for erbium, less than 0.02 percent Ho, iess than 
0.02 percent Y, traces of Ca, Fe, Mg, and Si. 

To obtain the lattice constants of the NaCl, the calcu- 


TABLE I. Variation of the lattice constants of gadolinium and 
sodium chloride with temperature. 








Sodium chloride 


Gadolinium 
aos 


Temperature 
(°K) ao(A) eo(A) 





106 
175 
183 
216 
231 
283 
285 
298 
299 
300 
324 
349 


3.629+0.002 
3.630+0.002 
3.631+0.002 
3.629+0.002 
3.63340.002 
3.633+-0.002 
3.633+0.002 
3.635+0.002 
3.633+0.002 
3.636+0.002 
3.634+0.002 
3.639+0.002 


5.796+0.004 
5.798+-0.005 
5.786+0.005 
5.780+0.005 
5.782+0.005 
5.776+0.005 
5.781+0.005 
5.776+0.005 
5.771+0.005 
5.779+0.005 
5.778+0.005 
5.77740.005 


5.603+0.001 
5.614+0.001 
5.615+0.001 
5.623+0.001 
5.625+0.001 
5.636+0.001 
5.637+0.001 
5.641+0.001 
5.640+0.001 
5.641+0.001 
5.645+0.001 
5.6532:0.001 








lated ao’s were extrapolated to 6=90°. The values so 
obtained were found to be commensurate with the 
values which would be anticipated from the thermal 
expansion coefficient of sodium chloride. The sin’@ 
values for the metal were then modified by using the 
correction curve obtained by comparing the observed 
and calculated sin’#’s for the NaCl lines. Lattice 
parameters of the metals were calculated using the 
corrected sin’@ of the reflections and expressions derived 
by minimizing the sum of the squares of the deviations 
of the calculated angles from the observed angles. The 
calculation was checked, and errors estimated by sub- 
stituting the calculated values back in the sin’@ of the 
individual reflections. 


Ill. RESULTS AND DISCUSSION 
Gadolinium 


It was difficult to obtain clear negatives for the 
gadolinium analysis. It appeared that the absorption 
coefficient of gadolinium metal for Cu-a radiation was 


Dy, AND Er 





1! 











100 120 140 160 0 200 220 240 260 280 300 800 340 360 
TEMPERATURE, “K 


Fic. 1. Variation of the lattice parameters of 
gadolinium with temperature. 


very high. Exposure times of twenty to forty hours 
gave from seven to thirteen readable metal lines for 
the analysis. 

At room temperature, gadolinium was found to have 
a hexagonal, close-packed structure as was noted by 
Klemm and Bommer.'* It was found, however, that 
the lattice constants were appreciably larger than those 
found by them. The largest part of this difference may 
be accounted for by the upward revision of the wave- 
length values in angstroms since their study. 

It was found that there was no gross change in the 
structure of gadolinium across the Curie point, but it 
was noted that the co unit axis increased with decreasing 
temperature in the region between the Curie point and 
175°K as seen in Table I and in Fig. 1. The behavior 
of the ao unit axis appeared to be normal, within experi- 
mental error, showing an increase with increasing tem- 
perature. Assuming linear trends abeve and below the 
Curie temperature, the macroscopic coefficient of ther- 
mal expansion may be estimated as —2X10~* per 
degree K below the Curie point and about 10 10~* per 
degree K above the Curie point. This is in rough agree- 
ment with the dilatometric study of Trombe and Foex." 





5.68 








TEMPERATURE °K 


Fic. 2. Variation of the lattice parameters of 
dysprosium with temperature. 


‘6 W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937). 
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Taste II. Dysprosium and sodium chloride lattice constants. 


Temperature 
(°K) ao(A) 


48- 50 
75- 77 
92- 94 
103-107 
122-124 
138-140 
165-167 
188-192 
210-212 
231-235 
299-301 
298-302 


3.583+-0.002 
3.591 +0,002 
3.590+0.002 
3.5954-0.002 
3.591 +0.002 
3.5954+-0,002 
3.595+0.002 
3.591+0.002 
3.595 +0.002 
3.595+0.002 
3.596+0.002 


3.58440.004 


BANISTER, 





Dysprosium 


co(A) 


Sodium chloride 
ao(A) 





5.668 +0.003 
5.6732-0.004 
5.666+-0.003 
5.664+0.004 
5.6534-0.003 
§.6564-0.003 
5.647 +-0.004 
5.643+0.003 
5.646+0.004 
5.645+0.003 
5.657 +0.006 
5.649+0.003 


5.596+-0.001 
5.597+0.001 
5.601+0.001 
5.602+0.001 
5.604+0.001 
5.607+0.001 
5.613+0.001 
5.617+0.001 
5.620+0.001 
5.627+0.001 
5.641+0.001 
5.641+0.001 








Taste III. Erbium and sodium chloride lattice constants. 


Temperature 

(°K) ao(A) 
3.5582+-0.001 
3.562+0.002 
3.561+40.001 
3.56324-0.001 
3.563+0.001 
3.565+0.001 
3.5624+-0.002 


42.5-43.5 

64 -66 

83 -87 
102 -104 
151 -153 
199 -201 
300 ~302 


Erbium 


co(A) 


Sodium chloride 
ao(A) 





5.590-+0.002 
5.582+0.003 
5.582+0.002 
5.581+0.002 
5.586+0.002 
5.591+0.002 
5.602+0.003 


5.595 +0.001 
5.597 +0.001 
5.798 +0.001 
5.601 +0.001 
5.6095+-0.0015 
5.6195+0.001 
5.641 +0.001 








Dysprosium 


The x-ray negatives obtained using dysprosium 


LEGVOLD, 


samples showed some background, but were consider- 
ably clearer than the negatives for gadolinium. From 
eight to fourteen metal lines were observable on the 
negatives with exposure times of twelve to twenty 
hours. The lines indicated a hexagonal, close-packed 
structure for all exposures. This is in fair agreement 
with results reported by Klemm and Bommer'® when 
account is taken of the wavelength revision reported 
above. 

Results are summarized in Table II and Fig. 2. If 
linear trends above and below 190°K are assumed, 
a least mean square analysis gives a macroscopic coeffi- 
cient of expansion of 9X10~-® per degree K above 
190°K, and 0.5X10~* per degree K below that tem- 
perature. This is comparable with the dilatometric 
result of Trombe and Foex." 


Erbium 


The negatives for erbium had little background. 
Exposure times of eleven to twenty hours gave from 


AND SPEDDING 

twelve to twenty-three detectable metal lines. The 
structure of erbium metal was hexagonal, close-packed 
for all exposures. This structure has also been reported 
by Klemm and Bommer.'* Their lattice constants, when 
revised as indicated previously, are in fair agreement 
with the values reported here. 

Results of the x-ray exposures are summarized in 
Table III and Fig. 3. Assuming linear trends and using 
a least mean square analysis, the macroscopic coefficient 
of thermal expansion may be estimated as about 
10X10~* per degree K above 100°K, and about zero 
below that temperature. 

In general, it would appear that the unusual behavior 
of the co parameter below the Curie point or magnetic 
anomaly is probably due to the internal fields of the 
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3.55 
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Fic. 3. Variation of the lattice parameters of 
erbium with temperature. 


domain and may be regarded as a form of magneto- 
striction due to that field. It also suggests that there is 
a correlation between the crystal directions and the 
directions of easy magnetization. This effect has been 
observed in other ferromagnetic elements. If the rare 
earth metals are similar to the hexagonal, close-packed 
phase of cobalt at room temperature, the direction of 
easy magnetization would be parallel to the co axis. 

It should be noted that sodium chloride might be 
useful as a temperature index as well as an internal 
standard because of its large and relatively uniform 
expansion coefficient. 

The authors wish to thank J. Powell for preparing 
the rare earth salts, and A. H. Daane, D. Dennison, 
and R. Barton for preparing the metal samples. 
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The magnetic moment of dysprosium has been measured in applied fields of 4000-18 000 oersteds, over 
the temperature range of 4.2-202°K. The susceptibility of dysprosium was found to be field dependent 
below about 175°K. Below 90°K, dysprosium appeared to have true though abnormal ferromagnetic proper- 
ties, confirming the previous work of Trombe. At hydrogen and helium temperatures the magnetization 
isotherms fell below the 31°K isotherm. An absolute saturation magnetic moment of at least 8 Bohr mag- 
netons was indicated by the data obtained in the temperature range of 31°K to 80°K. The magnitude of the 
measured values of the magnetic moment of dysprosium indicated that the orbital angular momentum of 


the 4f electrons contributes to the ferromagnetism. 


I. INTRODUCTION 


HE magnetic properties of metallic dysprosium 

have been studied by Trombe'* above 70°K. 
He has reported a magnetic anomaly at about 175°K. 
Below 175°K he notes that the susceptibility is field 
dependent and that the susceptibility vs temperature 
curve is such as to indicate an antiferromagnetic Curie 
temperature (Néel point) at 175°K. He further reports 
a transition to the ferromagnetic state at 85°K, this 
being the zero field ferromagnetic Curie temperature. 
This paper confirms the results of Trombe and extends 
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Fic. 1. Magnetic moment isotherms of dysprosium 
as a function of applied field. 


the measurements to lower temperatures and higher 
fields. 

The metal used in this study was prepared by methods 
previously reported.*® Spectrographic analysis showed 


* Contribution No. 307 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 

t Now at General Electric, Syracuse, New York. 

1 F, Trombe, Compt. rend. 221, 19 (1945). 

2 F, Trombe, J. phys. et radium 12, 222 (1951). 

3F. Trombe, Compt. rend. 236, 591 (1953). 

4 Spedding, Voight, Gladrow, and Sleight, J. Am. Chem. Soc. 
69, 2777 (1947). 

( 5 F. H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 
1952). 


the following impurities: calcium, detectable but less 
than 100 ppm (parts per million) ; iron, detectable but 
less than 2000 ppm; holmium, detectable but less than 
2600 ppm; erbium, detectable but less than 200 ppm; 
yttrium, detectable but less than 200 ppm; nickel, 
cobalt, and other rare earths not detected. Complete 
spectrographic standards for determining accurate 
quantitative amounts of impurities in dysprosium are 
not yet available; thus, the amounts of impurities cited 
are estimated upper limits. 

The experimental procedure was similar to that used 
to measure the magnetic properties of gadolinium and 
is described elsewhere.*” 


II. EXPERIMENTAL RESULTS 


Figure 1 shows a number of the magnetic isotherms 
of dysprosium as a function of applied field. Figure 2 
is an enlarged portion of the low field region of Fig. 1. 
The initial susceptibility (i.e., the susceptibility calcu- 
lated from the low field linear portion of the curves in 
Fig. 2) from 113°-202°K plotted as a function of 
temperature is shown in Fig. 3. One notes in Figs. 1 
and 2 that for applied fields up to 18 000 oersteds the 
magnetization vs H isotherms remain linear down to 
about 175°K. Below 175°K the isotherms are linear 
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Fic. 2. An enlarged plot of the low field region of Fig. 1. 


6 W. S. Sucksmith, Proc. Roy. Soc. (London) A170, 551 (1939). 
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in the low field region, but at some higher field the 
susceptibility becomes field dependent. As the tem- 
perature is lowered below 175°K, the susceptibility 
becomes field dependent in progressively lower fields. 

Below 110°K the magnetization curves for dys- 
prosium as shown in Fig. 1 are much the same as those 
of gadolinium,® and are nearly typical of a ferromagnetic 
substance. It is observed that the element is very 
magnetically “hard” in comparison to iron, or even 
gadolinium, and is far from saturation in a field of 
18000 oersteds. One also notes that below 103°K, 
dysprosium becomes rapidly temperature saturated, 
ie., temperature has little effect upon the magnitude 
of the magnetization. 

Of particular interest is the fact that the 20.4°K and 
the 4.2°K data all below the 31.2°K isotherm. 

The anomaly observed by Trombe is quite evident 
in Figs. 2 and 3. The general shape of the curve in Fig. 
3 is not unlike the corresponding curve for an antiferro- 
magnetic substance in the neighborhood of its Néel 
temperature.® 

In order to discuss the magnetic behavior of dys- 
prosium, four temperature regions or magnetic states 
may be distinguished. The first state A occurs above 
176°K where the element appears to be truly para- 
magnetic. The second state (hereafter called state B) 
occurs in the temperature range bounded by the 
anomaly at 176°K and by the ferromagnetic Curie 
point at 92°K. (The Curie point determination is 
discussed below.) The magnetic behavior of dysprosium 
in this temperature range is characterized by the field 
dependence of the susceptibility, and the apparent lack 
of spontaneous magnetization. 

The third magnetic state of dysprosium (hereafter 
called state C) occurs below about 92°K. Here the 
element appears to be in a true though abnormal 
ferromagnetic state, characterized by spontaneous 
magnetization, saturation effects, and hysteresis effects. 

The fourth magnetic state for dysprosium (hereafter 
called state D) is in the temperature range below about 
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Fic. 3. The initial susceptibility of dysprosium in 
the temperature range from 110° to 200° 


*F, Trombe, Compt. rend. 236, 591 (1953). 
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Fic. 4. Representative curves of the isothermal variation of 
the magnetic moment of dysprosium with 1/H in the temperature 
range 103° to 168°K. 


25°K as indicated by the anomalous behavior of the 
isotherms in this temperature region. 

The difficulty encountered in attempting to obtain 
the Curie point from spontaneous magnetization data 
may be seen from the magnetization curves (Fig. 1). 
In order to determine the Curie point by this method 
it is necessary to obtain spontaneous magnetization 
curves above and below the Curie point. Because of 
the strange behavior of dysprosium immediately above 
its ferromagnetic Curie point (i.e., in state B), it was 
found impossible to obtain spontaneous magnetization 
data which were complete enough to allow an accurate 
determination of the Curie point by this method. 
Consequently, the Curie point for state C was obtained 
from measurements in an applied field of 1200 oersteds 
by extrapolation of the linear portion of the magnetiza- 
tion squared vs ten:perature curve to the temperature 
axis. The value of the Curie point determined by this 
method was found to be 92°K. 

Figures 4 and 5 are plots of the magnetic moment 
vs 1/H for several of the isotherms of Fig. 1. These 
curves differ considerably from the corresponding curves 
of gadolinium. The curves in the neighborhood of 
100°K are nearly linear above 5000 oersteds. At 
temperatures above 100°K, the curves are concave 
downward. The curves below 80°K seem to consist of 
two nearly straight intersecting lines although it is 
also possible that the upward trend of the data at 
higher fields (low 1/H) might continue. Both of the 
linear sections of the curves below 80°K have been 
extrapolated to infinite fields to estimate the saturation 
moments. 

In Fig. 6 the saturation moments obtained from 
Fig. 5 are plotted as a function of 7! to obtain the 
absolute saturation moment. The saturation moment 
at absolute zero for dysprosium appears to be about 
299+5 cgs units if one uses saturation moments from 
the high field extrapolations, and about 27343 cgs 
units, if one uses the low field extrapolated saturation 
moments. These moments correspond to 8.7 and 8.0 


Bohr magnetons, respectively. 





MAGNETIC PROPERTIES OF Dy METAL 


It is noted that these absolute saturation moments 
were obtained using data from the temperature range 
of 31°-80°K only, and therefore only attempt to point 
out what the approximate magnitude of the saturation 
moment at absolute zero would be assuming no 
anomalies between 0°-31°K. The magnitudes of the 
standard deviations cited are estimates based on 
attempts to fit various straight lines to the experimental 
data. 

Ill. DISCUSSION 

The nature of the magnetization data for dysprosium 

particularly in the temperature range below 30°K 


360 
40 
20 

300 
80 
60 
40 
20 

200 





/ 


Te31.25°K 





170 


Our 





per gm, 


Ts 35°K 
Sa 8 Se l 





90 
80 
60 
40 
20+ 
00 





MAGNETIC MOMENT 
om) 








+ x0 oersTeps™' 


Fic. 5. Representative curves of the isothermal variation of 
the magnetic moment of dysprosium with 1/H in the temperature 
range 31° to 80°K. 
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Fic. 6. The saturation magnetic moment of dysprosium as a 
function of 7!, open circles are values obtained from high field 
extrapolations and crosses are values obtained from low field 
extrapolations. 


might indicate ferromagnetism with two sublattices 
accounting for the decreasing saturation magnetization 
with decreasing temperature. On the other hand, it 
is also possible that a decrease in temperature could 
cause a change in the population of split 4f electron 
states of different magnetic moments. 

The high magnetic moment of dysprosium is of 
considerable significance. Magnetic moments have been 
measured of the order of 245 cgs units. Such a magnetic 
moment corresponds to about 7 Bohr magnetons. 
The spectrographic state of the dysprosium ion is 
a °Hs/2, and from the paramagnetic theory of Hund 
and Van Vleck, one would expect an absolute saturation 
moment of 10 Bohr magnetons, These data indicate 
that the absolute saturation moment of dysprosium 
is probably not this large, which may be interpreted 
as meaning that the 4f electrons are not completely 
free from the influence of neighboring atoms. On the 
other hand, the measured values of the magnetic 
moment are much larger than the 5 Bohr magnetons 
expected on the basis of spin only. 

While the above data suggest interesting modifica- 
tions in the present theories of magnetism, we feel more 
data must be obtained before an attempt is made in 
this direction. We are therefore leaving the interpre- 
tation of the data for later papers. 

The authors wish to express their thanks to Jack 
Powell for preparing the rare earth salts and to A. H. 
Daane, Richard Barton, and David Dennison for 
preparing the metal samples. 
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Experimental study and analysis have been made of non-Brillouin magnetic moments of two hydrated 
manganous salts of similar structure. The moment (M) was measured as a function of field at constant 
temperature (7) and as a function of temperature at constant field (H). From the former, analysis of the 
extent of the nonsuperposition of M(H/T) for different temperatures gave apparent molecular fields of 
14 000 gauss and 18 000 gauss, respectively, for manganous chloride tetrahydrate and manganous bromide 
tetrahydrate. The Van Vleck antiferromagnetic exchange coefficient y is experimentally determined, 
corresponding to antiferromagnetic exchange energy densities of the order of 10° ergs/cm*. The constant 
field measurements gave points on antiferromagnetic transition curves such that 1,,/Ty was about 8000 
gauss per degree for each salt. If the constant temperature moment is plotted against the Van Vleck 
parameter (11—yM)/T instead of the usual Brillouin parameter H/T there is superposition of isotherms 
for points in the H-T plane outside the antiferromagnetic region, thus giving experimental support to the 
Van Vleck model for simple antiferromagnetics. The method of measurement is the same as for our previous 
measurements. The temperature range was 1.3°—4.2°K and magnetic fields up to 58000 gauss were 
applied, the greater part of the range being such as to prevent antiferromagnetic ordering. 





INTRODUCTION 


HE magnitude of magnetic interaction has been 
estimated from high field magnetization measure- 
ments on Mn**(®S, state for the free ion) in two man- 
ganous salts in which only a small effect of the crystal- 
line electric field is to be expected and in which the 
anisotropy energy is small. This estimation is based on 
observation of the departures from a Brillouin function 
since previous measurements' of magnetization of 
salts with small interionic interactions have shown the 
applicability of the free spin Brillouin function for 
magnetic moments up to over 99.5 percent saturation 
for Cr+, Fet**, and Gd***. The Brillouin moment is 
given by 


(25+1)yH 
M= | (2S+-1) coth 


pH 
= coth— |, (1) 
kT 


where JN is the number of paramagnetic ions, g (having 
been taken as 2 for free spin and J=S) is the Landé 
factor, » is the Bohr magneton, S is the spin, H is the 
magnetic field, & is the Boltzmann constant, and 7 is 
the absolute temperature. It can be noted from Eq. (1) 
that a necessary though not sufficient condition for 
the applicability of the formula is that M be a function 
of H/T, implying superposition of magnetic moment 
isotherms. It has been observed both from adiabatic? 
and isothermal’ moment measurements that copper 
sulphate pentahydrate is characterized by nonsuper- 
position of moment isotherms. This immediately 
suggests the possibility of using the extent of nonsuper- 
position of isotherms to estimate molecular fields.‘ A 
choice of substance to be used for study is based not only 


2 T, H. Gaballe and W. F. Giauque, J. Am. Chem. Soc. 74, 3513 
(1952). 

8W. E. Henry, Phys. Rev. 87, 1133 (1952). 

4W. E. Henry, Phys. Rev. 90, 492 (1953). 


on the requirement that the ground state be simple 
but also on two other necessary but opposing conditions, 
namely (1) that the magnetization be carried out 
isothermally, which limits measurements to the range 
above 1°K and (2) that the effective field, Hor, 
(the difference between the applied field and the 
molecular field projection) be large enough to produce 
saturation. This latter condition can be ascertained by 
estimating the magnitude of the molecular field: If 
one equates the magnetic energy to the thermal energy, 


one obtains 
pH m~kT y, (2) 


where 7, is the molecular field, Ty is the Néel (antifer- 
romagnetic transition) temperature, w is the Bohr 
magnetion, and k the Boltzmann constant. Thus 
MnCl,-4H,O was selected because a reasonable Néel 
temperature® had been determined to be about 1.6°K. 
MnBr2:4H,0 was selected because it has a similar 
structure. 

Van Vleck’s generalized treatment® provides for an 
effective field which is less than the applied field because 
of the opposition of a molecular field contribution 
(determined by neighboring ions) which acts in the 
opposite sense of Weiss fields.’ If one assumes the 
simplest case of one type of neighbor, i.e., two sublat- 
tices, and if one uses the simplified Van Vleck® treat- 
ment of this case, one has 


A est=Ho—yM, (3) 


where Hp is the applied field, M is the magnetization 
and y, the Van Vleck antiferromagnetic exchange 


5S. A. Friedberg and J. D. Wasscher, Physica 19, 1072 (1953). 

6 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941) ; also see L. Néel, 
Ann. Phys. 17, 64 (1932) ; 5, 256 (1936); F. Bitter, Phys. Rev. 54, 
79 (1937). 

7P. Weiss, J. phys. et radium 6, 667 (1907). 

8 J. H. Van Vleck, J. phys. et radium 12, 282 (1951). 
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coefficient, is given by 
y=ZA/(Ng°8"), (4) 


where Z is the number of neighbors, A/2 is the anti- 
ferromagnetic exchange integral, N is the density of 
magnetic ions, g the Landé factor, and 8 is the Bohr 
magneton. The first part of the investigation involved 
experimental investigation of magnetic moments of 
manganous chloride tetrahydrate and manganous 
bromide tetrahydrate as a function of magnetic field at 
selected constant temperatures. This enables one to 
plot M against 1/7, and to determine the dispersion in 
the magnetic moment isotherms; by analysis of the 
data over a considerable range, one may obtain a 
limiting molecular field contribution at saturation. 
This is taken as the apparent molecular field. This 
molecular field can now be used to obtain y, the Van 
Vleck antiferromagnetic exchange coefficient in Eq. 
(3) since yMpo at saturation is the apparent molecular 
field. From y and the constants in Eq. (4) one can 
calculate ZA, which is the antiferromagnetic exchange 
energy density. To test the applicability of the Van 
Vleck model for simple antiferromagnetics, one may 
plot M as a function of the Van Vleck parameter, 
(H—+yM)/T, instead of the Brillouin parameter, 1/T 
to see if the magnetic moment isotherms are brought 
into superposition. It should be pointed out that 
although substitution of the Van Vleck parameter in 
the moment equation [Eq. (1)] in the place of H/T 
results in an equation which is not explicit in H and T, 
no hardship is imposed, for one can arrive at the true 
moment by successive approximation. For the first 
approximation, one starts with the Brillouin moment 
(explicit in H, T) in the Van Vleck expression for the 
effective field Eq. (3). The moment so calculated is 
then used in the effective field for the second approxima- 
tion, and so on. The second approximation is sufficient 
for the average case. It is of interest to attempt an 
experimental determination of the antiferromagnetic 
exchange energy. This can be done relatively easily if 
one has the exchange energy density and the magnetic 
structure which determines the number of neighbors. 
The exchange energy is determined from the experi- 
mental value of y and the magnetic structure can be 
obtained by a method such as that of Shull and Smart.® 

The second part of the experiment consisted in 
measuring moments as a function of temperature at 
fixed constant fields. From these measurements one can 
obtain the field dependence of the antiferromagnetic 
transition temperatures. The transition temperature 
is taken to be the temperature at which 


aM 
(—) =0. (5) 
OT / x 


*C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949). 
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That is to say, from the Van Vleck theory,® the left 
member of Eq. (5) is negative for all values of T when 
the theory embodied in Eq. (3) is applicable. If the 
theory is not applicable, i.e., if y is not a constant but 
becomes sufficiently larger as T is lowered, then the 
left member of Eq. (5) can go through zero and become 
positive. This represents a breakdown of the theory for 
the paramagnetic phase and therefore the appearance 
of a transition point. These critical temperatures 
corresponding to various sufficiently low fields can be 
plotted in the H-7 plane to look for a transition curve 
predicted by Sauer and Temperley”® and Garrett’s 
extension" of the Van Vleck model and implied by 
Garrett’s adiabatic experiments” on cobalt ammonium 
sulphate below 1°K. The advantage of using manganous 
salts here chosen is that isothermal conditions can be 
maintained and the 7 intercept in the H-T plane is 
taken as the molecular field by assuming that no 
spontaneous antiparallel alignment takes place at the 
absolute zero in an applied field greater than the 
aligning molecular field. Also, from the Van Vleck 
theory, if H>H,, there is no failure of the theory. 
The T intercept of the transition curve may be obtained 
by extrapolation of the curve to zero field. This is 
permissible since the points in this range fall on 
practically a straight line. 


EXPERIMENTAL PART 


The relative moments were measured on a spherical 
aggregate of small crystals; the technique employed in 
our previous measurements! was used. The temperature 
of the sample was kept at desired points in the liquid 
helium range (1.3°—4.2°K) with the help of a metal 
Dewar for liquid helium. The magnetic field was 
produced by a Bitter type magnet which gave fields to 
over 58000 gauss. The moment was measured by a 
differential fluxmeter which consisted of a ballistic 
galvanometer, a coil system, and a precision lift for 
motion of the sample with respect to the coil system. 
Since manganous bromide tetrahydrate is more unstable 
than the chloride, extra precautions were taken. First, 
the salt is recrystallized from water at a temperature 
slightly above room temperature, to insure production 
of the proper hydrate; then the crystals are kept in a 
moist atmosphere until just before the experiment is 
performed. The remainder of the experiment is carried 
out with the usual care with respect to loss of water of 
hydration. 

INTERPRETATION OF RESULTS 


The results are obtained for MnCl.-4H,O and 
MnBr,:4H,0 from the measurement of moments as a 


0 J. A. Sauer and H. N. V. Temperley, Proc. Roy. Soc. (London) 
A176, 203 (1940). 

"C, G. B. Garrett, J. Chem. Phys. 19, 1154 (1951). 

2C. G. B. Garrett, Proc. Roy. Soc. (London) A206, 242 (1951). 

48 W. E. Henry, National Bureau of Standards Circular No. 519, 
1952 (unpublished), p. 237. 
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Fic. 1. Plot of relative magnetic moment (M,) against H/T 
for manganous chloride tetrahydrate. 


function of field at constant temperatures and as a 
function of temperature at constant fields. 


Manganous Chloride Tetrahydrate 
Field Dependence of Moment for Fixed Temperatures 


Figure 1 shows magnetic moment plotted against 
H/T. It is seen that 
aM 
@)- 
OH T 


at the high fields and low temperatures so that satura- 
tion is being approached. By estimating the saturation 
moment (very little different from the highest measured 
moment) one can draw a Brillouin curve from Eq. (1) 
with S=J=5/2 and g=2. Now it is seen from Fig. 1 
that the isotherms do not superpose and that no isotherm 
falls on the theoretical Brillouin curve using the applied 
field in the argument. If it is assumed that an effective 
field is constructed from the applied field and a molec- 
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Fic. 2. Plot of relative 
magnetic moment (M,) 
against temperature (7') 
for fixed fields (H) for 
manganous chloride tetra- 
hydrate. 
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ular field contribution, then the displacement of the 
experimental curve for a given temperature from the 
Brillouin curve is used to estimate the apparent 
molecular field as follows: An arbitrary test point is 
chosen on any of the five isotherms. From this arbitrary 
point, say point B (Fig. 1) on the 1.50°K isotherm, 
one follows a constant moment line, BA, to the point A 
on the Brillouin function where the value of H/T is 
read at the point C. This value of H/T, when multiplied 
by T (1.50°K in this case), gives the effective field, 
H.4:. The difference between the applied field and the 
effective field is taken as the contribution of the 
molecular field. This process is repeated for many 
arbitrary points on each isotherm. With these data, 
one is in position to apply the Van Vleck model for the 
effective field [Eq. (3) ] and if one assumes yM to be 
the contribution of the molecular field, 


H,.= 7M, (7) 


with y a constant, then the molecular field projection 
divided by the moment should be a constant over the 
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Fic. 3. Plot of critical 
field (H) against tem- 
perature (7) for man- 
ganous chloride tetra- 
hydrate. 
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range of applicability. We use the apparent molecular 
field contribution obtained by the graphical analysis 
mentioned previously, and find that 


H,.“°/M“ =constant+ 10 percent, (8) 


over a very large range of temperatures and fields, 
corresponding to quadrupling H/T. The value of H,,“ 
corresponding to My (the saturation moment) is the 
apparent molecular field. As saturation is approached, 
the error becomes large and indeterminable but one 
may use the value of the constant in Eq. (8) to extra- 
polate the H,,“ to saturation to obtain an apparent 
molecular field of about 14 000 gauss. From this value 
of the molecular field we compute an antiferromagnetic 
exchange energy density from the Van Vleck model*® 
for simple antiferromagnetics as follows: We take the 
experimental molecular field as yMo, where Mo is the 
saturation moment (5 Bohr magnetons). The computed 
y is now substituted into Eq. (4) to compute ZA (the 
antiferromagnetic exchange energy density). If NV in 
Eq. (4) is taken to be 6X10” ions/cm* for manganous 
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chloride tetrahydrate, ZA turns out to be 0.6X10° 
ergs/cm*, A/2N being the exchange integral and of 
the order of 2.5 cm~'/Z where Z is the number of 
nearest neighbors. 


Temperature Dependence of Moment for Fixed Fields 


The dependence of magnetic moment on tempera- 
tures for fixed fields is shown in Fig. 2. For low fields it 
is seen that a change in sign of the slope takes place in 
the temperature range used. Following the convention 
of Bizette, Squire, and Tsai!® of looking for the max- 
imum in susceptibility for monotonic change in tem- 
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Fic. 4. Plot of relative magnetic moment (M,) against the Van 
Vleck parameter (Ho—yM)/T for manganous chloride tetra- 
hydrate. Points well inside the antiferromagnetic transition 
boundary are indicated by arrows. 


perature, we call the temperature at which Eq. (5) 
holds the transition temperature for the field 7. Thus, 
by measuring the moment as a function of temperature 
for various fixed fields it is possible to obtain the field 
dependence of the antiferromagnetic transition tem- 
perature. While one cannot in practice obtain the 
moment for 7=0 or 1 =0, it is,possible to get these two 
intercepts (H and T intercepts) as follows: The apparent 
molecular field is taken as the critical field at absolute 
zero on the assumption that no spontaneous antiparallel 
alignment can take place in applied fields greater than 
the aligning field, namely, the molecular field. This is 
in accord with the Van Vleck model. Extrapolation of 


4 National Research Council, /nternational Critical Tables 
(McGraw-Hill Book Company, Inc., New York, 1926), Vol. I, 
p. 127. 

18 Bizette, Squire, and Tsai, Compt. rend. 207, 449 (1938). 


Fic. 5. Plot of relative 
magnetic moment (M,) Ff 
against H/T for man- 
ganous bromide tetra- 
hydrate. 
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the experimental curve to zero field (the experimental 
curve seems to approach a straight line in this region) 
gives a critical ternperature in zero field. Thus, one can 
plot a complete curve (Fig. 3) which serves as a bound- 
ary between the paramagnetic and antiferromagnetic 
regions in the H-T plane. Having this separation 
between the antiferromagnetic and paramagnetic 
regions we can see whether or not this separation has a 
relation to the region of applicability of certain aspects 
of the Van Vleck theory of antiferromagnetic exchange. 
That is, we can now use a theoretical curve based on 
the Van Vleck parameter, (H)>—yM)/T, as opposed to 
the Brillouin parameter, 7/T to test the applicability 
of the Van Vleck model. We do this by plotting M 
against the Van Vleck parameter to obtain a theoretical 
curve. Now, all points in the H-T plane not enclosed 
by the antiferromagnetic transition boundary fall on 
the theoretical curve Fig. 4. 


Manganous Bromide Tetrahydrate 
Field Dependence of Moment for Fixed Temperatures 


A graphical representation of the field dependence of 
moment for fixed temperatures is shown for MnBryz 
-4H,O in Fig. 5. Although the highest moments for 
manganous bromide tetrahydrate do not come as near 
to exhibiting a vanishing slope as the chloride, satura- 
tion is sufficiently near to make a good approximation 
for the saturation moment and thus to construct a 
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Fic. 6. Plot of relative magnetic moment (M,) against temperature 
(T) for fixed fields (H) for manganous bromide tetrahydrate. 
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Brillouin curve. The same graphical technique is used 
here as for the chloride and a limiting molecular field 
of about 18 000 gauss is obtained. 


Temperature Dependence of Moment for Fixed Field 


Figure 6 shows a plot of magnetic moment against 
temperature for fixed fields. It is noticed that the 
moment reaches a maximum for the lower fields just 
as in the case of the chloride, but that there is a greater 
range of fields and temperatures in the antiferro- 
magnetic region for the bromide than for the chloride. 
This makes a more detailed examination possible for 
the bromide. It is noticed that slopes of the curves at 
temperatures below the maxima are different for 
different fields, and lends support to the suggestion of 
Van Vleck® that the ratio of the average susceptibility 
at absolute zero to the susceptibility at the critical 
temperature is field dependent and might be expected 
in some cases to vary from # to unity as higher and 
higher fields are applied. 

Again taking the antiferromagnetic transition tem- 
perature corresponding to a given field as the point at 
which the slope of the moment curve goes through zero, 
we obtain a series of transition temperatures for the 
bromide. If the temperatures so obtained are plotted 
against the fields, one obtains a plot shown in Fig. 7, 
which represents the antiferromagnetic transition 
boundary in the H-7 plane for manganous bromide 
tetrahydrate. The apparent molecular field of 18 000 
gauss is taken as the critical field for the suppression of 
antiparallel alignment at the absolute zero. It is of 
interest that Fig. 7 (as well as Fig. 3) shows the same 
qualitative features as the critical field curve for the 
suppression of superconductivity.’* That is, in both 
cases, fields exceeding the appropriate critical fields 
prevent the spontaneous ordering which would other- 
wise occur. Let us assume that there exists an analytical 
expression for the two types of ordering of the form 


H,= Hf 1—(T/T»)"), (9) 





Fic. 7. Plot of critical 
field (H) against tem- 
perature*(7) for man- 
anous bromide tetra- 
ydrate. 
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Fic. 8. Plot of relative magnetic moment (M,) against the 
Van Vleck parameter (Ho—yM)}/T for manganous bromide 
tetrahydrate. Points well inside the antiferromagnetic transition 
boundary are indicated by arrows. 


where H, is the critical field corresponding to a given 
temperature 7, Hy is the limiting critical field at 
T=0°K, and 7, is the critical temperature in zero field. 
Now, whereas for the superconductor, m is of the order 
of 2 to fit many data in the literature, the value of n 
for the antiferromagnetic ordering transition is about 
5.3 for the two substances here studied. 

Since manganous bromide tetrahydrate has a larger 
area in the antiferromagnetic region of the H-T 
plane, one may see in bold relief the difference between 
the antiferromagnetic and paramagnetic regions with 
respect to the use of the Van Vleck parameter for the 
calculation of the moment; one uses the method of 
successive approximation and the product of the 
Van Vleck antiferromagnetic exchange coefficient and 
the Brillouin moment is taken as the first approximation 
to the molecular field contribution. Figure 8 is a plot 
of magnetic moment against the Van Vleck parameter, 
and it is seen that for all points outside of the anti- 
ferromagnetic transition boundary, the experimental 
points for all isotherms fall on the theoretical curve 
calculated from the Van Vleck model. If the points are 
well inside the antiferromagnetic transition boundary 
of Fig. 7, the points do not fall on the theoretical curve 
as illustrated in the points associated with arrows, but 
these points deviate more, percentagewise, the greater 
the distance inside the antiferromagnetic transition 
boundary. 
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SUMMARY 


Magnetization data have been obtained for two 
manganous salts. Analyses of these data for manganous 
chloride tetrahydrate and manganous bromide tetra- 
hydrate have been carried out by (1) plotting magnetic 
moments against H/T and observing nonsuperposition 
of magnetic moment isotherms, (2) construction of 
Brillouin curves from the saturation magnetization 
and determining graphically the departures of the 
moments from the Brillouin moments; from these 
departures, we obtain molecular fields, Van Vleck 
antiferromagnetic exchange coefficients and exchange 
energy densities, (3) plotting magnetic moments against 


PHYSICAL REVIEW VOLUME 


BOUNDARIES 1151 
temperature for fixed fields and determining geomet- 
rically the transition temperatures corresponding to 
these fields; this leads to antiferromagnetic transition 
boundary curves which separate the regions of spon- 
taneous antiparallel alignment from the paramagnetic 
regions and, (4) subjecting the Van Vleck model for 
simple antiferromagnetics to critical examination which 
consisted in plotting magnetic moment against the 
Van Vleck parameter, (H>—7M)/T; this showed that 
the model for simple antiferromagnetics gives a quanti- 
tative evaluation of the magnetic moment for the 
group of points in the H-T plane which lie outside the 
antiferromagnetic transition boundary. 
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Interpretation of Electroluminescence Effects in an Excited Phosphor* 


FRANK MATOssI 
U.S. Naval Ordnance Laboratory, White Oak, Maryland 
(Received September 10, 1953; revised manuscript received February 17, 1954) 


The consideration of electron transitions between valence band, conduction band, and traps as presented 
by Randall and Wilkins’ theory of luminescence growth is extended by including terms which take into 
account the emptying of traps by an electric field and the draining off of electrons by field-induced, non- 
radiative transitions. The result of the mathematical analysis corresponds to effects observed in a ZnS 
phosphor, embedded in a dielectric matrix, under the influence of a periodic electric field while continuously 
excited by ultraviolet radiation. These are a momentary illumination, an extinguishing effect, and the 
superposition of a ripple with twice the frequency of the field, whose amplitude decreases with increasing 
frequency. Some further observations are discussed qualitatively, utilizing the following assumptions: 
the draining effect ceases after some time; at low frequencies and for dc fields, a current effect counteracts 


the draining effect. 


INTRODUCTION 


HE influence of an electric field on luminescence 
can be expected to reveal fundamental properties 
of phosphors. However, in spite of much experimental 
research in this field, or rather because of the abundance 
of complex results, the understanding of these processes 
is still very limited. The present paper attempts a 
theoretical approach to one particular electrolumi- 
nescence effect, the change of light output of a continu- 
ously excited phosphor by alternating electric fields. 
The observations referred to may be briefly summar- 
ized as follows:! A ZnS(Cu) phosphor, embedded in a 
dielectric matrix and excited to equilibrium output, is 
subjected to a sinusoidal electric field while the excita- 
tion continues. Then a momentary illumination 
(“electrically stimulated luminescence’’= electric stimu- 
lation) is followed by an extinguishing effect (“electric 
quenching’’). After this, the light output recovers 


* Presented at the Rochester Meeting of the American Physical 
Society, June, 1953 [Phys. Rev. 92, 846 (1953)]. A preliminary 
account appeared in Naturwiss 40, 239 (1953). 

1G. Destriau and J. Mattler, J. phys. et radium 11, 529 (1950) ; 
F. Matossi and S. Nudelman, Phys. Rev. 89, 660 (1953). Similar 
results for decaying phosphors are reported by K. W. Olson, 
Phys. Rev. 92, 1323 (1953), 


slowly to a new equilibrium (“intermediate recovery”’). 
Cutting the field off may stimulate a second momentary 
illumination (‘cut-off stimulation’’), after which the 
original equilibrium is finally attained again (‘final 
recovery’’). 

The essential features of the observations are sche- 
matically illustrated in Fig. 1 and Fig. 2. The large 
time scale of Fig. 2 reveals the superposition, upon the 
“basic effect” of Fig. 1, of a periodic “ripple’’ whose 
frequency is twice the frequency of the field. The 
amplitude of this ripple decreases with increasing 








) Q d ' 

Fic. 1. Basic effect, schematical. J=luminescent output; 
t= time (in order of minutes) ; a: field on; dD: field off; 0: ultraviolet 
on; ¢: electric stimulation; d: electric quenching; ¢: intermediate 
recovery ; f: cut-off stimulation; g: final recovery at high (————-) 
and at low ( ) frequencies. 
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Fic. 2. Region c and d of Fig. 1 in large time scale. Ripple 
superimposed on basic effect, schematical. T= 29/w, w= {frequency 
of field. 


frequency at high frequencies. At low frequencies (w 
about 200 cps), the amplitude reaches a maximum. 

The time for reaching the peak of the electric stimu- 
lation is of the order of magnitude of a few periods of 
the field. It decreases, therefore, with increasing fre- 
quency. The minimum is reached very slowly compared 
to the time for the peak, but fast compared to the time 
of the intermediate recovery, which is of the order of 
magnitude of the growth time of the phosphor. 

Phase shifts between field and ripple have not yet 
been measured, but observations with a decaying 
phosphor? seem to indicate that phase shifts exist and 
that they depend on frequency. 

At low frequencies, up to several hundreds of cps, 
some of the results may have been influenced by 
“polarization effects” since de experiments showed 
that a de field ceases to be effective after about 1/100 
of a second. No quenching was observed in a dc field. 

It may be pointed out that the qualitative features 
of the above described observations seem to be a quite 
general property of ZnS and related phosphors. (Our 
own experiments refer to a DuPont ZnS-phosphor 
No. 1300 prepared as described previously! and excited 
by a de ultraviolet source.) Only the quantitative 
details vary from sample to sample. This is in particular 
so for the effects at field removal, while for “field on” 
the observations of different investigators with different 
substances agree very well. For phosphors of short 
persistence, the stimulation effects are not observed, 
but only quenching.’ Phosphors of very low conduc- 
tivity do not show the quenching, but only Gudden- 
Pohl flashes.* The chemical composition of most of the 
phosphors used is not known exactly. But the interpre- 
tation presented here is independent of any specific 
contents of impurities. 

The observations shall be related to the band model 
of sulfide phosphors. Because of the empirical relation- 
ship between the intermediate recovery and the growth 
curve, the theory of the growth curve, as given by 


2G. Destriau and J. Mattler, J. phys. et radium 13, 205 (1952). 
3G. Destriau, J. Appl. Phys. 25, 66 (1954). 
‘G. Dechéne, J. phys. et radium 9, 109 (1938). 


Randall and Wilkins® seemed to be a reasonable 
starting point of a theoretical analysis. 


BASIC ASSUMPTIONS 


As usual, the properties of the phosphor will be 
described by the distribution of electrons among the 
filled or valence band, the conducting band, and the 
traps. The electrons are excited by external radiation 
from emission centers in the valence band. For the 
purpose of this analysis, it is not necessary to consider 
separate impurity levels near the valence band. 

The number of electrons in the conduction band may 
be designated by NV; the number of traps, which is 
considered to be constant, by m; and the number of 
empty emission centers, by m. All these numbers refer 
to unit volume. Then the following equations govern 
the number of electrons in the conduction band and the 
number of empty traps (n—m-+N): 


dN /dt=n—A,Nm—A.N(n—m+N), 


d(n—m-+N)/dt= —d(m—N)/dt (1) 
=—AN(n—m+N). 


These equations are essentially identical with those 
of Randall and Wilkins.® A; and A: are two constants 
of the nature of transition probabilities, which, accord- 
ing to Randall and Wilkins, are of the same order of 
magnitude. is the number of electrons transferred per 
unit time to the conduction band by the exciting energy. 
The equations take into account the spontaneous 
transitions from the conduction band to the valence 
band or to the traps, assuming a “bimolecular” type of 
recombination.® But spontaneous (thermal) transitions 
from the traps to the conduction band are not included. 
Their explicit consideration is not necessary here, since 
we are not interested in temperature effects. With 
Randall and Wilkins, we assume NV to be small com- 
pared with m and m, and the total number of centers 
to be larger than the number of traps. Equilibrium is 
reached if m=n. 

The electric field disturbs this equilibrium. It seems 
to be reasonable to assume the following possibilities 
for the action of the field: 


(a) The field may empty the traps. This would add 
a term of the form ¢|cosw/| in both Eqs. (1). € is some 
function of the amplitude of the field strength’ Ep. It 
is further assumed to be proportional to m—JN, the 


6 J. T. Randall and M. H. F.. Wilkins, Proc. Roy. Soc. (London) 
A184, 390 (1945). 

6 There is doubt whether the recombination is strictly of second 
order. But the applicability of a bimolecular approximation in 
the case of a phosphor during excitation seems to be assured also 
if other processes are assumed for the description of the decaying 
phosphor. See, e.g., D. Curie, Ann. phys. 7, 746 (1952). 

7™The field is assumed to be E=Eocoswt. There may be a 
phase shift between the applied field and its effect on the traps, 
which is not considered here. It would not affect the essential] 
results. 
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number of filled traps. It may or may not be propor- 
tional to N, depending on whether the emptying of 
traps is due to collisions with conduction electrons 
accelerated by the field or to processes independent of 
the conduction electrons. That collision processes may 
indeed be responsible for the excitation of electro- 
luminescence effects, has recently been discussed by 
Curie* who removed one of the difficulties in under- 
standing these processes for the low fields that appar- 
ently are effective in producing electroluminescence. 
But it is not necessary to specify the model in this 
respect since the particular form of e=e(Eo,N) is 
immaterial. This gives the treatment the character of a 
phenomenological description rather than that of a 
specific physical interpretation. Similar considerations 
apply also to the other terms discussed hereafter. 

Because the effect of the field is supposed not to 
depend on its direction, the absolute value of cosw/ 
appears in the additional term. This may safely be 
approximated by cos’w/, in order to simplify the mathe- 
matical treatment. To be sure, there are directional 
effects observed, insofar as the cathode side of the 
phosphor seems to be the main seat of the phenomena.’ 
However, the observations combine the light output of 
both surfaces of the phosphor, which alternately 
become cathodes. 

(b) The mathematical analysis reveals that we have 
to introduce a term —f cos?(w/+ ¢) in the equation for 
dN/dt and that this term, which describes a loss of 
conduction electrons, must appear also as a loss of 
empty centers if results agreeing with experiment shall 
be obtained. Therefore, the term introduced here should 
be formally interpreted as describing “field-induced 
nonradiative transitions.” Although again it is not 
necessary to think of a particular mechanism as the 
cause of the effect assumed here, we may imagine that 
the field drains conduction electrons to the surface 
where they may undergo nonradiative transitions to 
empty surface centers. Nonradiative transitions which 
would possibly occur also without the field are neg- 
lected. They are considered to be in equilibrium, not 
contributing to the net changes of electrons by the 
field. Formally, they may be included in the n term. 

The terms discussed above are sufficient to describe 
the ripple and the basic curve up to the beginning of 
the intermediate recovery. The other observations will 
be discussed in more general terms using the results of 
the analysis of the better understood parts of the effect 
as a frame of reference. This will lead to some additional 
information about the relative importance of the several 
terms during different stages of the effect. The uncer- 
tainty that will remain in the interpretation of the 
later parts of the basic curve does not affect the main 
results for the other parts of the observed effects. 


* D. Curie, J. phys. et radium 13, 317 (1952). 
*W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952). 
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MATHEMATICAL ANALYSIS 


According to the foregoing section, we have the 
following equations: 


dN /dt=n—A\Nm—A.N(n—m+N) 
+¢cos’wi—B cos*(wit+¢g), (2) 


—dm/dt+dN/di= —A,N (n—m+N)+€ cos*wt. 
The emitted intensity is given by 
I=A,Nm, 


if, as mentioned before, we assume the recombination 
process as “bimolecular.” 

We put N=Not+A, m=mot+é, T=Io+i with Io 
=A,Nomo [except in e=e€(No,mo) and 8=8(No,mo)], 
where Ny and mp shall satisfy the original Eqs. (1). A 
and 6 are small deviations from the values No and mo, 
respectively, caused by the field. We assume that 
equilibrium is reached before the field is applied, so 
that mo=n. For Io, No, and mo, we write again 7, N, 
and m, respectively, in all succeeding equations. 

We omit terms quadratic in A and 4, and utilize the 
conditions Vn, N&Km, m=n. The solution obtained 
for A, 6, and i= A,(N6+mA) by standard and straight- 
forward methods consists of a part 7 that is periodic 
with frequency 2w and a nonperiodic part 7. We take 
up first the periodic part, which after a sufficient time 
is the only one remaining, apart from a constant. It 
corresponds, of course, to the ripple. We give the result 
for the periodic solution only for the case B=0, which 
is the only important one, as the discussion will show. 
See the general result in the Appendix. 

We write 

i= A,(p cos2wi+q sin2w/), 
and obtain 


a= P+¢ 


4A 2m*+ wm" 164+ A?A N*M? | 
2 Bes bi 


= ’ 
[ 164+ 4w?A Pm'?+ A °(A ~~ A 1)°?N?2m? F 
q/ p= (4w®— A1A2Nm)/2wA ym. 
o measures the amplitude of the ripple; g/p, the phase 
shift against the field (or more accurately, against 


cos2wl). 
For small frequencies, we have 


oe = €A fw*/(A2— A1)*A PN’, 
og= &N?/16w", 

(q/p)o= —A2N/2u. 

For large frequencies, 


On? = Cm? / 16", 


(if Aix A2); 


(if Ax= Ax); (4a) 


(q/P) a= 2u/A ym. (4b) 


From this, we see that for very large and for very 
low frequencies as well, p disappears, so that there 
should be a phase shift of +90° against cos2wt. In 
between, at a certain critical frequency wo, the phase 
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shift is zero. This critical frequency is given by 
wo= , (A \A olVm)*. (5) 


The amplitude decreases with 1/w if Ai;= Az. Or, if 
A,# Az, it may show a maximum at another critical 
frequency w», which is given by the equation 


w*+ (1/4)w®A m+ (1/16) PN?m? (6A 2—3A1) 
— (1/64)w*A \4N?m!*(A?4+2A ?—4A1A2) 
— (1/256) A {A 2N?m'*(Ao—A)?=0. (6) 


wm depends on the ratio A;/A». For A,=2A:2, for 
instance, we have wm2<}A ,(Nm)}. 

We now turn to the unperiodic part of the solution. 
The constants are determined so that A=0 and 6=0 
for =0. We have 


i= pyle AtN te Aime] 
+usl(N/m)(1—e-4")—(1—e-AIm)], (7) 


in which the same approximations as before are applied, 
and where y= $€(A;/A2), w2= 8/2. 

The first term yields an intensity curve like that 
shown as curve “a’’ in Fig. 3. Its maximum occurs at 


t.=(1/Aym) In(m/N). (8) 


The second term is also shown, as curve “b.”’ It gives 
an extinguishing effect if ue is positive. The minimum 
of that curve is at /g=2¢,. It is much less pronounced 
than the maximum of the ¢ term. 

The superposition of both terms gives a curve with 
either one maximum only, near ¢,, or one minimum 
only, near fs, depending on the ratio w2/y;. The time 
tm of the extreme value of 7 is given by 


(9) 


m (p2/mi)—-1 © 
tm= (1/Aym) nf ~ - ——| 
N (Nyuo/mp)—1 


If the ¢ term prevails, we obtain curves like those 
shown as ¢ or c’ in Fig. 3, which are similar to those 
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Fic. 3. Theoretical curves for basic effect. a: emptying effect 
in arbitrary units; }: draining-off effect ; c: resultant effect (a+ 40) ; 
ce’: resultant effect (a+ 4d); N/m=1/10. 
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obtained experimentally for times before the inter- 
mediate recovery. 


DISCUSSION 
1. Effects with Field “‘On” 


From the results of the previous section, it is obvious 
that the general features of the observations are ade- 
quately described qualitatively, at least with respect 
to electrical stimulation, quenching, and ripple. The 
details depend, of course, on the numerical values of 
the controlling parameters, about which not much is 
known accurately enough." 

Vice versa, the results, particularly the expressions 
for the different critical frequencies or for the time at 
which the peak of the basic curve occurs, might be 
utilized to obtain better information about these 
parameters. In comparing the experimental and theo- 
retical results, however, the interference of polarization 
effects has to be taken into account. This particularly 
applies to the ripple amplitude, where the maximum 
of o that is actually observed, probably has nothing to 
do with the maximum required by Eq. (6). 

The results are derived for sinusoidal fields. One may 
think of discussing the effect of nonsinusoidal fields on 
the same basis applying Fourier analysis to the field 
and using for every component equations corresponding 
to Eq. (3). Actually, the results obtained by this 
method are at variance with the observations with 
square wave fields,"' because the effective field is not 
identical with the applied field. Also in the sinusoidal 
case, of course, these fields will be different, but both 
can be supposed to be sinusoidal, and this is sufficient 
for the applicability of the results of the previous 
section. 

We now want to discuss some more details of the 
observations in the light of the results gained above. 
As mentioned before, the unperiodic part of the theo- 
retical solution agrees reasonably well with the shape 
of the basic curve as seen in the large time scale of 
Fig. 2. However, the observed minimum, as seen in 
Fig. 1, is obviously not described by this theory. This 
leads to the hypothesis that the draining-off effect is 
effective only over a certain time range. Formally, 
this interpretation can be expressed by admitting that 
2 in Eq. (7) is time dependent.” It may be imagined 
that after a certain number of field-induced non- 
radiative transitions has occurred, the available empty 
surface centers are filled, so that no further transitions 


© Estimates of A; and Ag differ within several orders of magni- 
tude [see, e.g., F. Stoeckmann, Naturwiss 39, 246 (1952) ] and 
the same can be said about the ratio A;/As. We have followed 
the data of Randall and Wilkins with A,=A,. If other data 
should be preferred, there would be no formal difficulty in solving 
the Eqs. (2). The fundamental results will not differ very much 
from those of our approximations. Equations (16) and (17) of 
the Appendix may serve as an example for this statement. 

us, chien (unpublished). 

2 Tt can be considered as “slowly variable,” so that 8 may be 
retained as a constant in Eq. (2). 
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of this kind will take place. Any nonradiative transitions 
that would occur from this time on are considered to be 
in equilibrium and are, therefore, neglected as being 
immaterial, just as we have neglected such transitions 
from the beginning. The phosphor can now be con- 
sidered as a “‘modified” one whose continued excitation 
would yield a growth curve like the original one but 
starting from another level and reaching another equi- 
librium. A more detailed picture of this phase of the 
basic curve would be premature." But it may be said 
that, after equilibrium is reached, only the ¢ effect 
would remain, so that Eq. (3) and (6) or Eq. (16) of 
the Appendix may safely be used for the description 
of the ripple. 

According to the observations, /, increases with 
decreasing frequency. In view of Eq. (9), this would 
mean that also p2/u; decreases with decreasing fre- 
quency. The contribution of the 6 effect should, there- 
fore, become less important at low frequencies. This 
would be in agreement with the observation that in 
de fields no quenching at all could be observed. A 
possible mechanism for this decrease of p2 at low 
frequencies will be discussed farther below. 

If the phosphor contains only few traps or none at 
all (phosphors of short persistence), we do not expect 
the ¢ effect to be present, which is in accordance with 
observations.’ Of course, for any specific phosphor, even 
of long persistence, u2/u,; may be so large that the 
effect would not be manifest. On the other hand, the 


extinguishing effect may be weaker or even be absent if 
the conductivity is low, which would explain Dechéne’s 
statement.‘ 


2. Effects at Field ‘“‘Off’”’ 


While so far the discussion seems to be on reasonably 
firm ground and has led to additional information about 
the presumed actions of the field, the electrolumi- 
nescence effects at removing the field, i.e., the second 
momentary illumination followed by the final recovery, 
can be treated in very general terms only. The inter- 
pretation suggested is as follows. 

Removing the external field restores the “modified 
phosphor” to its original properties, and the final 
recovery is the growth curve of the phosphor from the 
intermediate equilibrium to the original one. If there 
is no competing effect, the intensity will rise gradually, 
as it is observed at low frequencies (see the dotted 
curve of Fig. 1). Apparently, at such frequencies, this 
recovery is the only process taking place. 

The momentary illumination which is observed at 
higher frequencies must then be due to another process. 
We may assume that there are, in the average, more 
electrons in the conduction band while the field is 
applied. These excess electrons may partly be due to 
those electrons that fail to recombine with the more or 

8 The complexity of the processes involved during the inter- 
mediate recovery can also be seen from the discussion of the field 


and temperature dependence of the intermediate equilibrium by 
Destriau and Mattler (see reference 1). 
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less localized holes because these electrons are moved 
by the field too fast across the region of a hole; partly 
they may be polarization charges piled up by the field 
near the surface; partly they may be produced by an 
effect considered by Krémer,'* who showed that the 
tilting of the boundaries of the conduction band by the 
field results in an increase of the electron density. The 
polarization effect is probably the main contribution 
to the number of excess electrons. If the external field 
is removed, the excess electrons are released for transi- 
tions, producing a luminescent flash.'® 

But why does this effect not operate at lower fre- 
quencies, where no cut-off stimulation is observed? It 
is remarkable in this respect that this stimulation 
diminishes with decreasing frequency faster than the 
first stimulation and the quenching do. More light on 
this problem may be shed by discussing some results 
with de fields described presently. 

The most significant result of the application of a de 
field was the production of excess illumination only, 
without any trace of a quenching effect. The initial 
excess output gradually decreased with a time constant 
in the order of magnitude of several hundredths of a 
second. No flash at removal of the field occurred. The 
fading off may easily be ascribed to polarization effects 
of some kind which need not be specified. But if we 
remember that the quenching effect could still be 
observed at 60 cps, we would expect that the de field, 
although fading out, would last long enough to give at 
least some indication of the 8 effect if there was one 
at all at w=0. 

This contradiction may be reconciled with our picture 
if we assume that for w=0 the loss of electrons by the 
draining-off effect is compensated by electrons drawn 
into the phosphor from the electrodes, maintaining a 
constant electron density or a constant current. Thus, 
the draining effect would be made ineffective, while the 
emptying effect remains. Moreover, this “current 
effect” would also remove all excess electrons so that 
cutting the field off will not have any effect. 

The existence of currents is, of course, not surprising 
in a semiconductor. But what is important in relation 
to the problem discussed here is the possibility of 
drawing electrons off or into the phosphor particle. At 
low frequencies, this will be a source for compensating 
any electron losses or excesses at one place by contri- 
butions from other, more distant parts of the phosphor. 
At higher frequencies, however, the current does not 
have this far-reaching effect. 

The current effect acts in addition to any polarization 
effects (effects caused by more or less localized space 
charges that diminish the effective field) which alone 
would yield only a gradual decrease of all luminescence 


4H. Krémer, Z. Physik 134, 435 (1953). 

16 The interpretation of experiments with electroluminescent 
Sylvania lamps leads to the same conclusion. See F. Matossi and 
S. Nudelman, Helv. Phys. Acta 26, 573 (1953) and D. Curie, 
J. phys. et radium 14, 672 (1953). 





1156 


phenomena because of the decreased effective field, but 
not a selective action on some of them. It may be easily 
understandable that the combination of the two effects 
will have different results for the quenching and for the 
cut-off stimulation because of the different origin which 
we assumed for these two phenomena (field-induced 
nonradiative transitions and release of excess electrons, 
respectively). Furthermore, we understand that the 
individual behavior of a specific phosphor is governed 
by the relative importance of the several field actions 
considered above. This may depend on the specific 
contents of impurities and the method of preparation. 
Whatever the correct interpretation of the effects at 
“field off’ may be, it will probably not invalidate the 
conclusions reached for the stimulating and quenching 
effects at the beginning of the actions of the electric 
field. As the essential result of these considerations, 
therefore, it may be stated that trap emptying and 
inducing nonradiative transitions are the main actions 
of an electric field causing the phenomena observed in 
some ZnS-phosphors while under the simultaneous 
influence of the field and excitation by radiation. 
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APPENDIX 


The differential equations for 6 and A have the form 


di/dt= aAd+bi+c+d cos2ut+f sin2wt, 


(12) 
dA/di=ad+git+h+k cos2ut+f sin2wt, 


with 

b=—AWN, c=—46, 
g=(As—ADN, 
k=4(e—B cos2¢). 


d= —}8 cos2¢, 
h= (e—B)/2, 


a=-—A 1m, 
f=} sin2¢, 


The general solution can be written as 
6= A+ Bye?!'+ Boe*'+-C cos2ut+D sin2wt, (13 
A= A’+By'e*!'+ B,'e"'+C’ cos2ut+D’ sin2wt, _ 


where A to D’ are constants that depend on w and the 
other parameters. p; and p2 are solutions of the equation 


(p—a)(p—b) =ag. 


FRANK MATOSSI 


In our approximation we have 
pi=—Am, pr=—AN, 


if Az is not too different from A}. 
For the periodic part of the solution we have 


i= A;(p cos2wl+q sin2wf), 
with 
p=NC+mC', g=ND+mD’, 
and 
C= (1/M)[—8w'f—4w*(ak+ bd) 
+ 2wfa(b—g)+<a*(b—g)(k—d)], 
C’= (1/M)[— 8wf— 4w?(ak+ gd) 
— 2w fb(b—g)—ak(b—g)?], 
D= (d/2w) — (1/20M)[8w* f(a+6) 
+4? (a*k+ abk+adg+b?d)+a*d(b—g)*], 
D! = (k/2w) — (1 /2wM )[ Bef ( a+g) 
+4u:”(a?k+ agk+adg+bdg) 
+ 2w fa(b—g)*+<a°k(b—g)*], 
M = 16w'+-4w’(a?+ 2ag+b*)+a?(b—g)’. 
These formulas can be simplified some more by again 
taking advantage of the smallness of .V. 

The unperiodic part of the solution was obtained by 
using the conditions A+B,+B.,=0 and A’+B,)'+B,’ 
=), This introduces new integration constants, —C 
and —C’, into Eq. (13). In deriving Eq. (7), the 
approximations must not be applied too early, but in 
the final result only. 

Similar results are obtained also with other assump- 
tions with respect to V. If N>>m—N, for instance,'® 
we have (for A;=A2) 


p= —6ewA,N/M’, 
M’ = (4u°+2A 2N2)?, 
i= (€/2) (e~ Ai Nt_. ¢-2 11Nt) (B/2)(1—e7741%*), 


g= 2€(2w*— A;?N*w)/M’, 
(16) 
(17) 


Equation (16) is valid for 8B=0 only. 


6G. F. J. Garlick, in Solid Luminescent Materials (John Wiley 
and Sons, Inc., New York, 1948), pp. 87 ff. In equilibrium, Vm. 
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The semiconductor Hall effect is represented in terms of an ellipse relating the Hall mobility and resis 
tivity. Various uses and extensions of this representation are given which serve to correlate the important 
features of the Hall effect in semiconductors. The effects of excess current carrier lifetime and the non- 
equality of Hall and drift mobility ratios are discussed. 


UNLAP’' has given a graphical representation of 
the semiconductor Hall effect in terms of an 
ellipse (Fig. 1) relating the Hall mobility u=R/p and 
p at constant temperature. This representation is 
limited to samples in which the excess carrier lifetime 
is infinitesimal and the Hall mobility ratio equals the 
drift mobility ratio, but it still serves to correlate the 
most important features of the Hall effect in semicon- 
ductors. Various uses and extensions of this representa- 
tion will be given in the present paper. 
Following Dunlap we define the Hall coefficient R 
and the resistivity p as 


p—bn 1 
=e(p+obn)uy. (1) 


R= —, 
e(p+bn)? p 


Proper algebraic manipulation gives the ellipse 
(3 (un—Hp) +n} p : 
——_——_———_+———_ 1, (2) 
(Un+My)*/4 


1/(Ae%unu pnp) 
where p=density of free holes, n= density of free elec- 
trons, u»= mobility of free holes, u,= mobility of free 
electrons, b=y,/u», u= R/p, and e=electronic charge. 

The product np is constant for a given temperature 
regardless of the conductivity type. 

Equation (2) is plotted in Fig. 1 showing the various 
relationships involved. It is seen that the origin of Hall 
mobility u is not at the center of the ellipse unless the 
mobility ratio b=1.0. For the case illustrated, b=1.5 
and the Hall mobility (u;) of a sample which is intrinsic 
for this temperature would be negative and equal to 
} of the electronic mobility. The value of the intrinsic 
resistivity p; corresponding to the mobility yu; is seen 
to be equal to the resistivity of a sample which has zero 
Hall mobility at this temperature (point B, Fig. 1). 
A p-type sample which at this temperature falls 
between the points B and J will have a resistivity 
greater than intrinsic resistivity. In the familiar resis- 
tivity-temperature plot of Fig. 3B there is a region 
of temperature where the measured resistivity exceeds 
the intrinsic value. If an ellipse is constructed for some 
temperature in this range, the sample represented 
by the data of Fig. 3B would fall in the region of 


1W. C. Dunlap, Phys. Rev. 79, 286 (1950). 


resistivity overshoot shown in Fig. 1. This effect has 
been noted in data in the literature.?* 

A similar overshoot of the Hall coefficient is also 
shown by this model. If we ask for the locus of points 
in the plane of Fig. 1 which represents a fixed value 
of the intrinsic Hall coefficient R;, we must pass an 
equilateral hyperbola through the intrinsic point / 
since R=yp. This hyperbola intersects the ellipse in 
two points A and 7. Any sample which falls between 
these two points will show a Hall coefficient which is 
greater than the intrinsic Hall coefficient at the same 
temperature. 

So far we have considered the ellipse as significant 
only at a fixed temperature. If we recognize that the 
choice of the scales of u and p is arbitrary and independ- 
ent, it is clear that we can normalize these variables 
in such a way that we eliminate their temperature 
dependence. To do this we will plot u’=yu/u, against 
p’=p/p:. If now the mobility ratio is independent of 
temperature, we can consider a single ellipse and its 
associated hyperbola as representing all samples of the 
same mobility ratio for all temperatures. This will 
allow us to interpret Hall and resistivity data with 
considerable facility. 

In Fig. 2 is shown the effect of mobility ratio on 
both the resistivity and Hall coefficient overshoot. 
Here it is seen that the resistivity overshoot increases 
steadily for increasing 6 and occurs only in p-type 
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Fic. 2. Variation of Hall mobility with resistivity for 
several values of mobility ratio b. 


samples. The equation relating the ratio pmax/p, to b 
and the absolute value of yu, is easily derived. From 
equation (2) the maximum value of p, pmax, is seen to be 
[1/(4en?Zu,*b) }', where n?=np. Also from Eq. (1), 
pi=1/Lenm,(b+1)], since in the intrinsic range 
n= p=n,. The ratio then becomes 


Pmax/ pi - (b+ 1)/2b3. (3) 


The behavior of the Hall coefficient overshoot is much 
more complex. For small mobility ratios we must con- 
sider both branches of the hyperbola. When this is done, 
it can be seen that for p-type samples with mobility 
ratios less than 1.46, the extrapolated intrinsic Hall 
coefficient line will intersect the positive branch of the 
curve as is shown in Fig. 3A, but there will be no over- 
shoot in the negative branch of the curve. For values 
of b between 1.46 and 3.7 there will be no overshoot in 
the negative branch of the curve for p-type samples 
nor will the extrapolated intrinsic line intersect the 
positive branch (Fig. 3B). For b> 3.7 there will be over- 
shoot in the negative branch of the curve (Fig. 3C). 
With n-type samples there will be Hall coefficient over- 
shoot for 6<3.7 (Fig. 3D) and none for b> 3.7. 

Let us now consider the ellipses of Fig. 2 as repre- 
senting all temperatures. Starting at high temperature 
we will trace a p-type sample from the intrinsic region 
well into its extrinsic range. To do this we will start 
at the intrinsic point, 7, and move counterclockwise 
around the ellipse remembering that we are assuming 
b to be independent of temperature. Let us choose 
b= 10 as our example. Since p’=p/p;, we will relate the 
variations along the ellipse to the intrinsic lines in the 
1/T plot of Fig. 3C. Considering first resistivity varia- 
tions, we will start on the intrinsic line at very high 








temperatures and will have exceeded intrinsic resistivity 
by 75 percent when we reach the maximum resistivity 
value of the ellipse. As we proceed along the ellipse 
we come to the point B which is the Hall zero. The 
resistivity at point B is exactly equal to the intrinsic 
value so that we see that the point of intersection D 
of the resistivity curve in Fig. 3C with the extrapolated 
intrinsic resistivity line must occur at the temperature 
of the Hall zero. Proceeding beyond B on the ellipse 
the resistivity falls rapidly below the intrinsic value as 
we enter the extrinsic region. 

Considering now the Hall coefficient variation for 
the same sample, we note that there is also a Hall coeffi- 
cient overshoot as we leave the intrinsic point. The 
intersection point E of Fig. 3C occurs at the second 
intersection point C of the hyperbola and the ellipse 
in Fig. 2. This is seen to be near the maximum of the 
resistivity overshoot. The maximum value of the Hall 
overshoot is seen to be about R/R,;=1.21 from Fig. 2. 
Since the other branch of the hyperbola is quite remote 
from the P region of the ellipse, the extrinsic R value 
levels off far below the intrinsic line, Rj, in Fig. 3C. 

Similar reasoning applies to n-type samples as one 
moves clockwise from the intrinsic point of the ellipse 
with decreasing temperature. 

The correlations shown here are very useful in inter- 
preting Hall and resistivity data. For example, it is 
often desirable to calculate the energy gap in a semi- 
conductor from the slope of the intrinsic Hall or 
resistivity line.’ If a sizable overshoot is present, a 
large error will be made unless it is properly accounted 
for. If the mobility ratio is known, an ellipse can be 
constructed and the overshoot determined. The true 
extrapolated intrinsic line may then be constructed 
from the data using the proper overshoot. The accuracy 
of this determination of the slope of the intrinsic line 
will thus be improved. 

For use in interpreting Hall and resistivity data the 
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curves of Fig. 4 have been computed from the elliptical] 
construction. In the upper two curves the Hall coeffi- 
cient overshoot and crossover point are plotted as a 
function of mobility ratio for the negative yu side of the 
ellipse. The Hall coefficient overshoot is defined as the 
maximum value of R/R; in the region of overshoot 
(Fig. 1), and the Hall coefficient crossover point is 
defined by the ratio of resistivities p;/p at the tem- 
perature of the point £ of Fig. 3C or 3D which corre- 
sponds to point A of Fig. 1. At the mobility ratio 
b=3.7 the intrinsic point J and the point A of Fig. 1 
coincide and the hyperbola is tangent to the ellipse. 
Below 5=3.7 this Hall overshoot occurs in n-type 
samples only (Fig. 3D), and above }=3.7 this Hall 
overshoot occurs in the negative branch of the Hall 
curve for p-type samples (Fig. 3C). 

At this point it should be emphasized that all of the 
above considerations apply quantitatively only under 
the conditions of: 


1. infinitiesimal excess carrier lifetime; 
2. mobility ratio b, independent of temperature; 
3. the drift mobility ratio, 6, = Hall mobility ratio, by. 


The first condition can be met in practice by the 
proper choice of the geometry of the sample coupled 
with a surface treatment giving a high recombination 
velocity. The second condition can be met or, at least, 
corrected for by determining } as a function of tem- 
perature. In this connection it should be mentioned 
that in the example of germanium the mobility ratio 
varies as 7°:*. Between 300° and 400°K, where most 
practical work is done with this semiconductor, 6 in- 
creases from 2.10 to 2.37. This corresponds to approxi- 
mately a 15 percent increase in crossover resistance 
ratio. From this it seems that a correction for the 
temperature variation of 6 is not difficult for germanium, 
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tion of mobility ratio. 








| 
' 
- 
; RESISTIVITY 








HALL EFFECT 


+. 





Fic. 5. The relation of the Hall zero point 
to the intrinsic point when b#by. 


The third condition that 6=b, must be considered 
in some detail. 

We will now show that taking proper account of b 
and by without assuming them equal still leaves us with 
an ellipse. Equation (1) becomes 

pH p—bbyn 1 
R=— ———_., - = e(p+dn)yy. (4) 
Mp e(pt+bn)? p 


Proper algebraic manipulation gives an ellipse equiva- 
lent to that of Eq. (2): 


[4 (unn—bpn) +h F * 
—$-———————-= i, (5) 


1/ (4e* unt pp) % 


(Un —Mpn)?/4 


The only difference being the substitution of the Hall 
mobilities uw and wp for the drift mobilities u, and 
uy in the first term. The essential difference between 
this ellipse and the ellipse of Fig. 1 is that the Hall zero 
point and the intrinsic point no longer occupy sym- 
metrical positions of equal resistivity value on the 
ellipse. In Fig. 5 the new relationship is shown. The 
case shown is for 6y<6; here the Hall zero point H 
falls in the region of resistivity overshoot. If by >6, the 
Hall zero point H will fall on the other side of the resis- 
tivity crossover point G. The intrinsic point J is deter- 
mined by dividing the mobility axis of the ellipse into 
two lengths, a and 8, whose ratio, a/8, equals the drift 
mobility ratio 6, as shown. A line parallel to the resis- 
tivity axis is drawn through this dividing point until it 
intersects the ellipse at the intrinsic point /. 

From the foregoing discussion it is clear that only in 
the case that b=dy will the resistivity crossover point 
fall at the same temperature as the Hall zero. The 
equilateral hyperbola of constant R; passing through 
the intrinsic point will still have the p and yw axes for 
asymptotes. This means that the Hall coefficient cross- 
over and overshoot are functions of both 6 and by, while 
the resistivity overshoot is a function of 5 alone. In 
Table I are given values of the Hall coefficient overshoot 
as a function of both } and by. 

We can use the intrinsic resistivity p, and the sample 
resistivity po at the temperature of the Hall zero, to 
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TABLE I. Hall coefficient maximum overshoot. 
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1.0 2 3 4 5 





1.59 1.152 104 1,00 
1.19 1.04 1.00 1,00 
1.12 1.02 1.00 101 
109 1.01 100 101 
108 1.00 100 101 
107 1.00 100 1,02 
1.06 1,00 100 1.02 
106 1.00 101 1.02 
1.05 1.00 101 1,03 
105 1.00 101 1.03 
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give a relation between } and by. The condition for 
the Hall zero is 
nbby= p. (6) 
The condition for the intrinsic point is 
n=p. (7) 
Since 1/p is proportional to nb+p, we will evaluate 
nb+p at the two points using the conditions 6 and 7 


and the relation np and n?. 
At the Hall zero, 


nb+ p= nb+nbby=n(1+bn)(b/by)'~1/po. (8) 


At the intrinsic point, 


nb+ p=nb+n=n,(b+1)~1/p,; (9) 


po b+1 (““) 
pi byt1Xvb 

With 6 given, the resistivity overshoot can be deter- 
mined from Eq. (3) and the proper intrinsic line con- 
structed on the resistivity plot. The value of po/p; can 
then be measured at the temperature of the Hall zero 
and by computed from Eq. 10. 

The effect of a finite lifetime of excess current 
carriers‘ is shown in Fig. 6 for the case of b=by. The 
cases of infinite and infinitesimal lifetimes are con- 
trasted. All cases of finite lifetime would lie between. 


“R. Landauer and J. Swanson, Phys. Rev. 91, 555 (1953). 


giving 


(10) 


It is seen that the primary effect is to distort the ellipse 
in such a way that the Hall zero moves into the region 
of resistivity overshoot, and in the case of infinite life- 
time coincides with the maximum overshoot. This is a 
situation similar to that obtaining for b>dy with in- 
finitesimal lifetime. Since this is the case, care must be 
taken to keep the lifetime short if one is interested in 
determining the relation between the 6 and by by 
means of the relative positions of the intrinsic point 
and the Hall zero. 


CONCLUDING REMARKS 


The foregoing analysis has proven very useful in 
fitting Hall and resistivity data to the usual semicon- 
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\ INFINITE SIMAL 


” LIFETIME 


Fic. 6. Comparison of the infinite and 
infinitesimal lifetime relations. 


ductor model. It was this analysis that revealed the 
lack of agreement between good data and the traditional 
Hall effect model and caused Landauer and Swanson 
to develop their recent theory of the Hall effect for 
finite lifetime semiconductors.‘ It should prove useful in 
analyzing the new I[II-V group semiconducting com- 
pounds since the mobility ratio seems quite high® in 
these materials and hence the Hall and resistivity over- 
shoots will be quite large. 

The author wishes to thank J. A. Swanson and D. R. 
Young for helpful discussions. 


5M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953). 
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An examination of the validity range of the Shockley theory reveals that it is applicable to the emitter 
and collector regions for all current values of interest, whereas it is valid in the base region only for very 
small currents. In the present paper the treatment of the base region is extended so as to apply to arbitrary 
injection level and to include the effect of surface recombination. Two predictions are made: (a) the surface 
recombination velocity should increase with injection level; and (b) the alpha cut-off frequency for a 
transistor with plane parallel junctions should increase with emitter current by a factor of two. 


I. INTRODUCTION 


SIMPLE physical theory of the junction transistor 
was presented by Shockley in 1949.' This theo- 
retical treatment had the unusual merit of preceding 
by a period of two years the first experimental realiza- 
tion and study of the device.” In the course of reporting* 
these experiments, the theory was somewhat further 
elaborated. Since that time only minor extensions or 
modifications of the physical theory have been pub- 
lished; Steele* has restated the theory concisely with 
slight modification of the treatment of the frequency 
response; Early‘ has made the point that space charge 
widening of the collector junction with collector voltage 
has important consequences in the small-signal be- 
havior ; and Hall* has attempted to extend the theory to 
cover power transistors.® 
The simplicity of the Shockley theory follows pri- 
marily from the restriction of the treatment to low in- 
jection levels (i.e., levels for which the density of 
minority carriers is much smaller than the density of 
majority carriers) and to one-dimensional flow of charge 
carriers. The first of these restrictions is presumed to 
permit neglect of all conduction currents relative to 
diffusion currents. The validity of this procedure is 
examined in some detail in Sec. III, based upon a 
general formulation’:* of the problem of the injection 
of minority carriers into a semiconductor (see Sec. II). 
Our conclusion is that Shockley’s procedure is indeed 
valid provided that the dimension of the specimen is 
large compared to the diffusion length of the minority 
carrier, a condition fulfilled in the emitter and collector 


1W. Shockley, Bell System Tech. J. 28, 435 (1949). 

2 Shockley, Sparks, and Teal, Phys. Rev. 83, 151 (1951). 

3 E. L. Steele, Proc. Inst. Radio Engrs. 40, 1424 (1952). 

4J. M. Early, Proc. Inst. Radio Engrs. 40, 1401 (1952). 

5 R.N. Hall, Proc. Inst. Radio Engrs. 40, 1512 (1952). 

6 While this manuscript was in preparation a second paper by 


J. M. Early appeared [Bell System Tech. J. 32, 1271 (1953) 
dealing extensively with small-signal design theory. In general, 
this treatment follows along the same lines as the Shockley theory 
with some extensions in the directions of high-frequency and base 
resistance effects. Also it has recently been called to our attention 
that an extension of the theory to include high level injection 
effects has been carried out by W. M. Webster. [Paper presented 
at Transistor Research Conference, Penn. State College (July 6, 
1953); Proc. Inst. Radio Engrs. (to erie 

7C. Herring, Bell System Tech. J. 28, 401 (1949). 

8 W. van Roosbroeck, Bell System Tech. J. 29, 560 (1950). 


regions but not in the base. In the iatter case the neglect 
of the electric field is justified only for very small in- 
jection levels. Moreover, on translating the injection 
level conditions into electric current terminology, it 
turns out that Shockley’s theory is applicable to the 
emitter and collector regions for all realizable values of 
current, whereas it is applicable to the base region only 
for extremely small currents.® 

In order to extend the theory to cover currents of the 
magnitude commonly employed we present in Sec. IV 
a steady-state soluticn in the base region for arbitrary 
injection level subject, however, to the restriction of no 
recombination. (An estimate of recombination effects 
is deferred to Sec. VI.) In Sec. V the solution in the 
base is combined with Shockley’s solutions in the 
emitter and collector regions to yield the steady-state 
current-voltage relations of a p-n-p transistor, which 
are then briefly discussed. 

Section VI is devoted to the problem of recombina- 
tion in the base. First (paragraph A) we estimate the 
recombination current by a perturbation method and 
thereby learn that for carefully prepared base material 
surface recombination is much more important than 
volume recombination. Moreover, this calculation per- 
mits us to account for the magnitude of alpha experi- 
mentally observed as well as the initial increase in a 
with emitter current?" resulting from the buildup of 
a field which aids the transit of minority carriers. The 
decrease in a with emitter current occurring at still 
higher values of the latter" is attributable mainly to 
a decrease in emitter efficiency as has already been 
pointed out by Webster.® Also, a secondary contribu- 
tion to this decrease may result from an increase in 
surface recombination velocity with injection level, 
which is a consequence of a recent theory by Brattain 
and Bardeen” of the surface recombination process. 
Then in paragraph B we present a three-dimensional 
theory in the spirit of Shockley’s approach, which is 


*It is worth mentioning that comparison between theory and 
experiment (reference 2) has been made with sufficiently small 
applied voltages so that the above condition applied. 

Law, Mueller, Pankove, and Armstrong, Proc. Inst. Radio 
Engrs. 40, 1352 (1952). 

"D. A. Jenny, Proc. Inst. Radio Engrs. 41, 1728 (1953). 

"W.H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 
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EDMUND 


TaBLe I. Partial list of symbols used. 








Symbol Meaning 


rm p t 





Equilibrium hole density in a semiconductor, in an 
n-type base region. 

Equilibrium electron density in a semiconductor, in 
an intrinsic semiconductor, in a p-type emitter re- 
gion, in a p-type collector region. 

Density of donor centers, of acceptor centers. 
Diffusion length of holes in an n-type semiconduc- 
tor, of electrons in a p-type emitter region, of elec- 
trons in a p-type collector region. 

Width of base region, length of side of square of 
transistor cross section. 

Volume lifetime for arbitrary injection of holes into 
n-type material, of electrons into p-type material, 
volume lifetime of minority carriers for low injec- 
tion levels. 

Combined surface and volume lifetimes for arbi- 
trary injection of holes into n-type material, of elec- 
trons into p-type emitter region. 

Surface recombination velocity for arbitrary injec- 
tion level, for low injection level. 

Electron component of emitter current density, of 
collector current density ; hole component of emitter 
current density, of collector current density. 

de bias potential relative to base on emitter, on 
collector. 

Emitter current, collector current, recombination 
current in base. 

Small-signal emitter current, collector current, 
emitter voltage, collector voltage. 

Conduction area, area available for surface re- 
combination. 


No, Ni, Ne, Ne 


Na, Na 
Ly, L,, Le 


Ww, 2a 


Tp, Tn; To 


applicable in the base region for plane parallel junctions 
and for very small injection levels. This calculation 
permits precise numerical evaluation of the diminution 
factor 8 as a function of the surface recombination 
velocity as well as an appraisal of the accuracy of the 
results of the perturbation calculation under very low 
injection level conditions. 

Finally, in Sec. VII we take up the problem of the 
frequency response to a very small sinusoidal signal in 
the presence of either an extremely small or a large 
steady injection level. In the first of these cases we 
show that the injection factor, y, has a negligible 
influence on the alpha cut-off frequency. In the second 
case we first neglect the injection factor but take into 
account the possibility of transit time dispersion result- 
ing from surface recombination effects at high emitter 
currents. For values of the surface recombination ve- 
locity not exceeding a known upper limit this transit 
time dispersion proves to be negligible. Under these 
circumstances the alpha cut-off frequency should in- 
crease monotonically with emitter current reaching a 
limiting value at high currents just twice the low current 
value. We then consider the possible effects of the 
injection factor and find that this might cause the cut- 
off frequency to decrease slightly with increasing emitter 
current. 

The scheme that has been adopted with respect to 
notation is illustrated by the partial list of symbols 
shown in Table I. In addition, the symbol yw has been 
employed for charge carrier mobility, D for diffusion 
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constant, 5 for the ratio of electron to hole mobility, 
and q for the electronic charge; other symbols are 
defined in the text as required. 

A compilation of assumed numerical values of geo- 
metric and material parameters, which have been used 
throughout the paper for illustrative computation, is 
given in Table IT. 


II. FORMULATION OF THE PROBLEM OF INJECTION 
OF MINORITY CARRIERS INTO A SEMICONDUCTOR 


The problem of the injection of minority carriers 
into a semiconductor has been studied theoretically 
by Herring’ and by van Roosbroeck.® In this section 
we shall recapitulate the main results of their formula- 
tion in a form suitable for subsequent use in this article. 

The equations governing the behavior of injected 
minority carriers and the excess majority carriers 
drawn in to neutralize space charge are as follows: 


dp/dt= — (p— po)/t»— 7" div », 
(continuity equation for holes) 


On/dt= — (n—No)/tat gq" div] n, 
(continuity equation for electrons) 


(1) 


(2) 


J p= quppE—qD, gradp, 
(definition of current density of holes) 


(3) 


J n= qunnE+qD, gradn, 
(definition of current density of electrons) 


(4) 


J=J,+Jn, (definition of total current density) (5) 


divE= (44q/e)(p—n+Na—Na) 
(Poisson equation for semiconductor 
with completely ionized impurities). 


(6) 


These six equations constitute an exact formulation of 
the problem. 
To simplify the problem it is assumed that: 


(a) electrons and holes disappear by mutual re- 
combination at identical rates, i.e., 


(p— po)/T,= (n—No)/Tn; (7) 
TaBLe ITI. Assumed values of geometric and material parameters 
(appropriate to germanium) for illustrative computation. 


w=5.0X10™% cm 
a=1.76X10™? cm* 
A = 4a?= 1.24 10 cm? 
A,=8aw=7.04X 10 cm? 
D,=44 cm*/sec 
D,=93 cm?*/sec 
ny =2.5X10"%/cm? 
po= 1.25 X 10"/cm? 
n.=n-.=4.0X 10°/cm® 
so= 400 cm/sec 
To>=5X10~ sec 
L.=L,.=10°* cm 








® This seemingly weird choice greatly facilitates the determination of the 
roots of Eq. (87). 





THEORY OF JUNCTION TRANSISTOR 


(b) space charge neutrality is preserved at every 
point, 
p—n+N.-N.=0, (8) 
which has as a consequence: 
dp/dt=dn/dt, (9) 
(10) 


(Although Herring’ has presented a convincing argu- 
ment that the approximation represented by Eq. (8) 
is an excellent one, it is perhaps useful to demonstrate 
that div is indeed negligible for each solution based 
upon its use.) 

Tt follows from the preceding equations that 


div] =0, 


gradp=gradn. 


(11) 
and also for an n-type semiconductor with V.<N4q that 

_ J—qD,(b—1) gradp 

~ quy{p(b+1)+bN a) 
P pJ—qbD,(2p+Na) gradp 

p(b+1)+bNa 
dp p—po [pl —qDyh(2p+N) gradp 
—+——_= = iv] | (14) 
qi p(b+1)+bN 4} 


This last equation reduces for the one-dimensional 
case to: 


— {dp/dt+ (b— po)/T9'} = 





(12) 





’ (13) 





Tp 


1 
qbN a{ 1+ p(b-+1)/bN a)? 
X LJ (0p/dx—qbD,N a{1+ p(b+1)/bNa} 
X (14+ 2p/N a) (6°p/dx*) —qD,(b— 1) (0p/dx)*). 


Here 7,’ is written instead of r, to take account of the 
effect of surface recombination in the one-dimensional 
theory. 

In general, the procedure is to find a solution to (14) 
or (15) satisfying the boundary conditions and to put 
this back into (13) in order to obtain the current-voltage 
relations. This is usually an extremely difficult feat 
owing to the nonlinearity of the differential equation 
unless further simplification can be achieved with the 
use of additional restrictions. 





(15) 





p-po J(b— po)/LytqhDyN a(p— po)/Ly?+qD,(b—1){ (p— po)/L,}* 
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Ill. VALIDITY RANGE OF SHOCKLEY’S THEORY 


Shockley'* has greatly simplified the problem for 
the case of low-level injection (p/N«<1) and one- 
dimensional flow of carriers by dealing only with Eqs. 
(1) and (3) for injection into an n-type semiconductor 
(or with (2) and (4) for injection into p-type material) 
and by assuming that the conduction current is negli- 
gible relative to the diffusion current, i.e, E=0O. In 
this case the resulting differential equation for p(x,t) is 


dp/dt+ (p— po)/ Tp’ = D,0"p/dx’, (16) 
and the expression for the current density is simply 
J p= —qD,0p/dx. (17) 


Although Eq. (13) readily reduces to (17) for the con- 
dition p/N <1, -this is not the case with respect to 
Eq. (15), which does not reduce to (16) for this condi- 
tion but rather to 


Op p—po 

oonleereeon 

at Tt? 

—Jdp/dx+ gbD,N a p/dx+ qD,(b—1) (dp/dx)* 
qbNa 


(18) 


Indeed, Eq. (16) cannot be valid unless the terms in 
(18) involving (@p/dx) are negligible. It therefore 
becomes of interest to check whether Shockley’s solu- 
tions satisfy Eq. (18) to a good approximation without 
the imposition of additional conditions. 

For a semi-infinite (0<x< ©) m-type semiconductor 
(representing either emitter or collector regions) and 
for steady-state conditions the solution to (16) is 

P— po= (pPi-— po)e~*!», (19) 


where ; is the appropriate boundary value of p at 
x=0 and L,=(Dy,r,’)'. Equations (17) and (19) yield 


J p= qD5(pi- po)/Lyp. (20) 
The condition p/N «1 thus requires that 
J KqN aD,/ Ly. (21) 


Now, trying (19) as a steady-state solution of (18), we 
obtain 





, 
Tp 


Thus, we find that (19) is indeed a solution of (18) 
provided that 

(b—1)(p—po)/bN «1, (23) 

J<KqbN aD,/Ly. (24) 

Equation (23) is obviously satisfied by the low-level 

injection condition; however, Eq. (24) represents a 


(22) 
gbNa 





more severe restriction than (21) owing to the fact 
that the total currents flowing through the emitter 
and collector regions are much larger than the currents 
injected from the base into the emitter or from the 
collector into the base. Nevertheless, numerical evalua- 
tion of (24) with the use of values of V4 and L, appro- 
priate to well-doped emitter and collector regions (see 





1164 


Table II) reveals that this condition is satisfied pro- 
vided that the total emitter (or collector) current is 
small compared to about 25 amperes. Hence, it is clear 
that Shockley’s treatment of the emitter and collector 
regions represents a valid approximation for all realiz- 
able values of current. That this is the case is in part 
a consequence of the fact that the terms involving the 


p— po 
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first derivative, 
dp/dx= — (p—po)/Ly, 
are very small. 

However, the situation in the base region is quite 
different. For an n-type semiconductor of finite width 
w the steady-state solution to (16) may be written in 
the form 


(25) 


_ (pr~ po) sinh ((w—2)/Lp)+ (ps po) sinh (x/L,) 


a, (26) 


sinh (w/L») 


where pf: is the boundary value of p at x=w. The 
corresponding current density expression (evaluated 
at x=0) is 
J p= (qD,p/Ly){ (pi-— po) coth (w/L ») 
— (p2— po) csch(w/L»)} 
gD, (pi-— po)/Lp (for w/L KA, Pi>poY pr). 
Thus, again the condition p/Na1 leads to condition 
(21). 
Now, trying (26) as an approximate solution of (18), 
we find that the solution is valid provided that 
J<&qbN aD w/L,’, (29) 
(t— 1)(p—po)L 2/0N ww 1. (30) 
Both conditions require smaller current densities than 
is called for by (21). Equation (30) is the more stringent 
of the two conditions and implies that Eq. (26) can be 
justified only for extremely small injection levels such 
that p/N««<(w/L,)*, corresponding to 
J&qN aD yw*/L,*. (31) 
The reason for this is that the terms involving the first 
derivative, 


(27) 
(28) 


dp/dx=— (p— po)/w, (32) 


are no longer negligible when w becomes small com- 
pared to the diffusion length Ly. 

Putting numbers into (31) appropriate to relatively 
pure base material (see Table IT) we find that Shockley’s 
solution in the base is valid only for total emitter 
currents small compared to about 4X10~* ampere. 
Thus, it is important that existing theory be extended 
so as to apply to currents of the order employed 
technically. 


IV. STEADY-STATE SOLUTION IN THE BASE REGION 
FOR ARBITRARY INJECTION LEVEL 
NEGLECTING RECOMBINATION 

It is clear from the fact that the current amplifica- 
tion factor in junction transistors is quite close to unity 
that recombination cannot be a very important process 





I p(1—Jn/bJ »)? 


x+K=— 


29D {Nat p(—Jn/bI »)—Naln{Natp(l—Jn/bJ p)} GDpNaln{Nat p(1—Jn/bJ>)} 





in the base region. If recombination is completely 
neglected, then a solution to the steady-state problem 
of the flow of minority carriers in the base region may be 
readily obtained for arbitrary injection level. 

Although it is possible to derive the desired result 
starting with the general equation (15), it proves to 
be more convenient to return to the fundamental 
equations (1)—(6) inclusive. With the neglect of re- 
combination and for the steady-state case (1) and (2) 


become 
div/ ,=0, 


div] ,=0. 


(33) 
(34) 


Furthermore, since neglecting recombination renders 
the carrier flow strictly one-dimensional, Eqs. (33) and 
(34) lead to 

(35) 


(36) 


The value of J, is known immediately from the bound- 
ary conditions to be 


J ,= constant, 


J ,= constant. 


In=JIne—I nee (37) 


Since Shockley’s theory is valid in the emitter and 
collector regions, we may express (37) for p-type mate- 


rial as" 

J n= QD, (mi—ne)/Let+gDn(mi—ne)/Le, (38) 
where the index 1 refers to boundary values at the 
emitter-base and at the base-collector junctions, respec- 


tively. Returning now to the fundamental equations it 
follows from (3), (4), (8), and (10) that 


Jyt+qDyAp/dx In—ghDylp/dx 
qouy(pt+Na) 


E (39) 


Solving (39) for dx, we obtain: 
gD, (2p+-Na)dp 


Ty \p—Jn/bJy)+Nal 


Direct integration yields 


dx= — 





—, (41) 
J (1—Jn/bJ ») 


8 The “* of the currents has been so chosen that a conventional current flowing from the emitter into the base or from the base 
coll 


into the collector is considered positive. 
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which is an equation for p(x) containing two unknown 
constants J, and K (a constant of integration). Since 
the equation is transcendental, it cannot be solved 
directly for Jp. We can obtain an approximate solution 
by neglecting the term J,/bJ, relative to unity, a step 
which we shail justify later. In this manner we obtain 


«+K=(qD,N a/Jp) In(p+Na) 
—24gD(p+Na)/I. 


The two constants may now be evaluated with the use 
of the usual boundary conditions: 


x=0, p=pi=pyervel*?, 
x=w, p= pr= pre evel, 


(42) 


(43) 
(44) 


Eliminating from (42) the expression for K obtained 
in this manner, we arrive at 


oD, nee’ os es DI 
Se Na 1+ p/ Na 
gD yN a{2(pi-— pe 1+ pi/N 
mae 
w Na 1+ po/ Na 


Note that for small injection levels (p/Na1) Eq. 
(45) indicates a linear dependence of p on x and Eq. 
(46) reduces to 


t= 


J p= qD,(pir- p2)/w. (47) 
Similarly for high injection levels, p is again a linear 
function of x and Eq. (46) reduces to 


J p= 2gDy(pi— p2)/w. 


We are now in a position to check the magnitude of 
J,/bJ». Equations (38) and (46) indicate that this 
quantity is of the order of (1—y) and therefore its 
neglect relative to unity is well justified. 

Hence, Eq. (46) represents the desired result for the 
J-V characteristics of the base region for arbitrary 
injection level and should yield correct values of the 
conductance parameters apart from a small error of 
the order of (1—a). 

There still remains the problem of demonstrating 
that dE/dx0 in accordance with the assumption of 
space charge neutrality [Eq. (8) ]. For both low and 
high injection levels, since p is a linear function of x 
and since J, is small, it follows from (39) and the 
Einstein relation that 


dE/dxZkT (dp/dx)*/q(p+N a)’. 
For p/N «1, Eq. (49) becomes 
dE/dx=kT p?/qnNiw* 


(48) 


(49) 


(50) 


which quantity must be small compared to the total 
charge density expressed in appropriate units, 


p=4nqN a/c. (51) 


2.0 





Fic. 1. Concentration of holes in n-type base region as a func- 
tion of distance for intermediate injection level, illustrating 
largest deviations from linearity (see dashed curve). 


Equations (50) and (51) lead to the condition: 
P/N cK 2qw(aN a/ekT)'. 


Since for relatively pure base material the right-hand 
side of (52) is of the order of 20 (see Table II) and 
since p/Nv1 for this case, condition (52) is well 
fulfilled. 
For p/N«a>1, Eq. (49) becomes 
dE/dx=kT/qw*, (53) 


which must be small compared to the total charge 
density, 


(52) 


p=4rqp/e. (54) 


Equations (53) and (54) lead to the condition: 
p/Na>ekT/4rgu?N a. 


Since numerical evaluation of the right-hand side of 
(55) yields the value 2X10~ and since p/N.>>1 for 
this case, condition (55) is also well fulfilled. 

For intermediate injection levels (i.e., p/Na~1) the 
dependence of p on x may be obtained by plotting Eq. 
(45). We thereby find (see Fig. 1) that at worst only 
small deviations from linearity occur. Hence d*p/dx’, 
while no longer zero, is small and dE/dx will likewise 
be small for this case as well. 


V. TRANSISTOR CURRENT-VOLTAGE 
CHARACTERISTICS 


A. General Relations 


With the neglect of recombination in the junctions, 
an excellent approximation for abrupt impurity transi- 
tions, the total emitter and collector current densities 
are given by 


(55) 


(56) 
(57) 


J .= J pet I ney 

J.= J pet I ne. 
As we have shown in Sec. IV, the larger components of 
these current densities are given to a good approxima- 
tion by the expression : 


qD Na 2(p1 — bs) 1+ Pr/ 'Na 
PUD (ND) yg 
w Ny 1+ po/Na 


J oe= pe 
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where pi=pre*’"*" and p.=pre~*" #7, Also, since 
Shockley’s theory represents an excellent approxima- 
tion in the emitter and collector regions, the smaller 
components of these current densities may be written as 


I ne=9D4(11—Ne)/Le (58) 
where n,= ne’ *!*7 (1+-;/Na), 
I no= —GDn(m—ne)/ Le 


where n,=n,e~*" «/*?, Note that the boundary condition 
at the emitter-base junction differs from Shockley’s 
by a correction term which becomes important as the 
injection level in the base region becomes high. Equa- 
tions (56), (57), (46), (58), and (59) represent the 
desired result for the J-V characteristics of the junc- 
tion transistor. If emitter and collector regions are 
well doped, these equations are applicable for any 
values of emitter current realizable in practice. The 
only essential feature missing from the simple theory 
leading to these equations is the small amount of re- 
combination in the base region, which we shall discuss 
in detail in Sec. VI. 


B. Small-Signal Relations 


The small-signal equations are readily derived from 
the general J-V equations by differentiation. The im- 
portant point made by Early,‘ namely that the base 
width w is a function of the collector voltage owing to 
space charge broadening, is readily introduced into the 
theory at this point by noting that both J, and J, are 
functions of w and that 


dw= (dw/dV .)dV .+ (dw/dV.)dV. 
> (dw/dV.)dV.. 


On carrying out the differentiation, converting from 
current densities to currents with the use of the con- 


(59) 


(60) 
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duction area A, and neglecting all terms containing 
e~-wWekT since gV ./kT>1, we obtain 


(61) 
(62) 


te= £irVet B12, 


t¢= £2%et £22V., 
where 


gA 2D ype Dopo 
£u>= cesta — E wr. ) 
kT 1+ (ps/N 7 )eaVelkT 


Dine 
+ - “(14 + Parr) ; (63) 
gAD, 
$s" n= (-= = = “—) 


X {2pret¥o/#? — Ng In(1+ (po/Nadet”/*?)}, 
2D pho Dopo 


w w 


x(— a -)}. (65) 
1+ (po/N gewvelk? 


(Expressions for the quantity (—dw/dV.) may be ob- 
tained from reference 4.) Equations (61) and (62) are 
the starting point for transistor circuit theory. 


(64) 


Ei ib elk 


gu=- 
21 AT 


C. Current Amplification Factor 


The current amplification factor is defined by 


(— =) -(: *) 821 
a= =—. 
Ve =const. w=0 £11 


Thus, it follows from (63) and (65) that 


(66) 


2D ppr/w— (Dppo/w) (1+ (po/ Nae” e/*?)- 





~ 2Dyba/ w— (Dppo/w) (1+ (po/Nalet”/*")“"+ (Dan./ Lott (2pe/Naer¥el*?) 


For small injection levels, (67) reduces to 
a& (1+ (Dyn.w/DyprL.))-, 

which is just the injection factor, 
Y= JI pe/ (I pet Ine); (69) 


similarly reduced for p/N «1, qV./kT>A, and qV./kT 
>1." For large injection levels, Eq. (67) becomes 


a&{1+ (D,nw/D,NaL,eVe*)-. (70) 


Thus a decreases with emitter current at high injection 

levels because of a decrease in injection efficiency. 
Since the theory of Sec. IV is based on the assump- 

tion of no recombination in the base, the diminution 


(68) 


M Shockley’ s interpretation of y as the injection factor and 8 
as the diminution factor in the equation a=fy tacitly involves 
these same assumptions. 





factor, 
B=J pe/J pe, (71) 


is of course equal to unity in this approximation. 


VI. RECOMBINATION IN THE BASE REGION 


A. Approximate Solution for Arbitrary Injection 
Level 


The volume recombination rate (No./cm* sec) is 
obviously given by the expression (p— p»)/r» while the 
surface recombination rate (No./cm* sec) is represented 
by s(p— pp»). The total recombination current in the 
base is then evidently given to a good approximation by 


T,=gA,(s(p— ps) w+qAw((p—po)/tp)m, (72) 


where the quantities in brackets are to be averaged so 
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as to take into account the spatial dependence of the 
injected carriers. It should be kept in mind that both 
s and r, may be concentration dependent. 

We shall base our estimate of 7, on the solution in 
the base region without recombination (see Sec. IV), 
since the recombination process may be considered to 
be only a small perturbation upon the main flow of 
minority carriers from emitter to collector. Thus, the 
value of p to be put into Eq. (72) is that given by Eq. 
(45). Note that to a good approximation (see Fig. 1 
for the worst case) p may be taken to be a linear func- 
tion of x, thereby simplifying greatly the task of 
averaging. 

Equation (72) may then be employed to obtain a 
first order correction to the hole current arriving at 
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the current injected at the emitter junction by the 
recombination current, i.e., 


Tye J pe~1,/ A. (73) 


Thus, Eqs. (72), (73), (45), (46), (58), and (66) permit 
a calculation of the current amplification factor in- 
cluding the effects of recombination, provided that the 
concentration dependences of s and r, are known. 

In order to bring out clearly the essential features 
associated with alpha we shall first compute its value 
on the supposition that the surface recombination 
velocity and the volume lifetime are independent of 
minority carrier concentration and have their low 
injection level values so and ro, respectively. It is then 
readily shown with the use of the afore-mentioned 


the collector, as the latter current will be smaller than«é&equations that 





50A »po/2A+whpr/2to+ (Dane/L.) (1+ (2po/Nalet’-/*?) 


(74) 





For low injection levels and for a well-doped emitter 
region, (74) reduces to 


SoA Ww uw D,.nw 
ee 
24D, 2Dytr Dyple 





1—a@ 


(74a) 


the terms on the right-hand side evidently representing 
contributions from surface recombination, volume re- 
combination, and injection, respectively. 

Numerical evaluation of the terms of (74a), with 
the use of the values assumed in Table II, yields 


SoA gw 


=1.3X107, 


Pp pTo 


=5.7X10-, 


D,nw 


Dypol. 


=3.4X10-*. 


It is evident that the surface recombination term is 
much larger than the volume recombination term! 
and is of the correct magnitude to account for observed 
values of a at low levels. 

Plots of 1/(1—a) vs J., computed with the use of 
Eq. (74), are shown in Fig. 2. Curve 1 was obtained 
with the use of the values of the parameters assumed in 
Table II; curve 2 results from increased doping of the 
emitter region relative to case 1 by an order of magni- 
tude; while curve 3 corresponds to such high doping of 
the emitter that the terms arising from J. may be 
neglected. The initial increase in a with emitter current 
is a consequence of the buildup in the base region of a 
field which assists the transit of minority carriers. At 
higher emitter currents a passes through a maximum 
and then declines with increasing emitter current owing 


18 The dominance of surface recombination relative to volume 
recombination in carefully prepared, relatively pure germanium 
base material is assured even for the smallest values of so that 
have been thus far realized (see reference 12). 


© 2D ppa/w— (Dypr/w) (1+ (po/N ade?) (Dan,/L,)(1+ (2po/Naderel*?) 





to the decrease in injection efficiency, except for case 3 
where the injection efficiency has been deliberately 
taken to be unity in order to show just the field-aided 
transit effect. Curves 1 and 2 are sufficiently similar to 
those experimentally observed" as to suggest that the 
theory is adequate in its present simple form. It is of 
some interest, however, to examine the consequences 
of the concentration dependences of s and r. 

The dependence of r, on p has already been derived 
by Shockley and Read'* based upon a recombination 
mechanism involving trapping states near the middle 
of the forbidden band. They find an expression of the 
form 


T= Tol 1+c(p—po)}/{1+d(p—po)}, (75) 


where c and d are constants, the latter having the 


Fic. 2. Current amplification factor vs emitter current. Curve 1, 
assuming values of the parameters given in Table II; curve 2, 
increasing the doping of the emitter region by a factor of 10; 
curve 3, assuming an injection efficiency of unity for all currents. 


‘6 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 
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simple value 1, (no+ po). For c<d, a condition which 
is likely to occur in relatively pure material, the life- 
time decreases monotonically with injection level. Al- 
though this dependence tends to produce a decrease in 
a, it is probably a very small effect relative to those 
already discussed. 

No published information appears to be available 
concerning the concentration dependence of s. However, 
it is interesting to note that a recent theory of the 
surface recombination process by Brattain and Bar- 
deen” leads to a decrease in s with injection level, 
somewhat analogous to the case for r. Their theory is 
based upon the assumptions that there exist donor-type 
surface traps near the conduction band and acceptor- 
type surface traps near the full band, that the recom- 
bination rate is limited by the rate of trapping, and 
that the traps are largely unoccupied (which restricts 
the validity range to relatively low injection levels). 
The following expression is derived for the surface 
recombination rate U, 


U= C(pn — pono), (76) 
where C is a constant involving recombination cross 
sections, trap concentrations, etc. 

We may rewrite Eq. (76) in the form 
U=C{not pot (p— po)} (P— po), (77) 


and then define an effective surface recombination ve- 
locity as follows: 


s=U/(p— po). (78) 


We thereby obtain an expression for s displaying a 
marked dependence on injection level, namely, 


s=C{not pot (p—po)}. (79) 


It is convenient to express Eq. (79) in terms of the low 
injection level value of the recombination velocity 5; 
for an n-type base region (79) becomes 


s= Sof 1 of (p—pr)/Na}. (80) 
If the quantity, 


1 w 
(s(p— Po) w= -{ S(p— pr)dx, (81) 


Wo 


is evaluated with the use of (80) subject to the assump- 


tions that p is a linear function of x, qV./kT>>1, and 
qV ./kT>>A1, one obtains 


(s(p— ps)) w= (Sops/2)(1+2p1/3N 4). (82) 


If (82) is used to evaluate the dependence of 1/(1—a) 
on J,, it is found that the computed curve displays a 
maximum at much too small a value of current and then 
falls well below the experimental curve even if an injec- 
tion efficiency of unity is assumed for all values of /,. 
This is a consequence of the fact that s is overestimated 
by the above theory when the injection level becomes 
appreciable. It is intuitively obvious that the traps 
must become completely filled at sufficiently high injec- 
tion levels so that s will reach a limiting value and will 
not increase indefinitely with 7, as is implied by Eq. 
(80). 

Therefore the possible importance of the concentra- 
tion dependency of s on the a vs J, characteristic cannot 
be assessed until experimental information bearing on 
this point becomes available. The similarity between 
the curves of Fig. 2 and the experimental data suggests 
that it may play only a secondary role. 


B. Three-Dimensional Theory for Very Small 
Injection Level'*® 


For sufficiently small injection levels (see Sec. III), 
the electric field and the n-type currents in the base 
region become negligible and it suffices to deal only 
with Eqs. (1) and (3), which yield, for the steady-state 
case, 


div gradp— (p— po)/Dpr,=0. (83) 


For convenience let us consider a rectangular parallele- 
piped bounded by the planes x=0, x=w, y=-ba, 
z= -ta. The boundary conditions are 


+=0, p=hp1; (43) 
p= pr; (44) 
dp/dv+50(p— pr)/Dp=0; (84) 
Op/ds+50(p— p»)/D,=0. (85) 


x=, 
y=-ta, 
s=+a, 


The solution to (83) satisfying these boundary condi- 
tions is 


« dij[ (pi-— po) sinh((w—x)/Li;)+ (p2— po) sinh(x/ Lis) ] cosBiy cos8,z 





p—po= 


t,t) 


where 8,a= 90; are the roots of 
8,a tanB,a= soa/D,, (87) 
l riy= D,(B2+87)+1/ Tp; (88) 


17 It is worth mentioning that Hall’s lifetime measurements® as 
a function of injection level for pure germanium may be well 
fitted by Eq. (75) with c=8X 10~"* cm’ and d=2X10™ cm!, both 
of which values are entirely reasonable from the point of view of 
the theory 


and 





pA PR MAAN ROE TOORENEN MRCS: 


—___—_—, (86) 
sinh (w/Li;) 


Ly= (Dpris)', 


4 sin6, sind; 


4;=— ; (90) 
(0:+-4 sin26,) (0;+4 sin20,) 





‘8 The argument of this paragraph represents an extension to a 
semiconductor of finite width of the theory presented in Appendix 
V of Shockley’s paper (see reference 1). 
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The current densities of holes may be determined 
from (86) as follows: 


J pe= —(qD, isa) f (dp OX) pwd yd 


—a”" —~a 


w 
=qD pps El cer r—1) coth( ~) 
a7 


J 


w 
— (e-aVe/kT_ 1) csch(~) ; (91) 


J pe= — (gD, jae f (Op/AX) raw ydz 


-a”"—a 


w 
=9qD,p X _ (eaVelkT— 1) esch( ~ ~) 
i imo , 


4ij 


— (e~aVelkT 1) coth( * -); (92) 


4 sin’; sin’6; 
(93) 


6,20,[ 1+ (sin20,) /20;J[1+ (sin20,)/20;) 


Note that for ss=0, 0;=0, A,j=1, 74;=7,, and hence 
Eqs. (91) and (92) reduce properly to the well known 
expressions of the simple theory.'~* 

The diminution factor is given approximately 
(qV./kT>1, qV./RT>1)" by 


E (Aiy/ Li) csch(w/Ly) 
ij=0 


> (A 4;/L4j) coth (w/Li;) 


ij=0 


> 
Equation (94) has been evaluated numerically for 
various values of sy with the results shown in Table ITI. 
In these computations r, has been taken to be infinite 
in order to permit comparison with the surface recom- 
bination term of the perturbation theory [first term of 
(74a) ], which for the particular geometry considered 


here, assumes the form sow*/aD,. It may readily be 
seen from the table that the one-dimensional per- 
turbation theory yields quite acceptable results for 
values of 8 encountered in present day practice. 


VII. FREQUENCY RESPONSE 


Despite the fact that it is usually a valid procedure 
to neglect recombination" in the base region in com- 
puting the response to a periodic signal of varying fre- 
quency, nevertheless an enormous simplification similar 
to that resulting from omission of the recombination 
term in the steady-state case does not occur in the 


1 Unless s becomes too large at very high injection levels; see 
paragraph B. 
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TaBLE III, Diminution factor vs surface recombination ve- 
locity and comparison of perturbation theory with three-dimen- 
sional theory. 








So, cm/sec 1-s sow*/aDy 





3.23X10-* 
8.0710" 
1.61 X 10™? 
3.23X10 
8.07X 10 
1.61X10" 


100 3.10X 10" 
250 7.86X 10-% 
500 1.54X 10? 
1000 3.03 X10" 
2500 6.96X 10°? 
5000 1.22X107 








time dependent case. The reason for this is that in the 
latter case Eqs. (1) and (2) become 


(95) 
(96) 


Ap/dt= —q" div] p, 
On/dt= qr div] ». 


Hence, it is no longer true that J, and J, are constants 
and as a consequence we are confronted with the 
formidable differential equation (14) or (15). 

We shall content ourselves with a solution to the 
problem of the alpha cut-off frequency only for the 
limiting cases of very small and very large injection 
levels in a transistor with plane parallel junctions. Since 
it may readily be shown that the magnitude of the field 
in the base region varies monotonically with injection 
level between zero and a value of the order of kT/qw, 
it is to be expected that the alpha cut-off frequency 
should also vary monotonically between che values 
found for these limiting cases. 


A. Very Small Injection 


For sufficiently small injection levels (see Sec. III) 
the field and the n-type currents in the base become 
negligible, and Eqs. (1) and (3) yield, fer the one- 
dimensional case (including recombination), 


&p/dx*— (p-- po)/L =D 


If it is assumed that the voltage applied at the emitter 
consists of an extremely small sinusoidal signal super- 
imposed on a very small steady bias, 


V=V.+Vae (VaKkT/Q), 


D,dp/at. (97) 


(98) 


the boundary condition for the base region at x=0 
becomes 


p= pr expl (g/kT)(V.+ Vae'**) ] 
pit Pe“, 
pret” */*T [by Eq. (43)] and 
=qV api/kT. 


Since we are interested only in computing alpha, the 
short circuit current amplification factor, the boundary 
condition at x=w remains simply 


(99) 
where p;= 


(100) 


p= pro= pre 2" /*7, (44) 
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The solution of (97) satisfying (44) and (99) is 
(pi— po) sinh((w—«)/Ly)+ (pe— po) sinh(x/L,) 
AON Asbns. = sinh(w/L,) 
Peét sinh{ (1+iwr,’)!(w—x)/L>} 
~— sinh{ (1+ iwor’)'w/L,} 





(101) 





The analogous solution in the emitter (— 0 <x<0) is 


n—n-= (ni—n,)e7! 


+Qec'*! exp[(1+-iwr.)'x/L,], (102) 


where 


Q=qV ans/kT. (103) 


as Velk 
ny=nNn ere kT 


Since we are interested only in the ac component of 
the currents, it is unnecessary to consider the steady 
electron current in the collector and the first term on 
the right in each of Eqs. (101) and (102). The resulting 
expressions for the ac current densities are 


J (~~) = Pe'*'(qD,/L») (1+iwr,’)} 
Xcoth{ (1+-iwr,’)'w/L,} 
+(Qec'#'(qD,/L.)(1+iwr.)}, 
J o(~) = P.§*'(qD,/ Ly) (1+iwr,’)! 
Xesch{ (1+-iwr,’)'w/L,}. 
Evaluation of a from (104) and (105) yields 


D,n.L» (1+-iwr,)! 


Dyprle (1-+iwr,y’)! 
(1+-iwr yp’) bw | | 


(104) 


(105) 


(1+-iw7,’) bw 
a= cosh — + 
Ly 


sinh (106) 


Pp 


For frequencies approaching the cut-off value it is not 
a very good approximation to expand the hyperbolic 
terms for small arguments; however, we may neglect 
unity relative to iwr,’ (which is equivalent to neglect- 
ing recombination) and iwr, relative to unity. 

On defining the following quantities: 


n= (w/L,)(wr,'/2)!, 
f= (D,n.L,)/D ppl .(2wr,’)!, 


(107) 
(108) 


expanding the hyperbolic products, collecting terms, 
and extracting the modulus, we find that cutoff occurs 


when 


2= (coshy cosn+f¢ sinhy cosn+¢ coshy sinn)? 


+-(sinhn sinn+f£ coshn sinn—f sinhn cosn)*. (109) 


We shall derive an approximate solution to (109) by 
neglecting the ¢ terms since ¢ is obviously a small 
quantity, thus obtaining 


2=cosh*» cos*y+sinh*y sin’y 


110 
= (cos2n+cosh2n)/2. (110) 
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The solution to (110) is »=1.103 which leads, with the 
use of (107), to a cut-off frequency,””! 


wo== 2.434D,/w*. (111) 


This approximate root permits the evaluation of ¢ at 
the cut-off frequency ; one finds that 


$=0.462D,n,w/D pol. 
>=2x10-. 


Since all of the other terms in (109) are of the order 
unity, neglect of the ¢ terms is justifiable to an excellent 
approximation, which means that the influence of the 
injection factor on the cut-off frequency is negligible. 


B. High Steady Injection Level 


It follows from Eqs. (3), (4), (8), (10), and the 
condition V,.«N4q that 


J,—qbD, gradp 
E= ———, (112) 
gbuy(p+ Na) 


J n—qbD,(2+Na/p) grad 
ia ee aa 
b(1+Na/p) 








For a high steady injection level (p/Na>1), Eqs. 
(112) and (113) become 


J,—qbD, gradp 


gbu pp 


(114) 


1 
“4 


J p=Jn/b—2qD, gradp 


<~—2qD, gradp, (115) 
since as shown in Sec. IV, J,,/bJ,<1. 

Consider now the superposition on the high-level 
steady bias an extremely small ac signal. This will not 
have a significant influence on the electric field (114), 
but it will introduce a time dependence of p. Combining 
(1) and (115) we obtain 


2D, div gradp— (p— pr) /rp=9p/dt, (116) 


an equation which will be employed in the three- 
dimensional form in order to take into account possible 
transit time dispersion effects due to surface recom- 
bination, since s may become large at high injection 
levels. The boundary conditions are given by Eqs. 
(99), (44), (84), and (85) with so replaced by s. 

The solution to (116) satisfying the boundary condi- 
tions contains two terms, a dc term given by Eq. (86) 


*” This result, which has already been obtained by Pritchard 
(reference 21), is 22 percent higher than the commonly cited 
value (see references 2 and 3). 

" R. L. Pritchard, Proc. Inst. Radio Engrs. 40, 1476 (1952). 
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plus an ac term represented by the expression 
Pett : 
i,jmo 
sol sinh{ (1+-iw7;;)!(w—x)/L.;} cosBy cosBjz 
sinh{ (1+-iw7;;)*w/L;;} 


» (117) 





where the symbols are defined by Eq. (87) with so 
replaced by s and by Eqs. (88), (89), and (90) with D, 
replaced by 2D,. 

Since the influence of the injection factor on the fre- 
quency response will be small, we shall defer for a 
moment consideration of the analogous solution in the 
emitter. Also we need be concerned only with the ac 
component of the current density at the emitter and 
collector junctions, which may readily be derived from 
(117) with the use of (115). Thus, we obtain finally 


Dd (Aij/Liy) esch{ (14+-iwry)'w/ Lis} 
i,j =0 
a=>- 





» (118) 
x (A is/ Lis) coth{ (1+-iwr;)w/Lij} 


i,j =0 

with A,; defined by (93). 
For values of s which are not too high (i.e., up to 
s= 2500 cm/sec for the cross-sectional area assumed in 


Table II) the quantity iwr,; will be much greater than 
unity for all of the terms of the series that contribute 
significantly to the sums. In this case Eq. (118) re- 
duces to 


a&sech (iww*/2D,)}, (119) 


which leads to a cut-off frequency, 
wo= 4,868D,/w”, (120) 


just twice the value found for very small injection. 

If the asymptotic value of s at very high emitter 
currents proves to be much higher than the above limit, 
then (118) must be evaluated numerically and the cut- 
off frequency may become somewhat smaller than the 
value indicated by (120). 

A somewhat more important correction to wo is likely 
to result from a fall-off in injection efficiency at high 
currents. Neglecting three dimensional effects in the 
base, it may readily be shown that an expression for a 
results given by Eq. (106) except that D, becomes 
multiplied by 2, L, by v2, and n, by the factor 


1+ pret? / Ny, 


The cut-off frequency may then be obtained from this 
equation by the method outlined in paragraph A. The 
result for wo is the value given by Eq. (120) slightly 
diminished by a correction factor which increases with 
increasing emitter current. 
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The de Haas-van Alphen effect (periodic dependence of magnetic susceptibility upon magnetic field) has 
been investigated in single crystals of cadmium in the liquid helium temperature range and in magnetic fields 
up to 25 kilogauss. The orientation dependence of the effect in cadmium was found to be different from all 
other known cases and cannot be interpreted in terms of ellipsoidal constant energy surfaces or other con- 
stant energy surfaces obtainable by the usual transformations from the isotropic case. The susceptibility 
oscillations of maximum period B/E)=1.88X10~' gauss“! occur whenever the magnetic field makes an 
angle of 28.5° with the hexagonal axis. The chemical potential of the pertinent electrons is Ej) =69.6 10" 
erg = 0.435 electron volt to an estimated accuracy of +1 percent. 

Unsuccessful attempts were made to observe the de Haas-van Alphen effect in single crystals of Ta, Mo, 


and hexagonal Ti. 


INTRODUCTION 


HE low-temperature oscillatory dependence of 

magnetic susceptibility upon magnetic field char- 
acteristic of the de Haas-van Alphen effect was ob- 
served in cadmium at liquid helium temperatures in 
1950 by Verkin, Lazarev, and Rudenko!? and inde- 
pendently shortly thereafter by Shoenberg.*:* These 
investigations were largely exploratory, and there was 
no detailed study of the dependence of the effect upon 
temperature, magnetic field, and crystallographic ori- 
entation. The present work was undertaken in order 
to study these dependences and thereby ascertain values 
for the effective masses and chemical potential of the 
electrons participating in the susceptibility oscillations. 
However, the orientation dependence of the effect in 
cadmium was found to be quite different from all other 
known cases and was amenable to only a partial 
analysis in terms of existing theory. It is in this respect 
that the measurements are chiefly of interest. 

The theory of the de Haas-van Alphen effect is suffi- 
ciently general to indicate that the characteristic 
susceptibility oscillations should be a universal property 
of metal single crystals, and indeed, fifteen metals (if 
graphite may be so classified) have exhibited such be- 
havior to date. Negative findings on several other 
metals‘ are very likely the result of experimental 
limits existing on the attainment of low temperatures 
and high magnetic fields. As will be evident from the 
theoretical expression describing the effect, small aniso- 
tropic effective electronic masses and low values of 
chemical potential favor easy detection of the oscilla- 
tions. Such conditions exist chiefly in polyvalent metals 
where the Fermi surface overlaps Brillouin zone 
boundaries. 

A free electron model was used in the development of 


1 Verkin, Lazarev, and Rudenko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 20, 93 (1950). 

2 Verkin, Lazarev, and Rudenko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 20, 995 (1950). 

3D. Shoenberg, Nature 166, 652 (1950). 

4D. Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 

5 Ted G. Berlincourt, Phys. Rev. 88, 242 (1952). 


the theory by Peierls,* Blackman,’ and Landau,* the 
effect of the periodic field of the lattice being taken into 
account by the introduction of generally anisotropic 
effective electronic masses. Equation (1), obtained from 
Landau’s theory (see reference 4), gives the difference 
between the magnetic susceptibilities (Ax) per unit 
mass in two directions at right angles to each other. 
(Recent modifications of this theory and methods for 
determining electronic parameters from the experi- 
mental data will be discussed in a later section.) 


Aan =(—) 1 /2rkT \? 
oes oF Ook Bee fae 
p \6\E T'\ BH 


« (—1)?*! sin(2rpE)/BH — 2/4) 


m=! 2p sinh (2x*pkT/BH) 


where A is a constant given by 
A=e*Eo/[ ah (2k) 4m’! ), (2) 


p is the density, 8 is an effective double Bohr magneton 
given by 
B=eh/m''c, (3) 


and m’, m’’, and Am are functions of the relevant 
effective masses. These functions depend upon the 
geometry of the experiment and the shape of the elec- 
tronic constant energy surface in momentum space for 
the crystal under investigation. Eo is the energy at this 
surface of constant energy measured from the bottom 
of the relevant zone and is given by a quadratic function 
of the momenta. It is this function which determines 
the definitions of m’, m’’, and Am. The remaining sym- 
bols in Eq. (1) have their usual meanings. 

In most cases thus far amenable to comparisons be- 
tween theory and experiment‘ it has been possible to 
represent the constant energy surface in momentum 
space by one, two, or three ellipsoids, and, in fact, the 


*R. Peierls, Z. Physik 81, 186 (1933). 

7M. Blackman, Proc. Roy. Soc. (London) A166, 1 (1938). 

*L. D. Landau, see appendix of D. Shoenberg, Proc. Roy. Soc. 
(London) A170, 341 (1939). 
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first summation sign in Eq. (1) is included in order to 
account for the existence of several surfaces char- 
acterized by different values of the parameters 8, m’, 
m'’, Am, and Ep». For a suitable choice of axes with 
respect to the crystallographic directions, one such 
possible surface can be described by 


1 
—(anpetar2p,+assp), (4) 


mo 


Eo = 


where the a’s are the ratios ot the true electronic mass 
my to the relevant components of the effective mass 
tensor and the p’s are components of the momentum. 
Recently, Onsager® has pointed out that one negative 
principal effective mass is permissible and would indi- 
cate a hyperboloid of one sheet and also that Shoen- 
berg’s* data on graphite might be interpreted in terms 
of a tube of variable cross section spanning the entire 
length of a cell in wave number space. The possibility 
that one effective mass might be infinite with a re- 
sultant cylindrical constant energy surface was also 
considered. However, as will be evident in a later 
section, the experimental data on cadmium cannot be 
interpreted in terms of any of the surfaces discussed 
above and therefore pose some interesting questions on 
the theory. 


THE EXPERIMENTAL WORK 
I. The Torsion Balance Method 


The torsion balance method (which is adequately 
described elsewhere*®) was employed in measuring the 
couple C per unit mass in a vertical direction acting on 
the crystal placed in a homogeneous horizontal mag- 
netic field. This couple is related to the difference Ax 
[as given by Eq. (1)] between the mass susceptibilities 
along perpendicular directions in the crystal by the 
expression 

C=AxH sing cos¢, (5) 


where H is the magnetic field strength and ¢ is the angle 
between a given crystallographic axis and the magnetic 
field. For example, denoting the hexagonal axis in 
cadmium by c, digonal axes of type I by a, and digonal 
axes of type II by 3}, the couple in a vertical! direction 
is given by 

C= (x.— x»)? sing cos¢, (6) 


if the c axis, one b axis, and H are in a horizontal plane 
(i.e., an @ axis is vertical) and @ is the angle between 
the ¢ axis and H. This was the first of three modes of 
suspension of the crystal used in this work. A 6 axis 
was vertical in the second mode, and the ¢ axis was 
vertical in the third. All three modes are illustrated 
in Fig. 1. 

The torsion balance used in this investigation and the 
method of mounting crystals on the balance were 
described in an earlier communication® on tin, and 


°L. Onsager, Phil. Mag. 43, 1006 (1952). 
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Fic. 1. Schematic representation of the three modes of sus- 
pension of the cadmium crystals. The a axis is a digonal axis of 
type I; the b axis is a digonal axis of type II; the c axis is the 
hexagonal axis; the axis of suspension is vertical, and H is in a 
horizontal plane. 


consequently will not be described again. It should be 
mentioned, however, that the maximum angular dis- 
placements of the crystal were never greater than 0.5°, 
and angular displacements of approximately 0.0005° 
were detectable. Values of @ were corrected for these 
displacements, and measurements were carried out 
over relatively small ranges of field in order to avoid 
complications due to the sensitive orientation depend- 
ence of the susceptibility oscillations. 

All the measurements were made at liquid helium 
temperatures, the temperature being determined by 
observation of the vapor pressure of the liquid helium 
bath with mercury and oil manometers. The Mond 
vapor pressure tables’ were used, and temperatures 
were maintained constant to better than 0.01°K. 


II. The Magnet and Its Calibration 


An Arthur D. Little electromagnet capable of rota- 
tion through 360° about a vertical axis supplied hori- 
zontal magnetic fields up to 25 kilogauss in strength. 
Pole pieces 5} inches in diameter and a gap of 1} inches 
assured field homogeneity to a few gauss over the vol- 
umes of the crystals which approximated spheres 
roughly 3 mm in diameter. Time variations of the field 
were limited to less than 5 gauss at 25 kilogauss during 
the course of a single measurement by means of a de- 
generative feedback voltage regulator used in conjunc- 
tion with two generators which supplied current to the 
magnet. A Varian nuclear fluxmeter used with a 
General Radio frequency meter permitted calibration 
of the magnet to an accuracy of better than 0.02 percent. 


III. The Crystals 


Two cadmium single crystals (Cd 1 weighing 99.3 
milligrams and Cd 2 weighing 108.8 milligrams) were 
10 H. Van Dijk and D. Shoenberg, Nature 164, 151 (1949) 
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Fic. 2, CH™ in dyne cm g™ gauss~ versus H~ for Cd 1 with 
an a axis vertical. @ is the angle between the c axis and the mag- 
netic field. The presence of two periodic terms accounts for the 
beats. 


used in this investigation. They were grown by melting 
small beads of cadmium (Johnson, Matthey and Com- 
pany, JM 170, Lab. No. 2572, 99.999 percent pure) 
under silicone oil under a helium atmosphere in a 
furnace which was allowed to cool slowly (in about 20 
hours) to room temperature. Etching in concentrated 
hydrochloric acid with sufficient potassium chlorate 
added to produce liberal bubbling followed by a short 
etch in concentrated hydrochloric acid alone produced 
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good reflections from the (0001) plane and the {1014} 
(where } has many values) planes. The crystals were 
then oriented to an accuracy of better than 2° by 
means of an optical method described by Chalmers." 
A Laue back-reflection x-ray picture of Cd 1 confirmed 
the orienting technique and, incidentally, revealed only 
slight asterism, so it is doubtful that further refinement 
of the crystal growing technique would have proved 
worth while. 


EXPERIMENTAL RESULTS 


The general features of the susceptibility oscillations 
are illustrated in Figs. 2, 3, and 4. Because the constant 
energy surface does not fit the usual ellipsoidal scheme 
and the applicability of Eqs. (5) and (6) is therefore in 
question, CH~* (the product of the couple per unit 
mass and the square of the reciprocal field) rather than 
Ax has been plotted as a function of reciprocal field. 
Only maxima, minima, and a few points of inflection 
were measured inasmuch as the short period of the 
oscillations (as little as 30 gauss from a maximum to a 
minimum at 25 kilogauss) made accurate determination 
of the detailed form of the susceptibility oscillations 
difficult and time consuming, and in any event this 
detailed form is not of very great interest at this stage. 

The curves in Fig. 2 were obtained by using Cd 1 
with an a axis vertical (mode I, Fig. 1). ¢ is then the 
angle in a horizontal plane between the hexagonal axis 
and the magnetic field. For small values of ¢ modula- 
tions are present indicating the coexistence of two 
periodic terms, while for larger values of ¢ only one 
term is important. The curves in Fig. 3 were obtained 
using Cd 1 with a 6 axis vertical (mode II, Fig. 1) and 
with @ again measuring the angle between the c axis 
and the magnetic field. That this orientation (mode IT) 
is equivalent to the earlier one (mode I) will be illus- 
trated later. Figure 4, obtained using Cd 2 with one 
of its a axes vertical, illustrates the dependence of the 
susceptibility upon temperature and magnetic field 
strength. 

According to Eq. (1) the susceptibility oscillations 
should be periodic in H~'. This was verified by plotting 
values of H~ for which maxima in CH~ occur against 
integers. This procedure yielded straight lines of slope 
B/E». Wherever beats were present the period of the 
subordinate term could usually be ascertained from the 
beat period. 

The dependence of the period upon orientation is best 
illustrated by means of polar plots of B/E» against ¢ 
such as those appearing in Fig. 5 for the various runs. 
Figure 5(a) applies to Cd 1 with an a axis vertical; 
Fig. 5(b) applies to Cd 1 with a 6 axis vertical ; Fig. 5(c) 
applies to Cd 2 with an a axis vertical ; Fig. 5(d) applies 
to Cd 1 with its ¢ axis approximately 7° off horizontal 
and the directions of the a axes undetermined. The last 
case illustrates the effect of inaccuracies in orientation. 
The angle ¢ was measured in this last case between the 


 B. Chalmers, Proc. Phys. Soc. (London) 47, 733 (1935). 
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magnetic field and the projection of the ¢ axis on a 
horizontal plane. In all cases the circles are given by the 
expression 


(8/Eo) 4. = (1.88X 10-7) | cos(@+ 28.5°) |, (7) 


where the + sign corresponds to one circle and the 
— sign corresponds to the other. The proximity of the 
experimental points to the circles in Figs. 5(a), (b), 
and (c) indicates that the period is quite reproducible 
from one crystal to another, and also that the modes of 
suspension used in Figs. 5(a) and (b) are equivalent 
as far as period is concerned. Twelvefold symmetry 
about the ¢ axis is dictated by the latter fact since the 
orientations used in Figs. 5(a) and (b) (i.e., modes I 
and II) differ only by a rotation of 30° about the c axis. 
Such high symmetry suggests that cadmium is mag- 
netically isotropic in the basal plane. That this is so to 
a high degree of approximation was established by 
measurements on Cd 2 with its ¢ axis vertical (mode 
III, Fig. 1). A weak suspension capable of detecting 
oscillations in CH~ of the order of 10-" dyne cm g™ 
gauss~ revealed no oscillations in fields up to 25 kilo- 
gauss and at temperatures down to 1.3°K. The evidence 
strongly suggests then that for both the ¢ axis and the 
magnetic field in a horizontal plane, the period is inde- 
pendent of the orientation of the a axes and is closely 
approximated by Eq. (7). 

The behavior noted in Figs. 2 and 3 is now clear if 
it is remembered that in general the amplitude of the 
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oscillating couple for a given de Haas-van Alphen term 
increases with increasing period as ¢ is varied, reaching 
a maximum amplitude at a period a bit less than the 
maximum period and then approaching zero as the 
period approaches its maximum value. Thus, for small 
@ the longer period oscillations predominate, but as ¢ 
nears 28.5° the amplitude suddenly decreases, vanishing 
completely at 28.5° so that in a small region around 
28.5° the short period oscillations in the couple are 
dominant. However, as ¢@ increases beyond 28.5° the 
longer period oscillations again regain supremacy. 
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Fic. 5. Polar plots of the 
period B/E in gauss versus 
the angle @ between the 
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magnetic field and the hex- 
agonal or c axis. The circles 
whose centers occur at 
= +28.5° are given by Eq. 
(7). (a) Cd 1 with an a axis 
vertical; (b) Cd 1 with ab 
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Fic. 6. Logio(a/T) at 24.39 kilogauss and ¢=40.7° versus T. 
Values of 8 are derived from the slopes of such plots. The open 
circle points were obtained by adjusting the solid circle points 
for the difference between the sinh in Eq. (1) and the exponential 
in Eq. (8). 


The values obtained for the steady anisotropy Ax 
= —1.00X10~7 emu per g at 300°K and Ax=—5.6 
10-7 emu per g at liquid helium temperatures are in 
good agreement with earlier determinations." 

Before proceeding to a discussion of the electronic 
parameters it should be mentioned that unsuccessful 
attempts were made to observe the de Haas-van Alphen 
effect in single crystals of Ta, Mo, and hexagonal Ti. 


CALCULATION OF ELECTRONIC PARAMETERS 


Values of 8 were derived from the experimental data 
by a method of successive approximation‘ based upon 
the fact that for Eo>kT>>BH/2x* the second summa- 
tion in Eq. (1) may be replaced by 


2r?kT 2rEy 
exp( os ) sin( - -*), (8) 
BH BH 4 


In this case 8 may be calculated from the slope of the 
straight line obtained by plotting log(a/7) versus T 
for fixed H and ¢, where a is the amplitude of the oscilla- 
tions in CH~*. This is illustrated by a typical plot in 
Fig. 6, where the solid circles represent such points and 
yield a first approximation to 8. This value of 6 was 
then used in reducing the value of a by a factor 
[1—exp(—42kT/8H)] (which is just the factor by 
which minus twice the sinh in the second summation 
of Eq. (1) differs from the exponential in Eq. (8) ], 
yielding the points indicated by the open circles in 
Fig. 6. A final value of 8 was then calculated from the 
slope of the line through these points. It should be 
mentioned at this point that the effect upon @ of the 
harmonics predicted by Eq. (1) (by virtue of the sum- 


2 L. Mackinnon, Proc. Phys. Soc. (London) B62, 170 (1949). 
18 Jules A. Marcus, Phys. Rev. 76, 621 (1949). 


mation over p) was shown by a simple calculation to be 
negligible even when the amplitude of the strongest 
harmonic was as great as 0.1 that of the fundamental. 
Once 8 had been determined, Ep was readily obtained 
from the period, B/E». Values of 8 and Ey derived in 
this way are listed in Table I along with the experi- 
mentally measured quantities B/E» and a. The latter 
apply to a field strength of 24 390 gauss and are in- 
cluded because of the possibility that future modifica- 
tions of the theory could invalidate the foregoing 
analysis. In any event, the most reliable values (to an 


TABLE I. Summary of data on cadmium.* 
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*@ is the angle in degrees between the c axis and the magnetic field; 
positive and negative values of @ are equivalent; 8/Eo is in gauss™!; @ is 
the amplitude of the oscillations of CH~* in dyne cm g™ gauss; @ is in 
ergs gauss™!; Eo is in ergs; x is in °K; T is in °K; dom. refers to the dominant 
oscillations; sub. refers to the subordinate oscillations; ~ designates 
approximate or less reliable values. 
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estimated +1 percent) for the electronic parameters at 
present are 


Ey=69.6X 10-4 erg=0.435 electron volt, (9) 
(10) 
(11) 


8=1.31X10~" erg gauss™' (at ¢= 28.5°), 
m’’ =().141m5 (at d= 28.5°). 


It should be remembered however that m’’ is just the 
average effective mass in a plane normal to the magnetic 
field rather than the effective mass in a single direction. 
The above value for Eo is greater by a factor of 3 than 
Shoenberg’s value‘ which was intended only as a rough 
preliminary estimate. 

As evidenced by Fig. 6 and by the small spread in 
values of Eo listed in Table I, the temperature de- 
pendence of a is described quite adequately by Eq. (1). 
It is also of interest to compare experiment with theory 
as regards the dependence of a@ upon magnetic field 
strength, but first a modification of the theory by 
Dingle (see reference 4) must be considered. According 
to this modification, broadening of the electronic 
energy levels resulting from the presence of impurities 
and strains has the effect of reducing the amplitude of 
each term in the summation over p in Eq. (1) by a 
factor 

exp(—2n*pkx/BH), 


where x has the dimension of temperature and is related 
to the collision time r by the expression 


x=h/(2m’kr). (12) 


It can be shown that if Eq. (8) is applicable 7+< is 
given by the product of —8/2m’k and the slope of the 
straight line obtained when log(a//!) is plotted against 
H~, One such plot appears in Fig. 7 where the open 
circles correspond to values of a which have been ad- 
justed for the difference between the exponential and 
the sinh (as in Fig. 6) while the dark circles correspond 
to unadjusted values. The values obtained in this way 
for x (which incidentally proved to be quite insensitive 
to the above correction) are listed in Table I. Although 
the agreement between experiment and theory appears 
satisfactory in that straight lines were obtained on all 
such plots as Fig. 7, it should be mentioned that straight 
lines could also be obtained when the power of H in 
the ordinate was varied by as much as 1. Since the 
range of fields which could be investigated conveni- 
ently was limited to 6 or 7 kilogauss, it was not possible 
to test this aspect of the theory more conclusively. 
Furthermore, inasmuch as attempts to express m’, m’”, 
and Am in terms of the components of an effective mass 
tensor were unsuccessful, no comparison was possible 
between the observed absolute amplitude of the oscilla- 
tions and that predicted by the theory. It is doubtful 
that such a comparison would be very satisfactory in 
any event, for the amplitude was not a very repro- 
ducible feature from run to run under supposedly 
identical experimental conditions. This is typical of 
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Fic. 7. Logio(aH!) for ¢=40.7° versus H~. Values of the am 
plitude damping parameter x, resulting from collision broadening 
of the energy levels, are derived from the slopes of such plots. 
The open circle points were obtained by adjusting the solid circle 
points for the difference between the sinh in Eq. (1) and the ex- 
ponential in Eq. (8). 


crystals exhibiting short period susceptibility oscilla- 
tions*® and may be due to a variety of causes such as 
inexact positioning of the crystal in the slightly in- 
homogeneous field and also strains introduced by 
successive coolings and warmings. 


DISCUSSION 


The most significant feature of the de Haas-van 
Alphen effect in cadmium is its unusual orientation de- 
pendence which is described to a first approximation 
by Eq. (7) when the couple is measured at right angles 
to the plane containing the hexagonal axis and the 
magnetic field. It is probable (although at present very 
difficult to confirm experimentally) that an equation 
of the form 


(B/Eo)4?= (1.88X 10-7)? cos?(@+ 28.5°) 
+ P* sin?(@+28.5°), (13) 


where 0<P&1.88X10~7 gauss“! would be a better 
representation, since it is unlikely that the period 
would ever go to zero. In any event, attempts to in- 
terpret this orientation dependence in terms of constant 
energy surfaces described by existing theories were 
unsuccessful for reasons which will now be discussed. 
If the constant energy surface for a given de Haas- 
van Alphen term is not a sphere, the period of the sus- 
ceptibility oscillations will be a function of the orienta- 
tion of the crystal with respect to the magnetic field, 
and a maximum period will be attained for certain 
directions of the field. For surfaces described by exist- 
ing theories (again excluding the sphere) the oscilla- 
tions of maximum period may occur according to one 
of two schemes, depending upon what surface is under 
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consideration. In the first scheme the susceptibility 
oscillations of maximum period may occur in one direc- 
tion only, while in the second scheme they may occur 
in all directions in a plane. However, in cadmium the 
maximum period susceptibility oscillations fit neither 
of these schemes, for they apparently occur in all direc- 
tions making an angle of 28.5° with the hexagonal axis, 
i.e., in directions generating a cone. One might attempt 
to account for the observed twelvefold symmetry in 
period by the introduction of twelve ellipsoidal con- 
stant energy surfaces, but this would require the exist- 
ence of strong additional beats in the oscillations in 
contradiction to experiment. In all other known cases* 
the direction of maximum period for a given de Haas- 
van Alphen term corresponds to a single prominent crys- 
tallographic direction, which may in turn suggest where 
overlap of the Brillouin zone takes place. For example, 
in zinc“ the susceptibility oscillations of maximum 
period occur along a single direction only, the hexagonal 
axis. It is interesting to note, however, that the angle ¢ 
= 28.5° at which the period exhibits its maximum value 
in cadmium is very nearly equal to cot~(c/a) (where 
c/a is the axial ratio for cadmium), which has the 
value 27.9° at room temperature and a slightly greater 
value at liquid helium temperatures. In spite of this 
coincidence in angles the juxtaposition of the constant 
energy surface for the pertinent electrons with respect 
to the Brillouin zone boundaries is not at all clear. 
Nevertheless the comparison between cadmium and 
zinc is of further interest, for they are both divalent 
(each with two s electrons in its outer shell), they form 
hexagonal crystals, and their c/a ratios differ by less 
than 2 percent. However, their lattice constants differ 
by roughly 10 percent and not only do the orientation 
dependences of the susceptibilities differ as discussed 
above, but the maximum period in zinc is greater than 
that in cadmium by a factor of roughly 350. One might 
conclude on these bases that the electronic structures 
of these crystals differ quite radically from each other. 
Thus, in the light of recent investigations'*-" which 


4S. G. Sydoriak and J. E. Robinson, Phys. Rev. 75, 118 (1949), 
See also references 4 and 12. 

16 P, B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 

16 Ted G. Berlincourt, Phys. Rev. 91, 1277 (1953). 

Ted G. Berlincourt and John K. Logan, Phys. Rev. 93, 348 


(1954). 
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have revealed an intimate relation between the de 
Haas-van Alphen effect and magnetoresistance for 
certain specific crystallographic orientations (in bis- 
muth, graphite, and zinc) one might expect the orienta- 
tion dependences and magnitudes of the magneto- 
resistance to differ quite markedly in cadmium and 
zinc. On the contrary, low-temperature magneto- 
resistance measurements performed by Lazarev, Na- 
chimovich, and Parfenova'* on single crystals of cad- 
mium and zinc in transverse fields show remarkably 
similar features both as regards orientation dependence 
and magnitude. A possible explanation is that for cer- 
tain orientations (i.e., those for which the correlation 
between susceptibility and magnetoresistance is ob- 
served) the electronic structure, as described by the 
chemical potential and effective masses, is the important 
factor in determining the magnetoresistance while in 
general the geometry of the lattice alone is most im- 
portant. A second possible explanation is that still 
other de Haas-van Alphen terms, observable only at 
higher magnetic fields and lower temperatures and 
characterized by comparable electronic parameters, 
exist in cadmium and zinc. 

In any event, the failure of attempts to account for 
the orientation dependence of the de Haas-van Alphen 
effect in cadmium suggests that (1) a more general 
application of the free electron theory is needed to 
provide for a greater variety of constant energy sur- 
faces, or (2) possibly the relation between the sus- 
ceptibility oscillations and specific features of the 
Fermi surface may be more subtle than has heretofore 
been hoped. 
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It is shown that the data on the energy and temperature dependence of the secondary yield of magnesium- 
oxide single crystals, recently published by Johnson and McKay, can be understood on the basis of a simple 
model. In fact, quantitative agreement is obtained for the temperature coefficient of the yield. The im- 
portance of measurements far away from either side of the maximum of the yield curve is stressed. 


1. INTRODUCTION 


NUMBER of accurate measurements on the sec- 

ondary emission coefficient of magnesium-oxide 
single crystals has recently been published by Johnson 
and McKay’ in his journal. Their measurements of the 
secondary yield 6 extend over a primary range up to 
5 kev and over a temperature range between room tem- 
perature and 740°C. In view of the fact that the yield 
curves have been measured far beyond the maximum, 
it seems of interest to attempt to explain these obser- 
vations on the basis of a simple model and, as we shall 
see below, this is indeed possible. The reasons why in 
secondary emission the regions far away on either side 
from the maximum are of particular interest in setting 
up suitable models for the secondary emission process 
will be made clear below. 

The fact that the specimens used by Johnson and 
McKay showed variations in dmax between about 5.5 
and 7.1 is probably of no consequence for the considera- 
tions given in the present paper. Johnson and McKay 
ascribe these variations to possible changes in the 
physical structure or in the work function resulting 
from the treatment after cleavage. Another possible 
factor may be sought in variations in the concentration 
of excess oxygen in the crystals. Whatever be the cause, 
experience in this laboratory indicates that vacuum 
heating of MgO to a temperature of 740°C over periods 
required for the 5 measurements does not alter its 
physical properties. It thus seems safe to assume that 
the values of 6 given by Johnson and McKay for a 
given crystal actually pertain to a crystal with a fixed 
set of physical properties. From the measured points 
published in Fig. 5 of the paper referred to above, the 
following table may be set up for one of their samples in 
the high primary energy region: 

E,o represents the energy of the bombarding pri- 
maries. We note that for the sample under consideration 
the maximum yield at room temperature is 7.0, occur- 
ring for E,o™1100 ev; at 740°C the maximum yield 
of 6.2 is obtained for E,¢~~900 ev. From the table the 
following conclusions may be drawn: 


(a) For primary energies 22 kev the ratio 5740/5420 is 
t Work supported by the U. S. oe Signal Corps. 


! J. B. Johnson and K. G. McKay, Phys. Rev. 91, 582 (1953). 
2K. C. Nomura, Phys. Rev. 89, 894 (1953). 
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we exclude the perhaps doubtful value at £,o= 3.0 kev. 
(b) For primary energies 2 3 kev the secondary yield 
varies approximately inversely proportional to Epo. 


Moreover, their measurements show that for primary 
energies below 500 ev the temperature effect is neg- 
ligible, whereas the value of Ey at which the yield is a 
maximum shifts to lower values at higher temperatures. 
For a qualitative explanation of the temperature effect 
we refer to the paper of Johnson and McKay. 


2. THE LOW PRIMARY ENERGY REGION 


Before discussing the conclusions drawn from the 
table a few remarks about the low primary energy region 
may be in order. Denoting the number of secondary 
electrons produced by a primary at a depth between x 
and x+dx beiow the surface by n(x)dx and the proba- 
bility of escape by f(x), the secondary yield may be 
written as 


if n(x) f(x)dx. (1) 


If the penetration depth x, of the primaries is very 
small compared with the range x, of the secondaries, 
the function f(x) is approximately a constant and (1) 


reduces to 


bn f(0), x»Kx, (2) 


where » is the total number of secondaries produced per 
incident primary electron. Now, for primary energies 
larger than several times the energy required to produce 
a secondary, it seems reasonable to assume that the 


TABLE I. Values of the secondary emission coefficient of MgO 
as function of the primary energy Eyo at room temperature and 
at 740°C. The data are taken from Fig. 5 in the paper by Johnson 
and McKay and only refer to the region beyond the maximum of 
the yield curve. 


520°C 


2.74 
2.86 
3.64 
3.69 
4.69 
4.92 
5.55 
6.15 


§740°C 


2.18 
2.18 
2.74 
2.89 
3.19 
3.81 
4.61 
§.15 


Eno (kev) 6740/4520 (E 904)20°C (kev) 
0.79 13.7 
0.76 12.9 
0.75 14.6 
0.78 13.0 
0.68 14.1 
0.77 12.4 
0.83 11.1 
0.84 
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total number of secondaries produced is proportional to 
E,. For such primary energies then (as long as x,zx,), 
the yield should according to (2) be proportional to Ey. 
For MgO this seems to be approximately the case up 
to E0400 ev, according to the results of Johnson and 
McKay. The importance of yield measurements in the 
low primary energy region is primarily that they may 
be used to study possible changes in the electron 
affinity of a crystal, because the latter determines in 
part the escape probability. For example, at present it 
is not known whether a stoichiometric excess of oxygen 
in the MgO crystals as a whole is correlated with a 
change in electron affinity. 

A tentative indication about the electron affinity of 
MgO may be inferred from the first crossover point 
(6=1) which for the sample under consideration occurs 
at a primary energy of 32.8 ev. Primaries of this energy 
may be expected to produce about two secondaries, 
indicating that /(0)~~0.5. Now, the probability of 
escape of an electron at the surface with an energy e in 
the conduction band is 0.5[1—(X/e)*], where X is the 
electren affinity. Although this formula cannot be 
applied immediately to the case under consideration, 
the implication seems to be that Xe, i.e., X is prob- 
ably only a fraction of an ev. 


3. THE HIGH PRIMARY ENERGY RANGE 


Beyond the maximum in the yield curve, the range of 
the secondaries x, is smaller than the penetration depth 
of the primaries. It will be assumed that, at any rate 
over the secondary range, the primaries move essen- 
tially along straight lines. Also, it will be assumed that 
the number of secondaries produced per unit depth is 
proportional to the energy loss per unit length of the 
primaries, As is well known, the primaries lose energy 
in accordance with the equation® 


dE, — 
—-——=const— log—., (2) 
dx E> € 


where ¢ represents an excitation energy. Over a limited 
range of E, this expression may be approximated fairly 
well by Whiddington’s law: 


E,(x) = (Epo?—2Ax)!. (3) 


oe 


’ 
“Pp 


For the yield at large values of Eyo one is in fact only 
interested in the production of secondaries over a depth 
range over which the primaries have lost only a fraction 
of their total energy, because the function f(x) decreases 
rapidly beyond a certain value. From (3) it follows 


that 
1dE,(x) sA\' 1 
€ dx 2 €.(Xp—x)! 


*See A. J. Dekker and A. van der Ziel, Phys. Rev. 86, 755 
(1952). 


DEKKER 






































Fic. 1. The function (x,—x)~+ versus x/x, which determines 
the production of secondaries as function of depth for a Whid- 
dington law. 


where ¢, is the average energy required to produce a 
secondary and x,= E,9?/2A. Thus, as long as the range 
of the secondaries is small compared with x,, the pro- 
duction of secondaries is practically constant over this 
range and equal to 

n(x)~~A/(€E po), (5) 


as may be seen from Fig. 1. For a primary energy of 
3 kev, for example, x,/x,~0.1 in MgO; and for 5 kev, 
x,/x 0.04. From (1) and (5) we thus obtain for the 
yield at high primary energies, 


A tp - 
5=——-f, with j= f jade f f(x)dx. (6) 


- 
1 


€.E po 


The integral f is determined by the crystal under con- 
sideration and depends on its temperature, electron 
affinity, density of electron traps, etc. However, if these 
quantities are fixed, the product E05 should be constant 
according to (6), in agreement with the findings of 
Johnson and McKay. It also shows the importance of 
yield measurements for primary energies far beyond 
the maximum, because such measurements provide 
direct information about the integrated probability of 
escape. One example is the influence of temperature on 
the secondary yield for high primary energies, discussed 
below. In a similar fashion, the influence of electron 
traps may be studied and models for the escape mecha- 
nism may be checked. Unfortunately, most yield 
measurements have been carried out too close to the 
maximum yield to allow a quantitative interpretation 
because in such cases one is not permitted to employ 
the simplifying assumption made here. 


4. THE TEMPERATURE DEPENDENCE OF THE YIELD 
AT HIGH PRIMARY ENERGIES 


As a first step it seems reasonable to attempt an 
explanation of the temperature effect on the basis of 
electron-lattice scattering alone, neglecting possible 











SECONDARY EMISSION OF MgO 


trapping, etc. It seems that indeed this provides al- 
ready a quantitative interpretation of the results ob- 
tained by Johnson and McKay, as shown below. From 
the theory of electron-lattice scattering (see appendix) 
in ionic crystals it follows that per collision a secondary 
loses on the average an amount of energy 


— (de/dx)\=hv/(2n,+1)=a(T), (7) 


where \ represents the mean free path and » the fre- 
quency of the longitudinal optical vibrational modes. 
The quantum numbers n, are given by 


n,=1/[e”/*T—1 ], (8) 


From the optical data‘on MgO one finds that hy™~1300k, 
where & is Boltzmann’s constant. It should be noted 
that a(7) in (7) is a function of temperature alone and 
independent of the energy of the electron. If for sim- 
plicity it is assumed that all secondaries are produced 
with the same energy ¢€o, it follows from (7) that the 
energy of a secondary after .V collisions is equal to 


e(N) =eo—Na(T). (9) 


Moreover, the mean free path of the secondaries may 
be written as 


A=)oe/(2n,+1), (10) 


where for the energy range of interest Ao is approxi- 
mately constant as indicated in Fig. 2. According to 
the last two equations, the mean free path as function 
of the number of collisions suffered by the secondary 
after its birth is 


A= [Xo/ (2n,+ 1 ait €9— Na) ° 


For the escape mechanism the following, admittedly 
simplified, model will be adopted: on their way to the 
surface the secondaries carry out a one-dimensionai 
random walk perpendicular to the surface, with steps 
decreasing in accordance with (11). Furthermore, it 
will be assumed that secondaries that have lost an 
energy €o do not take part in the secondary emission 
process any longer. In other words, the life of the 
secondaries is limited to a maximum number of colli- 
sions V,, given by 


(11) 


Nna= €o'. (12) 

Two remarks may be injected at this point. From (7) 
it follows that the energy lost per collision at room 
temperature and 740°C is respectively 


a(298°K)=0.108 ev, a(1013°K) =0.063 ev. 


In other words, the energy loss is smaller at the higher 
temperature. This by itself would lead to an increase 


‘See H. Frohlich, Theory of Dielectrics (Oxford University 
Press, Oxford, 1949), pp. 155 and 158. [The maximum optical 
absorption (transverse waves) has been observed at 17.3 10A. 
For longitudinal waves the frequency is larger by a factor 
(K/Ko)* where K and Ko are, respectively, the static and high- 
frequency dielectric constant. For MgO these constant are K~10 
and Ko 3, leading to hy™1300k. ] 


1181 


in yield with increasing temperature and the observed 
decrease must thus result from a decrease in \ which 
swamps this effect. In this connection it is interesting 
to consider the requirement (12) for the hypothetical 
case that the secondaries move in straight lines towards 
the surface, rather than in a random walk fashion. 
Under these circumstances the secondary range would 
be equal to Vn(A)w, where (A)» represents the average 
mean free path during the life of the electron measured 
in numbers of collisions. It follows immediately from 
(7), (11), and (12) that V.(A)w is independent of tem- 
perature. One thus concludes that the observed tem- 
perature effect is essentially determined by the zig-zag 
nature of the paths of the secondaries. 

Continuing now with the random walk model, one 
can readily show that the mean square displacement 
corresponding to .V steps, the length of which decreases 
with a fixed amount for each collision in accordance 
with (11), is given by 


(x7) y= (13) 


NO) nw 


where the average of ” is taken over V collisions. If 
N=N,, the corresponding quantity (x*), will be con- 
sidered as the square of the secondary range x, in the 
model adopted here. According to (11) and (13) the 
range of the secondaries for a given temperature is 
then equal to 


(14) 


Ao” j 
“= [.V. e (ee? a(N)n— ego ee | , 
(2n,+1)? 


where the average value of V is V,,/2 and where for 


N,,>1 one may write 


Nm N*dN 1 
0 Ngo 1g 


(15) 


By employing (7) and (12), expression (14) may then 
be written as 


x, = const (2n,+1)~4. (16) 





I E, in ev 
ee oe oe 
' 2 3 4 5 6 


Fic. 2. The mean free path d as function of energy in m _—— 
oxide as calculated from (26a) and (26b) for T= 300°, 7 =600°, 
and T=900° absolute. 
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Hence, as T increases, n, increases and the range of the 
secondaries decreases. Now, for high primary energies 
the number of secondaries produced at a depth x is 
given by (5) so that the yield is proportional to 


(A / Epo) %s. (1 7) 


For a given value of EZ, the ratio of the yields at two 
temperatures 7, and T>, will thus be given by 


5:/i.= ((2nye+1)/(2mn+1) }. (18) 


The fact that 5,/5, is independent of the primary energy 
far enough beyond the maximum in the yield curve is 
in agreement with the observations of Johnson and 
McKay. Also, for the ratio corresponding to 7;= 1013°K 
and 7,=298°K (18) yields 5,/52=0.76, in good agree- 
ment with the experiments. It may be noted that (18) 
is also in agreement with the observations of Johnson 
and McKay in so far as 6 is approximately a linear 
function of T over the range between room temperature 
and 740°C. 

One may raise objections to the one-dimensional 
model employed here. In view of the fact that only the 
ratio of the ranges of the secondaries at the two tem- 
peratures is involved, it would seem, however, that a 
three-dimensional treatment would lead to the same 
result because both (11) and (12) retain the same form 
so that the temperature dependence of (A*) is the same 
as in the case treated above. The simple model em- 
ployed here thus gives a quantitative interpretation of 
the observations. 

APPENDIX 


A summary of the theory of interaction between 
slow electrons and lattice vibrations in ionic crystals, 
initiated by Frohlich,’ may be found in a paper by 
Seitz.* Let Ze be the charge per ion, M the effective 
mass per ion pair, @ the shortest interionic distance, 
n the number of ion pairs per unit volume, v the fre- 
quency of the optical vibrations, g the wave vector of a 

5H. Frohlich, Proc. Roy. Soc. (London) 160, 230 (1937); 172, 


94 (1939). 
* F, Seitz, Phys. Rev. 76, 1376 (1949). 
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particular vibrational mode, and E the energy of the 
electron. The mean free path between collisions may 
then be shown to be given by 





1 «amZ*et —-{* 


si —, (19) 
A 2nMathvy E q 

The lower limit of the integration over q is equal to 
2xmv/hk, where k is the wave vector of the electron. 
The maximum wave vector of the phonons is about 
equal to x/a and this value may be employed as the 
upper limit as long as 2k2>/a. If, however, 2k<-2/a, 
the upper limit must be taken as 2k. For MgO the mean 
free path has been plotted in Fig. 2 as function of the 
energy of the electron for three different temperatures, 
assuming (19) to be valid. This shows that A is approxi- 
mately a linear function of £ over the energy range of 
interest and thus justifies Eq. (10). It must be admitted, 
however, that because the mean free path turns out to 
be small, it is doubtful whether the perturbation 
method employed by Frohlich is valid.’ On the other 
hand, the treatment by Seeger and Teller* leads to a 
similar energy dependence of \ and it would seem there- 
fore that (10) is formally correct. 

Although the loss of energy by an electron per unit 
time is an essential quantity in calculating mobilities, 
the energy loss per unit path length is essential in the 
escape mechanism. One can show on the basis of the 
ideas developed by Frohlich that 


dx 2nMa* E 


—, (20) 


dE xmZ*e' 1 {2 
q 


Equation (7) then follows immediately from (19) 
and (20). 

The author wishes to acknowledge the interest of 
Drs. W. G. Shepherd and A. van der Ziel in this 
problem. 

7 See F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 534. 

( ®R. Seeger and E. Teller, Phys. Rev. 54, 515 (1938); 56, 352 
1939). 
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Alpha-Particle Ionization Yields in a Gridded Chamber* 


Lioyp O. Herwict anp GLENN H. MILLER 
Institute for Atomic Research and Department of Physics, lowa State College, Ames, lowa 
(Received Februrary 8, 1954) 


The energy per ion pair for natural uranium alpha particles has been measured for several gases in a 
gridded parallel-plate ion chamber. Electron collection was used. The gases employed were He, Ne, A, Kr, No, 
A+3 percent COs, and A+5 percent N:. On a relative basis, the results are in good agreement with those 
obtained by Jesse and Sadauskis using heavy ion collection. The absolute values herein reported are about 


6 percent higher than those resulting from slow chamber measurements. 





N recent years, the average energy per ion pair for 

alpha particles in various gases has been measured 
by a number of investigators.'~* All of these measure- 
ments, except for the last, were made in ionization 
chambers utilizing heavy ion collection. The measure- 
ments herein presented were accomplished by means 
of electron collection, and so it is interesting to compare 
them with the results of other investigators. 

The ionization chamber employed a grid which was 
located 8 cm from the source electrode and 1.25 cm 
from the collector. The grid consisted of parallel wires 
0.008 cm in diameter, spaced 0.2 cm apart. The alpha 
source was of natural uranium and was about 50 
microgram-cm~ thick. It was collimated so that the 
angle of emission measured from the normal to the 
source did not exceed 77 degrees. The amplifier had 
equal rise and clipping times of 30 microseconds. The 
rise time of pulses coming from the chamber did not 
exceed 15 microseconds. Dots representing the peak of 
each pulse were displayed on a cathode ray tube and 
photographed. The film was analyzed using a photo- 


scanning device developed in the Ames Laboratory.’ 
The inert gases were purified continuously by passage 
through chips of a Ca-Mg alloy at a temperature of 
470°C. Unpurified tank gases, passed through a cold 
trap, were used in mixtures. 

The results are shown in Table I, along with those of 
other investigators. The probable error was +2 percent 
for our values. The number to the right of the absolute 
energy per ion pair in each case is the energy per ion pair 
relative to that of nitrogen. Nitrogen was chosen 
because the agreement between investigators appears 
to be best for this gas. It is to be noted that the present 
results agree well with those of Jesse and Sadauskis on 
a relative basis, but appear to be high in absolute value. 
This seems to be consistent with the findings of 
Bertolini, Bettoni, and Bisi, who also used electron 
collection in a gridded chamber. It appears from this 
that there may be some process, as yet unidentified, 
which affects one type of measurement and not the 
other. 


Taste I. Energy per ion pair for alpha particles in various gases. The numbers in 


parentheses are the energies per ion pair relative to that of nitrogen. 


\Investi- Jesse and 
\\gator 


Our value 
Gas\, ev 


Bortner and 
Sadauskis Hurst 
ev ev 


Bertolini 
eal, 


Haeberli Valentine 
et al, and Curran 
ev ev ev 





26.4(0.721) 
42.7(1.167) 
24.1 (0.659) 
36.8(1.006) 
36.6(1.000) 


27.7(0.714) 
44.2(1.139) 
25.7 (0.662) 
38.6(0.995) 
38.8(1.000) 
27.4(0.706) 


28.5(0.735) 


Argon 
Helium 


Nitrogen 
Argon 

+3% CO: 
Argon 

+5% Nz 


26.4(0.727) 
46.0(1.267) 


36.3(1.000) 


26.25(0.723) 25.9(0.720) 28.9(0.763) 
30.86(0.850) 31.7(0.881) 


36.3(1.000) 36.0(1.000) 37.9(1.000) 








* Contribution No. 291 from the Institute for Atomic Research and Department of Physics, Iowa State College, 
Work was performed in the Ames Laboratory of the Atomic Energy Commission. 

t Present Address: Atomic Power Division, Westinghouse Laboratories, Pittsburgh, Pennsylvania. 

! T. E. Bortner and G. S. Hurst, Phys. Rev. 90, 160 (1953). 

2 W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 


, Proc. Phys. Soc. (London) A65, 859 (1952). 


3 J. Shar 
alentine and S. C. Curran, Phil. Mag. 43, 964 (1952). 


‘J. M. 


Ames, Iowa. 


5 Haeberli, Huber, and Baldinger, Helv. Phys. Acta 25, 467 (1952). 


6 Bertolini, Bettoni, and Bisi, Nuovo cimento (9) 9, 1004 (1952). 


7 Hunt, Rhinehart, Weber, and Zaffarano, Rev. Sci. Instr. (to be published). 
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Hyperfine Structure in the Spectrum of N“H;.} I. Experimental Results 
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AND 


W. E. 


Goop anno D. K. Coes, Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 


(Received December 28, 1953) 


The structure of the hyperfine spectrum of NH; in the microwave region has been carefully re-examined. 
It has been found that the N“ quadrupole line spacings for K #1 can be fitted within experimental error 
to previously developed theory, provided a small change in the quadrupole coupling constant egQ due to 
centrifugal distortion of the molecule is allowed for. For K =1; and J =2,3,4, a doubling of each line of the 
quadrupole pattern has been found which increases from about 70 to 150 kc/sec with increasing J. It has 
been possible to explain these new features of the spectrum in terms of the interactions of the magnetic 
moments of the protons with the molecular magnetic field caused by rotation and with the magnetic moment 


of the N“ nucleus. 


I, INTRODUCTION 


‘INCE the first measurements by Cleeton and 
Williams' on the inversion spectrum of the sym- 
metric top molecule NH; in the radio-frequency range, 
a great number of increasingly detailed investigations 
of this spectrum have been made.’ A hyperfine spec- 
trum arising from the interaction of the nitrogen quad- 
rupole moment Qy with the gradient of the molecular 
electric field g at that nucleus was found and explained. 
Later a more extended and careful set of measurements’ 
showed that a simple quadrupolar interaction would 
not completely fit the data. The addition of a term 
cl- J to the molecular Hamiltonian by Henderson‘ (/x 
is the nitrogen spin, J the total angular momentum of 
the molecule exclusive of nuclear spin) accounted for 
discrepancies within their experimental accuracy. How- 
ever, experimental errors were on the average about 25 
percent of the Iy-J corrections applied to the quadru- 
pole line spacings. Further, a doubling of the main 
absorption lines for J=3,4 and K=1 (K is the pro- 
jection of J on the molecular symmetry axis) had been 
observed® and were still completely unexplained. 

A careful re-examination of the hyperfine NH; spec- 
trum shows that the quadrupole line spacings for K #1 

t Work at Columbia University supported by the U. S. Atomic 
Energy Commission. 

*U. S. Atomic Energy Commission Predoctoral Fellow. Now 
at the Watson Laboratory, Columbia University. This work is 
submitted in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy at Columbia University. 

t Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 

1C, E. Cleeton and N. H. Williams, Phys. Rev. 45, 234 (1934). 

2 We refer the reader to C. H. Townes and P. Kisliuk—Mo- 
lecular Microwave Tables, National Bureau of Standards Circular 
518, June 23, 1952 (unpublished), in which will be found a sum- 
mary of the experimental and theoretical work on this molecule 
together with a survey of the literature and a tabulation of micro 
wave transition frequencies. 

3 J. W. Simmons and W. Gordy, Phys. Rev. 73, 713 (1948). 

*R. S. Henderson, Phys. Rev. 74, 107 (1948); Erratum: Phys. 
Rev. 74, 626 (1948); also see J. M. Jauch, Phys. Rev. 74, 1262 
(1948). . ; 

5 W. E. Good reported this finding to the Ohio State Symposium 
on Molecular Structure and Spectroscopy in 1947 (unpublished). 


can be fitted to within our experimental error of +3 
kc/sec provided that, in addition to Henderson’s Iy- J 
term, a change in the quadrupole coupling constant 
egQ, due to centrifugal distortion of the molecule is 
allowed for. For K=1, the above mentioned doubling 
was found in both the main lines and their satellites 
for J=2, 3,4. This doubling differs for each line of the 
quadrupole pattern and increases with J, representative 
values being from 70 to 150 kc/sec. It has been possible 
to explain these new features of the spectrum in terms 
of the interaction of the magnetic moments of the 
three protons with the molecular magnetic field caused 
by rotation and with the magnetic moment of the N™ 
nucleus. We shall present the details of the theory in 
the following article, which we shall refer to as paper 
IT, and make use of the results therein without further 
justification here. 


Il. HYPERFINE STRUCTURE IN NH; WHEN K#1 
Experimentai Results 


Energy due to hyperfine interactions between the 
nitrogen and the remainder of the NH; molecule is 
given to a good approximation by 


3K? 
iad dA bininen one 
Oe eas 


3Iy- J+31y-J—JyUnt+1)J(J+1) 
27 y (2I~—1)(2J —1)(2J+3) 


(b—a)K? 
+o ios (1) 

J(J+1) 
The first term of (1) is due to the interaction between 
the nuclear quadrupole moment Q), and the gradient of 
the electric field g=0?V//d2* at the nucleus due to other 
molecular charges. The second terms represent the 
interaction between the magnetic moment of the nitro- 


* J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 
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gen nucleus and magnetic fields produced by molecular 
rotation. Magnetic interactions associated with the 
hydrogen nuclei can be neglected to a good approxima- 
tion, as will be shown in the following. 

The transition AF=0,+1 which are allowed give 
from (1) three strong lines of identical frequency and 
two weaker satellites on either side of these. 

The experimental data for K#1 listed in Table I 
were initially fitted by the method of least squares to 
the satellite intervals predicted from Eq. (1). The de- 
viations found between experimental satellite separa- 
tions and the calculated separations showed a decreasing 
trend with increasing J and K. The square root of the 
average square deviation, 5, of the inner satellite to 
main line separation is 3.3 kc/sec and this quantity is 
5 kc/sec for the outer satellite to main line separations. 
The experimental error was estimated to be +3 kc/sec 
for K¥1 (see Sec. III). 

An investigation of the theoretically predicted proton 
effects (see below) revealed that these systematic devia- 
tions could not be attributed to them. Previous molecu- 
lar beam investigations of Iy-J interactions’? have 
indicated a possible dependence of the coefficient, c, 
on J. Calculation of the corrections needed to a pure 
quadrupole hyperfine line pattern in order to secure 
agreement with the experimental data clearly shown 
that the [y-J coefficient would have to increase with 
J for the outer satellites and decrease with J for the 
inner ones. The dependence of this coefficient on J 
could be caused by a rotational perturbation of the 
molecular electronic wave functions but such a per- 
turbation should be independent of the orientation of 
the nitrogen spin relative to J. 

Centrifugal distortion of the molecule may be ex- 
pected to cause the gradient of the electric field g at 
the nitrogen to be a function of J and K. This effect 
depends on the molecular rotational energy and we may 
therefore write 


q= Qdotd,J (J+ 1 )+d2K?}]. 


The values of do, d, dz which minimize 6= 4 (> ;21"52/n)!, 
where 6; is the deviation of the experimental separation 
from the calculated one, are dy>=1—4X10-, d;=10~, 
d,=10~. These values reduce 6 to 1.7 kc/sec for the 
inner satellites and 2.8 kc/sec for the outer ones. The 
coupling constants are then: 


egQ = —4084.2(14-10-* (J +1)+ 10K?) +0.3 ke/sec, 
a=6.1+0.2 kc/sec 
6=6.5+0.2 kc/sec. 


Calculated separations of the satellites from the main 
lines using the values above, are given in Table I. The 
errors listed are believed to be random. 

On the basis of the above fit of theory and experi- 
ment, one can say that the Iy- J coefficient is constant 


7J. C. Swartz and J. W. Trischka, Phys. Rev. 88, 1085 (1952). 
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Taste I. Comparison of experiment and theory not including 
effects due to proton magnetic moments. Intervals are given in 
kc/sec relative to the inversion transition frequency without 
hyperfine structure. Theoretical positions were calculated with 
the aid of (1) assuming 


eqQ = — 4084.2[1+10°Y (J +1)+10°*K?]+0.3 ke/sec, 
a=6.1+0.2 kc/sec, e- rapt: 4+0.2 kc/sec. 


Outer satellites 
Calcu 
lated 


Inner satellites 


Calcu 
lated 


Devia 
tion 

~0, 6 
—3.5 
+3.4 
+1.6 
+9.7 
+0.5 
—3.0 
+4.0 


Devia 
tion 


Experi 
mental 


Experi 

JK mental 
1010 1009.4 
2060 2056.5 
1358 1361.4 
2319 2320.6 
1456 1465.7 
2597 2597.5 
1362 1359.0 
1585 1589.0 


21° 675 675.0 
22 1294 1294.7 
31* 1045 1046.5 
33 1682 1679.3 
41* 1216 1214.3 
55 2093 2092.6 
65 1084 1085.6 
76 1297 1298.9 


+0.0 
+0.7 
+1.5 
—2.7 
—1.7 
—0.4 
+1.6 
+19 


© Adjusted for proton effects (See IV B) and added for comparison. 


within 5 percent from J=2 to /=7. This is in contrast 
to the results of some molecular beam experiments? in 
which, for the same range of rotation energies,’ changes 
of the coefficient by a factor of as much as 2 have been 
reported. 

It should be noted that the quadrupole coupling 
constant, egQ, contains a small percent of pseudo- 
quadrupole effect” in addition to the pure quadrupole 
coupling of the nitrogen since these two effects are in- 
distinguishable in their dependence on the quantum 
numbers (see NH;, paper II). 


Ill. APPARATUS AND EXPERIMENTAL DETAILS 
A. Apparatus 


Part of the above measurements were made with a 
high-resolution balanced bridge spectrometer designed 
and built by S. Geschwind. A detailed account ef the 
considerations involved in the construction of such an 
instrument will be found in Geschwind’s thesis.''! The 
measurements were completed with a modified version 
of Geschwind’s instrument incorporating low-frequency 
Stark modulation. The original instrument’s sensitivity 
had been limited to minimum detectable absorptions 
of the order of a,3X10~* because it was not possible 
to completely eliminate spurious signals arising from 
bridge unbalances caused by frequency dependent 
reflections. In addition the sensitivity was also reduced 
by other undesired signals originating in unsymmetric 
guide vibrations, minor unstabilities in the sensitive 
detecting circuits and in pick up on these circuits. 


8M. Danos and S. Geschwind, Phys. Rev. 91, 1159 (1953). 

* This change is reported between J=1 and J=25 for Li*F*. 
Since the moment of inertia of LiF is about nine times that of 
NH;, J=7 for NH; gee approximately the same rotational 
energy as J =25 for L 

H. M. Foley, Phys Rev. 72, 504 (1947). He has discussed 
this effect for diatomic molecules. 

"S. Geschwind, thesis, Columbia University, 1951 (unpub- 
ost See also S. Geschwind, Ann. N. Y. Acad. Sci. 55, 751 

1952) 
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Fic. 1. Schematic diagram of high-resolution spectrometer. 


In order to circumvent these difficulties and yet 
maintain the advantages of the original system, the 
spectrometer was adapted to use Stark modulation at 
1 kc/sec as shown in Fig. 1. An appreciably higher 
Stark modulation frequency would have caused some 
broadening of very narrow lines.'* 

In spite of being very carefully constructed, the Stark 
septums in the arms of the new microwave bridge 
(Fig. 1) caused a very large increase in the amplitude 
of microwave reflections even at bridge balance and 
thus of the spurious signals associated with them. 
Though their fundamental frequency was equal to the 
repetition rate of the sawtooth sweep voltage (1 cps), 
these signals had Fourier components of sufficiently 
large amplitude at 1 kc/sec to make discrimination 
against them difficult. In addition, their amplitude at 
30 Mc/sec caused the high-gain first I.F. amplifier used 
in the detection system to saturate. The detection cir- 
cuits described by Geschwind" were modified, there- 
fore, by transferring a large fraction of the first LF. 
amplifier’s gain to a 1 kc/sec second I.F. amplifier. 
Because of the resulting low signal levels at the 1st 
lock-in-detector’s control grid, it was necessary to 
drive that grid with a cathode follower to minimize 
pick up from the gating reference signal. A set of 
stagger-tuned twin T narrow band amplifiers was in- 
serted after the first lock-in to discriminate against the 
undesired signals at a low signal level. 

Frequency was measured with marker pips generated 
in the usual manner"! except that these were obtained 
by multiplying up directly from the primary laboratory 
standard which was monitored directly against WWV. 
The pips obtained at ‘K band starting with a 50 kc/sec 
standard frequency from a quartz crystal oscillator were 
10 kc/sec wide." The triangular sweep made it possible 
to set pips on the lines with both directions of sweep, 
thus completely eliminating errors in frequency meas- 
urements due to delays or phase shifts in the circuits. 


#2 R, Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 
% We are indebted to Mr. R. Blume who designed and built 
the frequency standard used 
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The spectrometer described above can detect a 
minimum gas absorption, a,, of ag¥5X10~ for an 
effective band width of 10 cps, and has maintained the 
high resolution of the original instrument. At present it 
is impossible to use a recorder with the accompanying 
reduction in band width of the detecting system because 
the signal klystron, the source of microwave power, is 
not sufficiently stable in frequency. 


B. The Measurements 
For K¥1 


The data given in Table I were taken at room tem- 
perature with satellite lines 100 kc/sec wide at half- 
amplitude and with main lines, which was slightly 
power saturated, 150 kc/sec wide. The tabulated separa- 
tions are one-half the measured intervals between sym- 
metrically placed satellites. In each case the position 
of the main line was also measured as a check on the 
expected symmetry of the line pattern. A careful re- 
examination of the lines for /=2, K=2; J=3, K=3; 
J=5, K=5 at —78°C with satellite line widths of 80 
kc/sec revealed no additional features of the spectrum 
beyond those already discussed. The stated experi- 
mental error of +3 kc/sec represents the average devia- 
tions of several measurements. For a few values of J 
and K, measurements first made on the original spec- 
trometer and associated frequency measuring devices 
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Fic. 2. Hyperfine structure of NH; inversion spectrum for 
J=z2,K=1. @) Photograph of oscilloscope trace. (b) Calculated 
hyperfine spectrum and corresponding line shapes. Frequency in- 
creases from left to right. 
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Fic. 3. Hyperfine structure of N“H; inversion spectrum for J=3, K=1 and for J/=4, K=1. (a) Photographs of oscilloscope traces. 
(b) Calculated transitions. For J/=3, K=1 a line of half-widths 2Av= 80 kc/sec was used to calculate the pattern. Frequency increases 


from left to right with 60 kc/sec intervals indicated. 


were repeated to within 2 kc/sec on the rebuilt machine 
and frequency measuring system one year later. 


For K=1 


As described above the splittings encountered here 
ranged from 70 to 150 kc/sec and thus were of the 
order of magnitude of the line widths. For this reason 
every effort was made to obtain narrow lines even at a 
large sacrifice in their intensity. All the measurements 
were made at NH; pressures of less than 10-* mm, at 
power levels of the order of 10 uw/cm?, and at a tem- 
perature of —78°C. Under these conditions the mean 
free path of the gas molecules was several times the 
cross-sectional dimensions of the x-band Stark guide 
which was used. Line widths, to which intermolecular 
collisions contributed negligibly, were determined by 
wall collisions and Doppler effect. The maximum ab- 
sorptions, which at these pressures are proportional to 
the gas density, were down by a factor of about 50 
from those given? for lines broadened only by inter- 
molecular collisions. Theoretical line widths under these 
conditions are:* Doppler width at half-amplitude=60 
kc/sec=2Avp; wall collision width at half-amplitude 
= 30 kc/sec=2Av, and total line width 2Av=2((Avp)* 
+ (Av,,)*)!=67 kc/sec. 

Experimentally these line widths were difficult to 
attain. In order to completely avoid saturation of the 
lines, the power level had to be reduced to such a low 
value that the automatic frequency control system did 


not function very satisfactorily. This, plus the theo- 
retically expected decrease in sensitivity with a de- 
crease in power resulted in rather poor sensitivity under 
conditions of optimum resolution. The observed spectra 
reproduced in Figs. 2 and 3 were taken at gas pressures 
sufficiently high to reduce the above difficulties and 
hence not at maximum resolution. 

In Figs. 2 and 3 the theoretical patterns are drawn 
for various assumed line widths. At maximum resolu- 
tion, the separations between line peaks or points of 
maximum curvature were measured for J = 2, 3, 4 with 
special attention to the case J=2 from which most 
information could be hoped to be gained. These separa- 
ticns are listed in Table II. Measurements for J=3 
were made with a line pattern approximately as drawn 
in the theoretical plots. In the case J =4, it was possible 
to completely resolve line No. 7 of the pattern and a 
direct measurement of its width gave 


2Av=64+8 kc/sec. 


Choice of the theoretical plots which gave the best fit 
of the measurements in the case J =2 indicate a line 
width at maximum resolution of 


2Av=68+5 kc/sec. 


These measurements confirm the theoretical line widths 
given above which were calculated according to the 
theory of Danos and Geschwind.* 
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Taste If. Hyperfine spectrum of NH; for K=1. Lines are numbered by groups in order of increasing frequency. Measured inter- 
vals are all in kc/sec. Separations are given from a line undisplaced by hyperfine structure. Intensities are in percent of the total in- 


tensity of all the transitions. 


Transitions 
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wr wuss 
NNO 
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BOM win 
NSS sv 
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+3, 5/2 


> j 
’ 


3/2 
»1, 3/2 
*1,1/2 


Transitions 


Fi Fy} 


Relative 
intensity 


3.01 


2.35 


2.22 


3.34 


1.68 


Relative 
intensity 


Measured 
separation 


—~ 104743 
~ 968 4-3 


— 68943 


— 652+3 


64643 
708+3 


97843 


106543 


Measured 
separation 





2, 3/2 +3, 5/2 Bas a 142643 


5/ 
A R — 131243 


2, 5/23, 
2, 5/2—3, 


4, 7/23, 
4, 7/23, 


/ — 1098+3 


4, 9/293, 7/2 — 1004-43 


4, 7/2 +4, 7/2 
3, 5/2-93, 5/2 
2, 3/22, 3/2 
4, 9/24, 7/2 
3, 5/2-93, 7/2 
2, 3/2->2, 5/2 


* Theory shows that these transitions though not observed are not to be 


IV. A COMPARISON OF EXPERIMENT AND THEORY 
ALLOWING FOR EFFECTS DUE TO THE PROTON 
MAGNETIC MOMENTS 


Case K=1 


Inspection of Figs. 2 and 3 reveals that the spectrum 
for K=1 is quite different from that for other values 
of K. For low J, the splitting of the quadrupole lines 
into pairs is small. It is too small for our spectrometer 
to resolve when J=1 but becomes of the same order as 
the intersatellite spacings for J=4. A splitting of the 








associated with the stronger satellites. See Fig. 3. 








Transitions 
F,,F—-Fy,F’ 


Measured 
separation 


Relative 
J=3 Line intensity 


» + 
On 
inno 


SON svn 


. 


RoRR 
=) 


40+3 


wan ONTO 


NNNHON NH 
j 


wu 


at 
hn 
Ss 
~I 
N 


997 +3 


~ 
Nh 


be | 
NN 
+ + 
hn she 
ss 
oS 


1080+3 


vin 
mn 
NN 


Nn 
4 
ty bh 


129443 
B. 140643 


~ 

“=, 
nS 
4 
t 
nN 





Transitions 


Fi,F-F\',F’ 


Measured 
separation 


Relative 
intensity 
0.89 
0.026 





3, 7/24, 9/ 
3, 7/24, 7/ —1518+4 
— 137144 


— 126744 


3, 5/ 7/ 0.69 


5, 11/24, 9/2 
5, 9/24, 9/2 


0.89 
0.017 
0.73 —1152+4 
5, 11/2-5, 11/2 
9/24, 9/2 
7/243, 7/2 
9/2-5, 11/2 
7/2-4, 9/2 
5/243, 7/2 


We Un 


9/245, 9/2 
7/2—4, 7/2 
5/23, 5/2 
9/245, 4/2 
9/244, 7/2 
7/23, 5/2 


Paw un 


0.89 
0.017 


9/2-95, 11/2 1159+4 


9/25, 9/2" 


0.73 1285+4 


139344 


»5,9/2 


> 


(2-3, 7/ 0.89 
/2-+3, 7/2* 0.026 


> a ad 


0.69 153944 


10 


| = 


»3, 5/2 





same magnitude was found in the microwave lines of 
NH; as shown in Table IIIb. Since N'* has a spin of 
1/2 and hence no quadrupole moment, the spectrum of 
NH; is considerably simpler than that of N“H;. The 
similarity between observed splittings in N'H; and in 
N"H,; indicates clearly that they are not primarily due 
to the nitrogen nucleus. Since the protons interact with 
the rest of the molecule by virtue of their magnetic 
moments, one is led to consider (1) the interaction of 
the protons with the molecular fields due to rotation— 
an I-J type interaction, (2) their dipolar interactions 
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TABLE III. Splittings of the NH; hyperfine spectra (kc/sec) when K=1. (a) N“H;. Comparison of theory and experiment, 
assuming A =a+p=—10+10 kc/sec, B= p—a=— 14.440.2 kc ‘sec, and C=y— (a+p)=0400 kc/sec. 

















J=2 
Calculated Splitting from 
splitting composite 
for strong plot of 
lines only spectrum> 


Observed 


Interval* splitting strong lines 


Calculated Splitting from 
splitting for composite plot 
of spectrum 


J =3 J =4 
Calculated splitting 

Osberved for strong 

splitting lines 


Observed 
splitting 





116.1 
98.0 
98.2 
88.1 

112.8 


79+4 
5146 
00+6 
6245 
8744 


84.6 80 
58.7 48 
66.1 58 
72.2 64 
89.6 88 


1—+2 
3-4 
5-6 
7-8 
9-10 


14745 
115+5 
12743 121+5° 
12645 


147+5 


116 142.2 
93 118.0 
94 127.5 
83 83 126.9 

113 142.9 


(b) N"°H3. 


Without stark modulation® 


85 


99+4 
168+ 10 180 





* Lines numbered according to Table II. 


With stark modulation* 


160 








b Includes addition of all transitions. Line widths were taken as those which gave best fit to data for each J value: for J =2, 24» =68 ke/sec; for J =3, 
2 Av =80 kc/sec; for J =4, the resolution was sufficient that splittings were not influenced by the line breadth. 
¢ Data taken at Westinghouse Laboratories. Othe; measurements were made at Columbia. 


with the nitrogen magnetic moment and (3) their 
mutual dipolar interactions. In paper II these inter- 
actions and other small effects are all considered both 
for the case K¥1 and for the case K=1. The energy 
levels are derived there in terms of the geometrical 
parameters of the molecule, of certain magnetic coup- 
ling parameters dependent on the electronic states (the 
a, b of Henderson mentioned above and similar coeffi- 
cients a, 8, y for the protons) and of the angular mo- 
mentum quantum numbers of the molecule. In order 
to save space the reader will be referred to this paper 
for the formulas we are about to discuss. The param- 
eters a, 8, y which are dependent on the ground- and 
excited-state electronic wave functions cannot be 
evaluated theoretically since little is known about these 
functions. Because these constants can most readily 
be evaluated experimentally for the case K=1, and 
because this evaluation does not depend on the coeffi- 
cients, a, b, we shall discuss the case K = 1 first, return- 
ing to the case K #1 to show that the proton perturba- 
tions do not significantly alter the results obtained from 
this case. 

Close inspection of Figs. 2 and 3 will reveal the 
following qualitative features. (1) The relative intensi- 
ties of the two members of each doublet alternates as 
J varies from odd to even. (2) The splittings of the outer 
satellites are greatest in all cases. (3) For J=2 the 
lower-frequency satellites are less split than the higher- 
frequency ones. This effect reverses with J and de- 
creases with increasing J. As shown in the following 
pages, the alternation of relative intensities of the two 
members of each doublet with J is a consequence of the 
requirement that the total wave function must be 
antisymmetric to proton exchange. The formulas for 
the energy levels are calculated in paper II and an 
energy level diagram is shown in Fig. 5 of paper II. 
These lead to the following expressions for the fre- 


quencies of the lines of the NH; inversion hyperfine 
spectrum: 


v= vot {a+ (b—a)K*/(J (J+1))}}[C(Fi’,J)—-C(Fi,J)] 
+{A+CK*/(J J+ D)CGU FF) - GU FF) ) 
+0, F(J,Fy,F’)—S(J,F,F) {1—3/[J J+1))}} 
+6«:(—1)7{BLSVU,Fi,F)+ §U,F1,F)] 
+D[F(J,F i ,F)+5(J,FyF))}}; 


where 
C(F,,J)=Iy-J, A=atp, B=p—a, C=y—(atp). 
GV,Fi,F)= (1 F,) (Fi J)/CPi(F i+ 1), 
Di= gugnuo?(v|r*(1—§ sin’B) |»), 
F(J,F,F)=2(Fi-D(J,F:)/CFi(F iti], 
Do= gugnuc(v| ¥r~ sin’B |v), 


6xi=1 for K=1 
=0 for K#¥1. 


vo represents the transition frequency due to the usual 
inversion energy plus the quadrupole hyperfine struc- 
ture of the nitrogen nucleus. The parameters employed 
above which have not been described are identified in 
paper IT, Eqs. (13), (10), and (B1). The first four terms 
of (2) arise from the parts of the total molecular 
Hamiltonian which are diagonal in K while the last 
two terms express the removal of the K degeneracy 
when K=1. The term involving @(F,- J) arises in the 
nitrogen Iy- J interaction [cf (1)]; terms involving the 
function G(J,F;,F) are due to the proton interaction 
with magnetic field due to molecular rotation (I-J); 
and finally terms involving the $(J,F;,/) function are 
due to the nitrogen-proton dipolar interaction. As can 
be seen from Figs. 2 and 3 the theoretical plots for the 
line pattern which are discussed below are in good 
agreement with the experimentally observed patterns. 
The splitting of the main lines is almost wholly de- 
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pendent on the I-J parameter, B, while the satellite 
splittings are largely but not so exclusively dependent 
on this parameter. The different splitting of the lower- 
frequency satellites from the higher-frequency ones 
depend on the A and C terms which are diagonal in K. 
Finally, the different splitting of the outer and inner 
satellites is caused by the proton-nitrogen dipolar inter- 
action. Because the order of the allowed energy levels 
and hence the sequences of line intensities depends on 
the proton statistics and because the splittings due to 
the latter interaction can be calculated from the geo- 
metrical constants of the molecule, the experiment 
constitutes another corroboration of these statistics as 
being Fermi-Dirac (incidentally, this corroboration 
shows that the phases of the rotational wave functions 
given in paper II are correct). 

Keeping in mind the above discussed dependence of 
the splittings on the parameters A, B, C, we very care- 
fully measured the splitting of the transition AF,=0 
(main line) for J/=4 under conditions of maximum 
resolution. This gave a reliable value of the constant B. 
The values of A, C were then determined so as to give 
the best fit to the measured splittings under highest 
resolution for J=2 where they are most important. 
We then used the values so determined, which are 
independent of the constants a,b of the Henderson 
effect, to draw up the predicted spectral patterns as- 
suming several different line widths in cases in which 
the measured separations would have depended on 
these line widths. These drawings were used to obtain 
final values of A, B, C essentially by a method of trial 
and error and to check on the measured line widths. 
It should again be remarked that the photographs given 
in Figs. 2 and 3 were not obtained under conditions of 
maximum resolution. For instance for J=2 the inter- 
mediate set of theoretical curves with a line width 
70 kc/sec comes closest to the pattern actually observed 
during the course of the measurements. Unfortunately, 
the splittings are only weakly dependent on A,C so 
that these constants could not be precisely determined. 
The best fit was obtained with 


B=14.4+0.2 kc/sec, 
C=0+60 kc/sec, 


A=—10+10 kc/sec, 


where the stated errors indicate the range of values 
for which the fit obtained was still within the experi- 
mental error. 

The measured, calculated, and corrected splittings 
are given in Table III(a) together with the similar 
splittings in N'°H, in Table III(b) for comparison. The 
fit is within our experimental error but is not as good 
for J=4 as it is for /=2, 3, probably because of the 
greater difficulty in making the measurements in this 
case. Using the above data, and the calculated intensi- 
ties listed in Table II we have calculated the position 
of the “centers of gravity” of the unsplit lines for 
K =1 and have included them in Table I for comparison 
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with the cases for K#1. It will be seen that the agree- 
ment is approximately as good as that found for K+1 
in spite of the larger experimental errors for K=1. The 
deviation of the calculated average position of the 
outer satellites for J=4 is several times the probable 
error of the whole set of measurements. We have not 
found a satisfactory explanation for this discrepancy. 


Case K¥1 


In this case the expected is obtained from the first 
four terms of (2) and has been plotted for a typical 
case in Fig. 4. 

In spection of Fig. 4 might lead one to expect that 
for KA#1 the results listed in Table I should still show 
systematic deviations because of the unsymmetrical 
nature of the actual satellites which experimentally 
were not resolved. The splittings of a satellite line in 
this case as shown in Eq. (2) depend on the constants 
A,C. The fact that no structure was found is con- 
sistent with the line widths which we were able to 
achieve and with the values of the constants A and C 
determined above. Calculation of the shift of the peak 
of the lines due to the small displaced subsatellites 
shows that for low J they are separated by about 40 
kc/sec from the other two satellite components and, 
not being resolved, caused negligible shift in the center 
of gravity, while for higher J (~7) their intensities are 
so small that this effect is again negligible. We conclude 
therefore that Eq. (1) represents the results of our ex- 
periment satisfactorily when K¥1. 


Other Effects 


The formula (2) contains, we believe, all the features 
of the NH; hyperfine spectrum observable with a 
microwave spectrometer of sensitivity and resolving 
power comparable with what is now available. In the 
derivation of these relations we have neglected all 
effects which could reasonably be estimated to be too 
small to observe by at least two orders of magnitude 
(see paper II). The only interactions which should be 
mentioned in addition to those discussed above are the 
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Fic. 4. Schematic drawing of the calculated structure of N“H; 
inversion spectrum for a low value of J and K +1. 
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pseudo-quadrupole effect,” and the interaction of the 
nuclear magnetic moments with each other through the 
intermediary of the electronic magnetic moments."* The 
former effect is not separable from the true nuclear 
quadrupole effect. The energy involved in the latter 
effect is less than 1 kc/sec in most known cases. In 
order to obtain more precise information a few cubic 
centimeters of liquid NH; were sealed in a thick walled 
glass tube and Hahn of the Watson Laboratories kindly 
examined the proton resonance in the NH; vapor in 
equilibrium with the liquid by means of the spin echo 
technique.'® The resonance was observed with a sample 


“N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952). 
‘SE. L. Hahn, Phys. Rev. 80, 580 (1950); 88, 1070 (1952). 
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vapor pressure of several atmospheres to a sample 
vapor pressure of the order of 40 atmospheres. The 
strong resonance signal was found to be without a trace 
of the modulations which would be caused by the above- 
mentioned effect. From this result Hahn was able 
to inform us that the magnitude of the interaction is 
certainly less than 300 cps and most probably less than 
100 cps. Thus it would not be experimentally de- 
tectable by us. 

The authors at Columbia University would like to 
thank Professor C. H. Townes for suggesting this 
problem and for his active support in carrying it 
through. We are also grateful to Mr. C. Dechert and 
his staff for help in construction of the apparatus. 
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Hyperfine Structure in the Spectrum of N“H;.} II. Theoretical Discussion 


G. R. GuNTHER-Mour* anp C. H. Townes, Radiation Laboratory, Columbia University, New York, New York 


e AND 


J. H. VAN Vieck, Harvard University, Cambridge, Massachusetts 
(Received December 28, 1953) 


The new features in the hyperfine spectrum of NH, described in the preceding paper are shown to be 
due to the interactions of the magnetic moments of the three protons with the molecular magnetic field 
caused by rotation and with the magnetic moment of the N"* nucleus. Since the protons are off the molecular 
symmetry axis, these interactions are of a form different from that usually encountered. They possess 
matrix elements connecting states differing by two units in symmetric top quantum number K and are 
capable, therefore, of lifting the degeneracy between states for which K=—1 and K=1. A systematic 
treatment of the problem of the hyperfine interactions in this molecule has been made in order to find any 


other effects detectable with present equipment. 


I. INTRODUCTION 


ARLY measurements of the hyperfine structure of 
the inversion spectrum of ammonia were inter- 
pretable' as due to an interaction between molecular 
electric fields and the quadrupole moment of N". More 
accurate measurements’ indicated that small interac- 
tions between the N" magnetic moment and a magnetic 
field due to molecular rotation were also present.’ The 
new experimental data presented in the previous paper 
(which we shall refer to as I) shows that several other 
types of effects are also of importance. Hence, a sys- 
tematic and comprehensive treatment of the problem 
has been undertaken in order to find all effects which 
t Work at Columbia University supported by the U. S. Atomic 
Energy Commission. 

* U.S. Atomic Energy Commission Predoctoral Fellow. Now at 
Watson Laboratory, Columbia University. This work is sub- 
mitted in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy at Columbia University. 

'W. E. Good and D. K. Coles, Phys. Rev. 70, 979 (1946); 
J. H. Van Vleck, Phys. Rev. 71, 468 (1947). 

2 J. W. Simmons and W. Gordy, Phys. Rev. 73, 713 (1948). 

3R. S. Henderson, Phys. Rev. 74, 107, 626 (1948); see, also, J. 
M. Jauch, Phys. Rev. 74, 1262 (1948). 


could conceivably be observed with a microwave spec- 
trometer of sensitivity and resolving power comparable 
with what is now available. Doubling of the K = 1 lines 
is shown to be a new manifestation of magnetic hyper- 
fine interactions. 


II. FORMULATION OF THE PROBLEM 


For the purposes of this calculation, the molecular 
Hamiltonian based on the Pauli approximation to the 
wave equation can be written as:*:° 


KH=A(J,—L,)?*+A (J,—L,)?+C(J.—L.) (1.0) 


+ (euo/c)>> rin *(ti— rx) 
Ki 


ZxM, 
x (v.- (1+) ve) ‘gxix (1.1) 
gxeMx 


‘J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951). 

5 L. H. Thomas, private communication. The equation derived 
on the basis of footnote (35) of Van Vieck’s paper (reference 4) 
is not entirely correct since factors of 1/r;x* and 1/r;x* were inad 
vertently left out of his Eq. (37) and the factor (14+-Z2«Me/geMx) 
replaces the factors 4 in a fashion evident by comparing the 
expressions (1.1) and (1.3) with his Eq. (37). 
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+ Lelhobte Dd rik *(gxlx-S; ik’ 
LK 
~ 3gKlx- (te—1,)S;- (tx— 85) 


DS Zire *(rx—t1) 


KL R#L 


ZKMp 
x| (14 = )ve- ve gel 


geMx 


— (e0/C) 


4 ~ 


+ Lo ree Lexle-gilirke? 


K,LK>L 


_ 3gKlx:(rx—rz)gri: (r«—41) ) (1.4) 
(1.5) 


(1.6) 


, 
+ Haitrogen quadrupole interaction 


+4 (16mruqu.)>. gxb(rx—1;)S;- Ix. 
K,j 


In (1), capital subscripts refer to nuclei and lower case 
to electrons. These particles have, respectively, position 
vectors rx, rj, and velocities vx, v; relative to the 
molecular center of mass which is assumed to coincide 
with the center of mass of the nuclei. They have charges 
Zxe, —e; spins Ix, S;, and g factors gx, g-, respectively. 
#. and yo are the Bohr and nuclear magnetrons, respec- 
tively, while Mp is the proton mass and Mx the mass 
of the Kth nucleus. 

The inversion vibration which gives rise to the 
microwave spectrum (24000 Mc/sec) is a “tun- 
nelling” of the nitrogen, which is normally at the apex 
of the NH; pyramidal structure, through the plane of 
the three protons. This inversion energy® has been 
omitted from (1) since it has a negligible effect on the 
hyperfine interactions. 

The terms (1.0) represent the rotational energy of the 
nuclei.’ A and C are the transverse and axial rotational 
constants exclusive of the electrons; J,, J,, J, are the 
components of the total molecular angular momentum 
exclusive of nuclear spin; and L,, L,, L, are the total 
electronic orbital angular momentum operators. The 
cross terms of (1.0), 


—2[A (JLetJyly)+CJ,L,), (2) 


represent the interactions of rotational and electronic 
angular momenta neglected in the Born-Oppenheimer 
approximation and cause the excitation of electronic 
states above the ground 'Z state. The presence of such 
excited states gives rise to a magnetic field at the nuclei 
and consequently contributes to hyperfine effects.* The 
effect of terms (1.1) which express the interaction of the 
nuclear magnetic moments with electronic currents, 
does not vanish because of the rotational perturbation 
terms (2) and is partly responsible for the experimen- 
tally observed doubling. Terms (1.2) and (1.6)* are 


* Sheng, Barker, and Dennison, Phys. Rev. 60, 786 (1941). 

7H. B. G. Casimir, The Rotation of a Rigid Body in Quantum 
Mechanics (J. B. Wolters, Groningen, 1931). 

* The “physical” basis of these interactions has been given by 
G. C. Wick, Phys. Rev. 73, 51 (1948). 

® For diatomic molecules this term is more carefully considered 
by R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). 
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interactions between electron and nuclear magnetic 
moments with the currents set up by the rotation of 
nuclear charges. We shall not discuss the nitrogen 
quadrupolar interaction (1.5) since it has been treated 
elsewhere.' 


Ill. THE MOLECULAR WAVE FUNCTIONS 


Fortunately, the complexity of (1) can be greatly 
reduced by considering the relative magnitude of the 
energies involved, by eliminating effects which are too 
small to be observed experimentally by present tech- 
niques, and by taking into account the symmetry of the 
molecule and the statistics of the protons. 

From its geometry it is clear that the molecule NH; 
is left unchanged in any physically observable way 
when transformed by any of the members of the rota- 
tion-reflection point group C3y which is isomorphic to 
the permutation group P; of the protons. We are con- 
cerned here only with the ground electronic state and 
the ground vibrational states (excepting the inversion, 
which can be considered a type of vibration). Hence, the 
electronic and vibrational parts of the wave function are 
symmetric (symmetry A;) relative to the group Cgy. In 
addition the nitrogen spin function has symmetry 4A). 
We need only to examine in detail the product function 
of the other variables 


V=V2(0,9,x)Wv (2)¥ (or) (o2)¥ (a5), (3) 


where ¢, 0, x are the Eulerian angles of the nuclear 
framework, 01, 2, 73 represent the proton spin coor- 
dinates, and z is the inversion coordinate. The coor- 
dinate system used is that of Hund." It is described, the 
Eulerian angles defined, and the symmetric top rotation 
functions ¥x(¢,9,x) given in Appendix I. Hund" and 
Dennison": have shown that for the lowest of the two 
inversion states between which the microwave transition 
occurs, 


Vv -0(z)=~v—o(—2), (4) 


and for the upper inversion state Py—1(z) = —Wv_1(—2). 

From the results of the symmetry operations P; on 
the coordinate space of the functions of (3), the repre- 
sentative matrices of the group for each of these func- 
tions belonging to the same energy level can be found 
and reduced to its irreducible constituents." If the direct 
products of these irreducible representations are in 
turn reduced, the total irreducible representations of the 
molecule can be identified. There results a set of func- 
tions which have definite symmetry with respect to the 

” F, Hund, Z. Physik 43, 823 (1927). 

"G. Herzberg, /nfrared and Raman Spectrum (D. Van Nos- 
trand Company, Inc., New York, 1945) describes these modes and 
gives their symmetries relative to the point group Cyy of the 
molecule. 

127, I. Slawsky and D. M. Dennison, J. Chem. Phys. 7, 509 
(1939); D. M. Dennison, Revs. Modern Phys. 3, 281 (1931). 

4 E. Wigner, Gruppentheorie und ihre Anwendung (F. Vieweg, 
Braunschweig, 1931). See also E. B. Wilson, J. Chem. Phys. 3, 276 
(1935) for applications to molecules. Note that he uses a different 
coordinate system from ours. 
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group P; and of these only those belonging to the irre- 
ducible representation A», are to be kept in accord with 
the statistics of the protons. 

The wave functions of (3) form irreducible represen- 
tations of the three-dimensional rotation group and of 
the various angular momenta involved in the problem. 
Since the permutation and rotation groups commute, 
these wave functions must form simultaneous irre- 
ducible representations of these groups. The order in 
which the reductions of the direct products of these 
simultaneous irreducible representations are made will 
depend on the choice of coupling scheme. We shall 
choose it as follows: since magnetic interactions are 
much smaller than the nitrogen quadrupole coupling 
energy, the nitrogen spin, Iy is first coupled to J to 
give F,. The protons can then be numbered according 
to their positions relative to the chosen molecular axes 
and coupled together to give a resultant I, which is in 
turn coupled to F, to give the total angular momentum 
of the molecule F. We are thus led to the coupling 
scheme in Fig. 1 which is 


J+Ix=F,, 1,+1,+1,=I, I+F,=F. (5) 


The symmetry properties of all the possible wave 
functions of the molecule were found in accordance 
with the above discussion and are listed in Table I. 
This table shows that when K is a multiple of 3 
(|K| =3n), 1=3 and only } of the possible functions 
are physically allowed while when |K|=3n-+1, J=4 
and only $ of the possible functions are allowed. It may 
be seen from this table that when |K|=3n the two 
rotational levels have different symmetry and hence 
can be split by rotation-vibration interactions as found 
by Dennison and Nielsen." When |K|=3n-+1 the 
rotation-vibration part of the wave function is de- 
generate and the levels cannot be split by the same type 
of effect." The levels can be split, however, by the 
effects of nuclear spin since the total wave functions 
including spin have a variety of symmetries as shown 
in Table I. 

Before making detailed calculations of the effect of 
the Hamiltonian (1), it may be helpful to give a simple 





Fic. 1. NH; molecular coupling scheme referred to laboratory 
axis. Z is the fixed direction in the laboratory, < is the axis coin- 
ciding with the molecular symmetry axis, and K is the projection 
of J on the molecular symmetry axis. 


“4D. M. Dennison and H. H. Nielsen, Phys. Rev. 72, 86, 1101 
(1947). 
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Fic. 2. (a) Azimuthal molecular wave functions (M,;=0, K =1). 
(b) Variation of magnetic energy with x(K = 1). 


physical argument for the lifting of the K degeneracy 
by the magnetic interactions. For each value of | K| the 
molecular wave function can contain a factor of either 
sinKx or cosKx, where x is the azimuthal angle about 
the molecular symmetry axis. 

A plot of the probability of a given value of x is given 
in Fig. 2(a) for K=1, with the nuclear position super- 
imposed. If the molecule is in one or the other of the 
above two possible degenerate states, its most probable 
orientation relative to the fixed laboratory axis is dif- 
ferent even though classically the probabilities of clock- 
wise and counter clockwise rotation are equally repre- 
sented. Picturing the molecule projected on the plane of 
the protons in Fig. 2(b), indicating a proton spin by an 
arrow at the vertex of the triangle, we can see way the 
interaction between the proton and nitrogen magnetic 
moments gives the two states different energies.'® The 
central arrow indicates the orientation of the magnetic 
moment of the nitrogen nucleus which can be assumed, 
neglecting the precession of Iy about F to remain fixed 
during the molecular rotation. For any constant as- 
sumed orientation of the proton spin relative to the 
fixed laboratory frame, clearly the two states have dif- 
ferent energies, and thus the K degeneracy is removed. 

The number of lobes of the x dependence of the wave 
function increases with K and consequently the varia- 
tion in dipolar interaction energy becomes essentially 
zero for K>1. 


IV. THE PERTURBATION CALCULATION 
Introduction 


The perturbation problem can be solved to second 
order‘ in the ratio of hyperfine to electronic energies by 


‘6 Interaction between the protons and the magnetic field due 
to molecular rotation gives the same type of effect if, as may be 
expected, the magnetic field at the proton varies with x. 
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TABLE I. Symmetry properties of the N“H; wave functions. 





¥(VKJInF \Mp,) 
Wave function exclusive 
of proton spins*® 
Irreducible 
represen- Value of 
I 


V (11121 eal M1) 
Proton spin functions 
Irreducible 
Number of repre- 
functions sentation 


, W(VKJInF\1F Mp) 

Total molecular wave function 
Irreducible 
represen- 
tation 


Number of 
functions 


Number of 


Value of 
functions F 


tation 1 











QF, +] 1; 3/2 +3/2 
+1/2 

1/2 +1/2 

—1/2 

+3/2 

+1/2 

+1/2 

—1/2 

2(2F+1) +3/2 
+1/2 
+1/2 
—1/2 


4 A, F\+3/2) 
F\+1/2/ 
E F\+1/2 
E 
A, Fi+3/2\ 
Fi+1/2 
E Fy+1/2 
E 


4(2F,+1) A; 
4(2F,+1) E 


4(2F,+1) As 
4(2F,+1) E 


Ay F\+3/2 
Fi+1/2 
E F,\+1/2 
E Fy\+1/2 
F\+1/2 


8(2F,+1) E 
2(2F +1) A, 
2(2Fi+1) Ay 
4(2F +1) E 


NR rw _ Nr NM bh 


* For a change of v from even to odd or vice versa the functions identified by the symbols A:, Az would be interchanged. 


» A similar tabulation holds for |K| =3n—1, 


diagonalizing an effective Hamiltonian G, obtained from 
the true Hamiltonian, H of (1) by the relations between 
matrix elements 


(loi |G | Loi’) = (loi | Gy | Lot”) + (Loi | Go| doi’), 
(loi | G1’) =0, 
(loi |G, | loi”) = (ei | 5C| Loi’), 
(loi | Go| loi’) = >> (Enm— Ei) 


l#lo 


(6.1) 


(6.2) 
(Li (lot | | li”) 


 (li”’| H|loi’)), (6.3) 


where Eip=energy of the ground electronic state and 
Ei=energy of an excited electronic state. 

In our problem the / refer to excited electronic states, 
to the ground electronic state ('Z) and the quantum 
numbers i, to the rotation, vibration, and hyperfine 
quantum numbers J, K; v; F,, F. Once the matrix G 
has been calculated, the energy of the ground state can 
be found by diagonalizing the matrix: 


G=G6,+G.= { (loi |G lot’)}. (7) 


The matrix elements of the hyperfine interactions in G 
which are off-diagonal in the rotation or vibration 
energies off-diagonal in J, K, or v can be neglected 
relative to those which are diagonal since their con- 
tribution in the perturbation calculation is smaller by 
a factor of at least 10~°. Similarly, the matrix elements 
of the magnetic hyperfine interactions off-diagonal in 
the quadrupole interaction energy (off diagonal in F;) 
make contributions smaller by a factor of at least 1/40 
than those of their diagonal elements and thus they too 
will be neglected. 

The total Hamiltonian (1) can be broken up into 
two parts: 5X, involving only these terms which are 
diagonal! in the electronic quantum numbers and hence 
contribute to G,, and the terms 32 involving the 
remaining off diagonal terms which contribute to G, 
defined in (6.3). 


Terms Involving Only the Ground Electronic 
States (G,) 


Terms which make up what we have called G; cannot 
include any operators involving either electronic veloci- 
ties or angular momenta, for such operators are known 
to be off-diagonal in the electronic quantum numbers 
in a 'Y molecule.'® The matrix G,; is thus made up of 
those terms which are left in (1) after the electronic 
velocities and angular momenta have been set equal to 
zero. The expression so obtained will contain the rota- 
tional energy (from 1.0), the quadrupole interaction 
energy (1.5), that part of the electron current terms 
diagonal in 1 (from 1.1), the nuclear current terms 
(1.4). The first two of these we have assumed are well 
known.' The next two can readily be calculated in the 
molecular representation using the substitution,* 


VK=oX Ix, (8) 


where w,=2AJ,h™, wy=2AJS,h—, w,=2CJ,h-. Appen- 
dix II shows details of this calculation. The dipolar 
terms (1.4) are conveniently separated into the dipolar 
interactions of the protons with each other and of the 
protons with the nitrogen. 

Dipolar interactions of two magnetic moments 
transform under rotation as second degree spherical 
harmonics.'? Therefore, the only nonzero matrix ele- 
ments of the proton proton dipolar interaction are those 
between the states /= 4% and J=3 or between J=} and 
I=. The !atter type exist only between states for 
which |K|=3n and |K|=3n+1, respectively. Since 
such states are off diagonal in the rotation energy, these 
matrix elements can be neglected. Allowed states for 
which J =} must have | K | = 3m and for such states the 
K degeneracy is lifted by a vibrational interaction." 


167. H. Van Vleck, Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, London, 1932), p. 274. 
J. H. Van Vieck, Phys. Rev. 74, 1168 (1948). 
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Thus because of the small magnitude of the dipolar 
interaction (ux*/hrnu,~7 kc/sec) matrix elements of 
the second type will not cause detectable splittings 
of these | K| =3m lines. For these reasons we shall drop 
the dipolar interactions of the protons with each other 
from further consideration. The nitrogen proton dipolar 
interaction produces a measurable effect on the spec- 
trum and is discussed in Appendix IT. 

In order to be able to use matrix elements tabulated 
by Condon and Shortley'* we shal! carry out the cal- 
culation of the coupling of the angular momenta referred 
to molecular axes.‘ Angular momenta then have the 
same addition laws as in atomic cases if the inter- 
nal angular momenta are reversed in sign.‘ Let then 
the angular momenta J, F;, F previously defined rela- 
tive to laboratory axes (capital subscripts X, Y, Z) be 
referred to molecular axes. Let 0 be the total reversed 
internal angular momentum defined by 


0,= b+ Ty + 1,= — (Lr+/Iy+J,), 
J,=F,+0,, 


(9.1) 


v=X, Y, 3; 
then 


(0,,F,]=0, [(JzJ.]=0, 1T:7,—T,T,=—ihT,, (9.2) 
T=F,F,,J,0. 


V=X,Y,2; p=X,V,3; 


These relations lead to the “molecular frame coupling 
scheme”’ given in Fig. 3 which should be compared with 
the “laboratory coupling scheme” of Fig. 1. 

Based on the above considerations the calculation 
of the matrix elements of G; in the molecular repre- 
sentation gives 


{ (loi | Gi | loi’)} =A J 2+S7)+-CI 2 
— (a;+42) (Jel yet+Jyl ny) —b2JS 1, 
— (ay+ a2) (Jel iet Je Toe+J 21s) 
—(—pitp2) SyliytSy Toy +Jy Toy) 
= (nity) Slit IeleetI ed) 


+po'gngu{(v|r-4| v)Lv-1—3(0| 1-4 sins | v) 
x {Iveliet bi ye(Lo2+Ts2)— Ww3Iye(Iy— 14) 
—4W3 I yy (Loe— 2) +31 yy(Ly+Ty)} 
+3(v| 7-8 cos’B | v\Ty,1.] (10.4) 


+ Ken. (10.5) 


The terms listed in (10.0-10.5) have their origins in the 
correspondingly numbered terms of (1.01.5), (v|r~*| ») 
indicates the inverse cube of the nitrogen-proton 
distance is to be averaged over the vibration. 8 is the 
angle between r and the symmetry axis. All other con- 
stants not previously identified are given in Appendix IT 
and are dependent only on the electronic states. The 
meaning of the primes on the coordinate subscripts of 
the proton angular momenta will be discussed in con- 


(10.0) 
(10.1a) 
(10.3a) 
(10.1b) 
(10.3b) 


18 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951). 
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Fic. 3. N“H,; molecular coupling scheme 
referred to laboratory axis. 


nection with Eq. (12). We shall now turn to the calcula- 
tion of G2, the part of G which comes from the second- 
order calculation. 


Terms Off-Diagonal in Electronic States (G,) 


Terms of G2 are of two types: (1) those off-diagonal 
in the electronic orbital quantum numbers and (2) 
those off-diagonal in the total electronic spin quantum 
numbers. (1.0) and (1.1) contain the terms of the first 
mentioned type while (1.2) and (1.6) contain the 
second-type terms. The perturbation of the electronic 
states by molecular rotation finds expression in Eq. 
(6.3) which will contain cross products of terms of type 
(2) and (1.1). The effect of the terms (1.1) will therefore 
be appreciable. On the other hand, since the total elec- 
tronic spin is zero, electronic spin states are not per- 
turbed by rotation. Hence, these latter terms are 
orders of magnitude smaller than the former and can 
be neglected. With this approximation, discussed in 
more detail in Appendix II, the off-diagonal terms left 
for consideration are 


KRe=A(L2+L7)+CLZ—2A(LJ2,+L,J,)—2CL,J, 
+ (lpo/c)>. x, rik (ti— tx) Xvi) gxlx. (11) 


The first two terms above do not affect the hyperfine 
structure and thus will be dropped. The interaction of 
the protons with the electrons expressed in the last 
term is the same at points separated by a 120° rotation 
about the molecular symmetry axis. Advantage can be 
taken of this fact by employing initially three molecular 
coordinate systems: x, y, z (described in Appendix I) 
in which proton (1) lies in the xz plane; x’, y’, 2’ in 
which proton (2) lies in the x’z’ plane; and x”, y”, 2’’ 
in which proton (3) lies in the xz” plane. These 
systems all have a common z axis (see Fig. 4). If ad- 
vantage is taken of the above symmetry and the terms 


of (11) are substituted into (6), G2 becomes 
{ (loi | Go| loi’)) = —a3( IJ e+ nyJy)—bily.J, 
—a;(1,,J.+ laeJet Ts. a) 


—piLiyJytly Sy t Ty Jy) 
—y(hJ tly Jet+T; wd), 


(12.1) 


(12.2) 
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where the coefficients of the angular momenta referred 
to the molecular frames depend only on the molecular 
electronic states. (12) contains only the parts of (6) 
significant for our purposes. A summary of its derivation 
together with the neglected terms is given in Appendix 
IT. 


The Secular Equation 


The matrix G, the important parts of which are given 
by the sum of (10) and (12), must be obtained in the 
molecular representation 


0M pl Ta] FF ily J x). 


According to the discussion in the introduction to this 
section, only matrix elements diagonal in J, K, and F; 
need be considered. Using the coupling scheme of Fig. 3, 
the appropriate matrix elements of G can be found by 
standard methods given in Condon and Shortley.'* 
The result of this calculation which is described in 
Appendix ITT is: 


G= AJ (J+1)+(C—A)K* (13.0) 


3K? 


+ eq Os] 1 rae fa (J,In) (13.5) 


IU+1) 


(b—a)K* 
[ts (13.1a, 13.3a) 


+|at - 
J(J+1)- 


2gugnuc'F iI 
F\(F,+1) 


Qo(J,In) 


3K? 


[clr a(1 -4 sin’) |0)( 1 ———) (13.4) 
J(J+1) 


3 (’—- T43?) (VJi- J,’) 

— ivr sn’ |0)( 14+-—— =) — 
I(I+1) J(J+1) 

(I2—T3) +I alae 


+ $v3(v|r-* sin’B |» - 
1U+1)  J(VJ+1) 


(I-F,)(F;-J) 


———— (at+p)J J+1) 
F\(Fi+1)J (J+1) 


1K (1 ~~) 
— ( 24 ( on sine 
+[y—(at+p) ] a—p T+) 


(I2—Ih) +1 
I(I+1) ) 


x tJ) W3la-0)( 


x alr Jel) (13.1b,13.3b) 
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Fic. 4. The three initial proton coordinate systems. 


where 


3 (Ly: J)?+3 (Ly: J) —In Un t+ 1) I (J+ 1) 
0,(J Iv) = “ 


(27 ~1)(23-+3)2I y (2 y—1) 


3(Ly-J)2+2F (J+ 1)Iy-J 
—Inv (Unt) J (J+) 


Q(J,Iy) = Reds 
. (2J —1)(2J+3) 


’ 


Qy-J=F\(Fi4+-1)—J (J+1)—IyUy+)), 
2F,-J=F;(Fi+1)+J (J+1)—Iy (w+), 
2F,- I= F(F+1)—F,(Fi+-1)—1(/+1). 


a= 4\+42+4; is proportional to the transverse molecu- 
lar magnetic field at the nitrogen nucleus and b=b2+-6; 
is proportional to the axial field. The terms with sub- 
scripts 1, 3 are due to the electron currents, the terms 
with subscript 2 to the nuclear currents. 


a=a;+a2+a3;, 
p= Pitpotps, 
Y=NtV2t73, 


where a is proportional to the total x molecular mag- 
netic field at a given proton, and p is proportional to the 
y magnetic field and y is the z magnetic field. The 
subscripts 1, 2, 3 have the same meaning as for a, b. 
Other quantities have been identified previously (see 
Appendix also). To find the energies of the perturbed 
levels in each inversion state, it is necessary to solve 
the secular equation: 


{(TesTIK |G| Iss’ I J+K) 


— Eb(I23,1 23')6(K,K')}=0, (14) 


with the aid of the matrix elements given in Appendix 
III. For K¥1 the Hamiltonian, to the approximations 
made above, is diagonal and the energy levels are given — 


y 
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Wvyaxrir= AJ (J+1)+(C—A)R? 


3K? 
a candv( 1 — sagan Ja (J Ix) 
J(J+1) 


(b—a)K? 
rho ae 
J(J+1) 


( (y— (at+-p))K*y (1-F) (Fi - J) 

+6 et pp ———— ears — 
J(J+1) F\(F\+1) 

+ 2gugnucv| r-*(1—¥ sin’B) | v) 


3K? | 
x(1-- ~- }——an.D) 
J( J+ 1) F,(F,+1) 


where / = 4 for |K|=3n, and /=}4 for |K| =3n+1. 
For K#3n, a typical set of levels whose K and /2; 
degeneracy has not been lifted is shown in Fig. 5b. 
This figure shows the effect of terms of (15) for a given 
F; value in the upper and in the lower inversion states. 
Note that when K#1 these are the final hyperfine 
levels and they are perfectly normal. They lead to a 
spectrum shown in full in Fig. 4 of I. For K=3n there 
are twice the number of levels since /= 4%. Experimen- 
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Fic. 5. Energy levels and transitions for the levels J/=3, K=1 
(V=0, F,=3; V'=1, F;'=2). (a) Energy levels omitting proton 
effects quadruply degenerate. (b) Energy levels including proton 
effects diagonal in K-neglecting lifting of K degeneracy. (c) Actual 
energy levels—full lines; forbidden levels—dashed lines; EZ levels 
are degenerate lines corresponding to allowed transitions shown 
in right-hand set of Fig. 3(b) of (I). Ai refers to symmetric levels; 
A; refers to antisymmetric levels. 
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tally the presence of these multiple levels when K#1 
has not been detected (see I). A close examination of 
the fit of the spectral pattern deduced from (15) does 
show that it is necessary to allow for a small change in 
the gradient of the molecular electric field at the 
nitrogen nucleus with rotation to obtain the best fit. 
This variation is caused by centrifugal distortion of the 
molecule, which has not been considered in the above 
discussion. 

For K=1, the determinant (14) is not diagonal 
owing to the terms in (J—J,*) and (J,J,+J,J2) 
which connect states differing in K by 2 units. Asso- 
ciated with these operators are ones dependent on J 23 
which connect states /:;=0 with states /:;=1. The 
magnetic perturbations thus simultaneously lift the 
degeneracy in the levels of K=+1 and J,;=0,1. Em- 
ploying the matrix elements calculated in Appendix ITI, 
one may easily solve the secular equation (14). Its roots 
are E=W, W, W+2f, W—2f, where W is defined by 
Eq. (15) and 


2gng apoF vi 
f=4) }e| r sin’B| v) + —— 
F,(Fi+1) 


+ (p—a)——_——_—— 
FFA DII+1) 


Q(J ty) 


J(J+1). (16) 


With these roots the molecular wave functions can be 
determined and are given symbolically below in the 
laboratory frame: 


1 
Ve.w= yl K=1J ly Fy ln,=11=4 FMp) 
Vv 


+iljvoK=1J Iy Fy I23=01=4 FMp)!, 
We-way=4{ |v K=1J Iy Fy In3=1 =} F Mp) 
+|0K=—1J Iy Fi In=11=} F Mp) 
+ilv K=1J Iy F; In3=0 1 =} F Mp) 
lv K=—1J Iy Fy 1y=01=} F Mp) =¥?!, 


where the upper signs are to be associated together, etc. 
Inspection of Table I shows that the functions for 
E=W clearly belong to the representation E and have 
the same type energy levels as are found for K#1. The 
remaining two functions must then belong to the 
irreducible representations A, and Az. Which of these 
they belong to can readily be determined by applying 
the permutation operator P;; or specifically P23 to the 
wave functions. Let us express the wave functions V;,+ 
in the representation 


Vi2=4| K=1 JF \Mr,)(\Iila=1 I=} M1) 
+i|Ios=01=4 M;))+|v, K=—1J Fi Mri) 


« (21 Teg 1 T=4 Myz)—il 1, 123=0 1=4 M1) ). (17) 
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In this representation the operator P23 can be expressed 
as'® 


P= P23 P23” = P23 (44+21,- I;). (18) 


In the representation | /,,/23,J,M7), I,-1, can readily be 
calculated from the identity 


] [= (1,+1,+1,)- (I,+1+1,) =/(/+1), 


from which 


I,-I,= AC 77+ 1) —3- #—2(1,- Tes) J=4(125(T224+1) —#). 


Thus, 
Po | 1, [o3=1 [=} M,)= Ty Io3=1 [=} M1), 


(19) 
Pay {1 I3=0[=} M,)=-(|]; In3=0 T=} M1). 


Also, from Appendix I, 
Px® |v K J Fi Mry)=(—1)/**|0 ~—K J F, Mr), 


Spe a : (20) 
Px) |v —~K J Fy Mr))=(—1)/**|0 K J Fi Mr), 


where v=0 for the lower inversion state and »=1 for 
the upper inversion state. Therefore, applying P23 to 
W» expressed in (17a), we find 


Po; gi'=+(—1)/tW,!. (21) 


Thus if (—1)‘’+"=—1 the function V' is physically 
allowed and the energy is E=W+2/f while when 
(—1)/*+(+)) = —1 the function W, is physically allowed 
and the energy is E= W —2/. These results can be sum- 
marized by writing 

E=W—(—1)/**2f, for |K|=1. (22) 


Note that if the levels marked A, were allowed, the 
intensity pattern would be reversed similar to that of 


Fig. 2b of I. 
Interpretation of the Magnetic Constants 


Evaluation of the magnetic effects discussed above 
gives the three components of magnetic field at the 
hydrogen nuclei produced by rotation and the two 
independent components at the nitrogen nucleus. In 
addition, the magnetic moment of the molecule due to 
rotation about the symmetry axis or perpendicular to 
it are known from earlier work.” These seven pieces 
of information about the magnetic properties of NH; 
should in principle be interpretable in terms of its 
structure, 

The electric currents which produce the magnetic 
fields associated with rotation of a '> molecule can be 
divided into those due to motions of the electrons and 
those due to the nuclei. The currents due to nuclear 
motion may be satisfactorily calculated from a knowl- 
edge of the equilibrium nuclear distances. Unfortunately 
a calculation of electronic currents is very difficult 


oP. A. M. Dirac, The Principles of Quantum Mechanics 


(Clarendon Press, Oxford, 1947), third edition. 
* C.K. Jen, Phys. Rev. 81, 197 (1951); J. R. Esbach and M. W. 


P. Strandberg, Phys. Rev. 85, 24 (1952). 
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because it requires a fairly detailed knowledge of the 
ground and excited electronic states. However, the 
following simple model probably corresponds roughly 
to the behavior of the electron distribution as the 
molecule rotates and gives approximately correct 
values for the various magnetic effects. 

Assume that the nitrogen nucleus, which stays 
essentially stationary at the center of mass as the mole- 
cule rotates, is surrounded by a fixed spherical cloud of 
electrons which includes all of its own valence electrons 
plus one-half of the valence electrons of the hydrogen 
atoms. Assuming further that the amount of electron 
charge in this fixed cloud at radii larger than the nitro- 
gen-proton distance corresponds to one electron. The 
protons rotating about the nitrogen, then each carries 
one-half an electron around with them, slipping 
through the fixed spherical charge distribution (see slip 
effect).*.° The one-half electron carried around with 
each proton is assumed to spherically surround this 
proton, and hence will rotate about the nitrogen with 
the proton while staying fixed in orientation like the 
chair of a Ferris wheel (see slip effect again).*.° A simple 
classical calculation shows that this model gives the 
two different components of the molecular magnetic 
moment and the three different components of the 
magnetic field at the protons due rotation to an ac- 
curacy of about 15 percent. 

The magnetic field at the nitrogen nucleus due to 
rotation is considerably larger than that produced by 
the above simple model, and to understand its large 
value, one must consider an excited electronic state of 
the molecule and the molecular orbitals of electrons 
which rotate with the protons. These electrons have 
angular momentum of about 3X 10~ if the protons have 
angular momentum / and may be considered as excited 
a fraction of the time near 3X10~ into an electronic 
state of angular momentum fh. Near the nitrogen 
nucleus, the wave function of the excited electron 
should involve a 2 nitrogen wave function, and hence 
produce a hyperfine interaction near 1.5X10~ of that 
expected for a 2p electron in the nitrogen atom. This is 
in fact very close to the observed magnetic hyperfine 
interaction for the N' nucleus in NH;. 
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APPENDIX I. THE MOLECULAR WAVE FUNCTIONS 
AND THEIR SYMMETRY PROPERTIES 


Molecular Coordinates and Eulerean Angles 
(see Fig. 6) 


With the origin at the center of mass of the nuclei, 
the z molecular axis is taken as positive in the direction 
of advance of a right-handed screw rotating in the 
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order of the numbering of the protons 1, 2, 3. The x axis 
lies in the plane containing the axis and the proton 
numbered (1). The Eulerian angles are taken as follows 
relative to the fixed laboratory frame: 


¢@—the fixed frame azimuthal angle, is measured from 
the fixed x axis to the line of nodes, on; 

6—the polar angle, is measured from the fixed z axis 
to the molecular z axis; 

x-—the molecular frame azimuthal angle, is measured 
from the line of nodes to the molecular «x axis. 


The angles ¢, x are defined in the range 0<¢, x< 2 
and are positive in the direction of rotation x—y. @ is 
defined in the range 0 <@< 7 and is positive for the 
rotation yz. 


The Symmetric Top Functions, U;.,/ (¢,0,x), 
and Their Properties 


These functions are :*! 
Ux? (,9,x) = (—1) FeO 8N oxy 
KeiMetKo Prey! (0) for M2K 
= (—1) Mei M+R 22M yey 


Kei(Me+Kx) Peyt (9) for K>M, 


where 


[— rac hci a 
‘VJIKM> 





8x2(J—4s+4d) !d!(J-+4s—4d)! 


1 @ 
nme 
(Al) 


s=|M+K\, 
2p=2J—(d+s). 


Pru’ (@)=t-4(1-—0)- 


d=|M-—K|, 
t= (1—cos6)/2, 


The proper choice of phases has been discussed by 
Van Vleck” and by Casimir’ and is determined for us 
by the requirement that the matrix elements of J,, Jy, J, 
obtained from the above representation have the same 
phase convention as is established by Condon and 
Shortley'® whose tabulated matrix elements of angular 
momenta we propose to use in further calculations. 
This choice is such that 


(J M K|J,+iJ,|J M K+1) 
=(J(J+1)—K(K+1)}}, 

(IM K\J,¥iJ,|J M+1 K) 
=[(J(J+1)—M(M+1)}}. 


By using the functions so defined, it can be shown that 
Uxa’ (¢, r—8, x) = (—1)7*"U_xm’(o,0,x). (A3) 


J. H. Van Vleck, Phys. Rev. 33, 467 (1929), especially p. 476 
and 480. Also L. Pauling and E. B. Wilson, /ntroduction to 
Quantum Mechanics (McGraw-Hill Book Company, Inc., New 
York, 1935). 
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Fic. 6. Molecular coordinates and Eulerean angles. 


We shall write 
U xm? (¢,9,x) = |vKJM) in the laboratory frame 
= |vMJK) in the molecular frame. 


The operator P:; which exchanges protons 2,3 and 
thus corresponds to the coordinate transformations 


o—o+n, 


6-1 — 0, 


rrr Xs (A4) 


2— 2, 


when applied to the rotation vibration function 
\vnKJM), gives 


Pav K J M)=(—1)/+*|» —K J M), 


Px|v —K J M)=(—1)/**|0 K J M). (AS) 


APPENDIX II. CALCULATION OF THE TERMS IN 
FQ. (10) FROM EQ. (1) 


Terms Involving Only the Ground Electronic 
State (G,) 


The contribution of the term (1.3) and of the nuclear 
velocity dependent parts of the term (1.1) lead, respec- 
tively, to the terms (10.3a, b) and (10.1a, b) if the 
molecular coordinates are taken relative to the axis 
shown in Fig. 5 of Appendix I for the Jy dependent 
parts (10.3a, 10.1a) and relative to the axes of Fig. 3 for 
the proton dependent parts (10.3b, 10.1b). The coef- 
ficients of (10.1) all involve integrals over the electronic 
wave functions, for example, 


i= — Zewog nC (1/ch) (vlo| Xo < 7*(ti— 1) 2(1)2| tho), 
(A6) 


where r; is the position vector of proton 1 relative to 
the axes x, y, z of Fig. 3 or of proton 2 relative to the 
axis x’, y’, 2’ of Fig. 4, etc. Because of our lack of 
knowledge of the electronic functions, these integrals 
cannot be evaluated and thus will be treated as unknown 
parameters. From (1.3) the following coefficients can be 
identified and evaluated approximately since the geo- 
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Term 





Descriptive name usually applied—physical interpretation 


Comments for NH3 





(Go) 


(Go)s 


(Ge M4 
(G2)s 


(Go)6 


(Ge)1 


(A'JL¥ 


a” (InLY 


a’ (12? +12+121) 


2A" LIT x 
2A LT (11 +124+7s) 


a" TAT (1 y4+124+]5) 


pL Tet+Tilat+lals) 


L uncoupling—exchange of angular momentum between elec- 
trons and rotation of nuclei 


Nitrogen pseudoquadrupole* interaction of electron orbital 
origin—perturbation of precession of perpendicular components 
of electron orbital momenta of N“ spin 

orbital 


Proton pseudoquadrupolar interaction of electron 


origin 


Nitrogen magnetic moment interaction with molecular mag- 
netic field 

Proton magnetic moment interaction with molecular magnetic 
field 

A pseudomagnetic dipolar interaction in which the nuclear 
spins are coupled to each other by their magnetic polarization 
of the magnetic orbitals 

Similar to above (6) 


Contribute to apparent 
moments of inertia, no 
hyperfine effects 
Appears as part of the 
experimentally meas- 
ured eqQ. Estimated 
upper limit about 5 cps 
Transforms like a 2nd 
degree spherical har- 
monic vanishes since 
I,=4 

Discussed in detail be 
low and in text 
Discussed in detail be 
low and in text 
Estimated in the order 
of a few cycles 


Estimated negligible 


*So named by H. M. Foley, Phys. Rev. 72, 504 (1947), who treated this term of diatomic molecules 


metrical structure of the molecule is known: 


ao= — GepognwA (1/ch) (v| 4r1{ (14/17) r7 
+ (3/17)r"(1+ZyM p/gwM)w} cos*B| 0) 
= —3.6 kc/sec, 
bo= — GepognC (1/ch) (v|r~ sin’?B| v)=3.0 kc/sec, 
a= — Lewogn A (1/ch) (v|-{ (2V3 sing)— 
+ (Zw/17)(14(1+gn)+3] cos*B} | v) 
= — (8.0+-4.0Z) kc/sec, 
p= — LewognA (1/ch)(v|r-{[ (3-+ga7) (2V3 sing) ] 
+Zn(1+-gu7'— (3/17g1) cos’B}} | v) 
= — (27.0+29.4Zy) kc/sec, 
y2= — ZewoguC (1/ch) (v|r{[ (2+ gu) (V3 sing)*] 
+Zwn(1+ gn") sin’p} | v) 
= — (21.6+16.1ZN) kc/sec. 
Where the numerical values are obtained by substi- 
tuting the geometrical constants of the molecule! and 


the nuclear constants” given below (J4, Jc transverse 
and axial moments of inertia, respectively) 


I,=2.82X10™ g cm?, B=67°58', A=h*/2Iq, 
Ie=4.43X10™ gcm*, gu=2X2.7896, C=h?/2I¢, 
r=1.014X10% cm, gv=0.403. 


The effects of the “nuclear currents” which have thus 
been calculated can be subtracted from the experi- 
mentally measured effects to obtain those due to elec- 
tronic currents only. This, of course, assumes that the 
effects of nuclear currents can be calculated from our 
model of NH; which disregards inversion. That this is 
a good approximation is demonstrated by the fact that 
the dipolar interaction calculated by this means gives 
good agreement with the data. 


% Segré Chart (Addison Wesley Press, Cambridge, 1948). 


Using the position of the nuclei relative to the 
molecular frame of Fig. 5, we have from (1.4) for the 
nitrogen proton dipolar interaction the terms 


— Suo"gvgn(v ir : sing coss | ») - - 
XU welte— Iya (L2e+ Ts.) - $I yy(lee— I;.) 
—Ty.(Te+Tn.)+Iy 1 i+431y.(Ly—Ty)], 


in addition to the terms given in (10.4). According to 
the discussion in Appendix III, these terms are only 
off-diagonal in K by +1 and thus they may be dropped. 
The proton-proton dipolar interactions have been shown 
in the text to be negligible. 


Second-Order Terms Involving Excited 
Electronic States (G:) 


In a light molecule like NH; the Russell-Saunders 
system of representation is a good approximation, so 
that the terms involving the L,, L,, L, and the electron 
velocities will depend only on orbital quantum numbers 
l, while the operators S,, S,, S, will involve the spin 
quantum numbers oc. Because of their larger magnitude 
we shall consider the former terms first and return to 
the latter at the end of this Appendix. 

Calculation of the orbital perturbations is based on 
the last three terms of (11) which are to be substituted 
into (6.3). Rather than writing out in detail the seven 
different kinds of terms to which such a substitution 
leads, we shall use a symbolism to describe them ac- 
cording to their dependence on angular momenta and 
molecular parameters. We represent Eq. (6.3) as 


Gr={ X (En—E))((l| AJL +a'LI1 y 
1 lo is i Se 
tal (LI4+L1.+LI;)|b))?}, (A7) 


which when expanded in an equally symbolic way gives 
the contributions to G2 listed in Table IT. 
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To be specific, consider now the matrix (G2), as an 
example and define for convenience* 


n= 2gneno(1/c)[D 5 riw 7? (4 j;— tw) XV;| "774". (AB) 


In the molecular frame ry, the position vector of the 
nitrogen nucleus, is treated as a constant vector and 
its angular dependence relative to the laboratory axes 
is thrown over on the total angular momentum. Thus 
nm is, along with L,, independent of the rotational 
quantum numbers. The matrix (G2)4, for instance, has 
elements 


(Loi | (Go)4 | lot’) 
= L (Ew— Ed)“ TLL (lol AL, |) | J 2”) 


lle 
(Xl me | bo) "| Tv *”)) 
+ (X(lo| m|l)<é| Lv. i’”)) 
X (Sl Av Ly | le) ai" | J |a’))} }. 


n, and L,- do not commute with each other if v¥v’ but 
do commute with J, and J,. Because only matrix ele- 
ments diagonal in J and | K! are needed, the lack of 
commutation of J, and J, can be ignored. With the 
help of Eq. (A3), the matrix (G2), can be expanded as 
a sum of products of angular momentum operators 
I,J, with coefficients dependent on the electronic 
states only.‘ A typical coefficient would be: 


Mw = XL (Eu Ey) ((lo| m |) | Av Ly |b) 
l#lo 
+ (lol ApLo|2)4Ul n|lo)). 


(A9) 


(A10) 
And so 


(G2)4=4 > > MwJI ny, (All) 


where M,, are the components of a symmetric tensor 
whose principal axes coincide with those of the molecule 
since the nitrogen nucleus is on the axis. From molecular 
symmetry, therefore, 


M,.=M,,4M.,, M.,=M,,=M,,=9, (A12) 


and so the result of Henderson, expression (12.1), is 
obtained with 


M,:=4;=M,,, M..=)3. (A13) 


Calculation of (Gz), made in the manner above for 
each proton in turn in its “own” system of axes (Fig. 4) 
leads to the terms (12.2) if the reflection symmetry of 
the electronic functions in the xz plane is considered. 
The coefficients appearing in (12.2) are: 


a3;=A y (En—E1)™ (do! E2| 1) <1 ke 1) 


l#lo 
+ (lo| Le|1)4U| &2| l0)) 
§,= (1/cegumolQoj 115 *(8j— 1) X V5 Jey 
with similar definitions for p; and ; in terms of £,, L,, 
and &,, L,, respectively. a3, p; are not equal because of 


the off-axis position of the protons. An order of mag- 
nitude calculation of the term (G2)z—the pseudoquad- 


(A14) 
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rupolar term, can be made* by assuming a case of 
“pure precession.” The order of magnitude of (G2): is 


given by 
Pl(l+1) 


(G2) ~poruegnXrny ergs. (A15) 


“lr 


(r.*) can be estimated from the fine structure separa- 
tion of atomic spectra,” which gives 


Avhe 
X04) = 


2(I4-4)Z 


Z-~3.5 for nitrogen and assuming a p orbital of the 
bonding electron at the nitrogen /=1. Av is not directly 
available from experiment but can be estimated to be 
™120 cm“ for a p state,” while SE:.,, is of the order 
of 40 000 cm~'. One obtains with these values (G2)x~5 
cps which is negligible. A similar reasoning indicates 
that (G2)s, (G2); are negligible, while (Gz); vanishes and 
(G2), does not affect the hyperfine spectrum. 

A calculation of the perturbation of the electronic 
spin states can be carried out in a manner entirely 
analogous to the above orbital calculation, using in Eq. 
(6.3) the terms of (1.2) and of (1.6) instead of the 
terms of (11). Employing the same rough-type sym- 
bolism as in (A1), we may write 


Gos={ X (Eoo—E,)((o | 6S (In +1 +12+1) | 00))*, 
oF a0 
(Al16) 


which leads to terms of the type listed in Table IIT.” 
The last two terms of Table III contain a part de- 
pendent on molecular orientation and a part inde- 
pendent of orientation both of about the same mag- 
nitude.** The orientation independent part has been 
determined experimentally for several molecules to be 
of the order of 1 to 100 cps. For NH; experimentally 
it is less than 300 cps (see I) and therefore we shall 
neglect these terms. 


APPENDIX III. REDUCTION OF EQS, (10) AND (12) 
TO THE FORM OF EQ. (13) 


Equations (10), (12) are in the form of sums of 
products of angular momentum operators with coef- 
ficients independent of these operators. The matrices 
are to be diagonalized in a representation 


\To0sTosT,TFF IyJK), 


for which the vector coupling scheme of Fig. 3 is 
understood. We shall first calculate the important 
matrix elements contributed to G(7) by a typical 


( % oy A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 209 
1937). 

“N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952). 

25 This estimate is discussed by C. H. Townes and B. P. Dailey, 
J. Chem. Phys. 17, 782 (1949). 

2° N. F. Ramsey, Phys. Rev. 91, 303 (1953). 
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Tas.e III. Symbolic representation of the second-order electron spin contribution to the perturbation calculation. 











Matrix 


number Term 


Description 


Comments for NH3 





(Grs); b"(InS)? 
nitrogen magnetic moment. 


(Grs)2 6” S?(724+-12+-7;") 


(Ges )a 26°" S*I ny + I, + T;) 


Nitrogen pseudoquadrupolar interaction arising from 
the perturbation of electronic spin states by the 


Proton pseudoquadrupolar interaction 


A pseudo-dipolar interaction and an Iy-I interaction* 
due to magnetic interactions of the nuclei with elec- 


May not be negligible but not dis- 
tinguishable from pure quadrupolar 
interaction. 

Transforms like a 2nd degree spherical 
harmonic and therefore vanishes as 


Experimentally determined to be neg- 
ligible. 


tron spins which are exchange-coupled together 


(Gos)a 2pS*(1lot+Tolg4d ls) Similar to above 





*E. L. Hahn, Phys. Rev. 80, 580 (1950), 
b See reference 26. 


product of two such operators. Then applying this 


result to the operators of Eqs. (10), (12) we shall 
deduce expression (13). Consider the matrix element 


from (10.4): 


m= (120 ;Fo,7 TFF INK | Iy,To,| BAe 
«I T'F’F\'TyJ'K’). (17) 


By noting the commutation properties and approxi- 
mations previously discussed and by using the matrix 
elements tabulated in Condon and Shortley, we can 
reduce the above typical matrix element to the form 


ToT a | 
m=— ‘i 
I(I+1) F,(F\+1) 
X(yFilwIK|IneFi2|yFilwJK’), (A18) 


where we write for the coefficient 
(ToT sTo30,1| T,| T2T3T23'1,D) 


its value J,-7/I(1+1). The reduction of the terms 
(10.1a), (10.3a), and (12.1) to the corresponding terms 
(13.1a), (13.3a) can readily be accomplished with the 
help of the vector model of Fig. 3. Term (10.5) has been 
shown elsewhere! to be expressible as (13.5). The 
operators of (10.1b), (10.3b), and (12.2) can be trans- 
formed to a common system of axes (see Fig. 4) by 
expressing them in terms of the linear combinations: 


T,%=J,+iJ,, Tm J,, T_ =J,—-iJ,, 


and by noting that for a rotation R(0,0,x) about the 
common 2 axis, 


T/(Y=ael iT, Tp O=T, T_'O =eliT_, ©, 


The result of such a transformation is 


[(12.2)+ (10.1)+ (10.3b) ] 
= —G,=20(J1.+-J,]y) +7 1 +2e(Jel ie 
-J ty 4 (Toe+Tae)— Jy (Loy+Ts) 
—V3eJe(Iy— Ty) +Jy(T2e— Ts). (A19) 


By (A18), 


1) ae | I-F, ) 
AT) NF +-1) 


F,-J 
x(——),, 
J(J+1) 


and thus substitution of (A20) into (A19) yields (13.1b) 
and (13.3b). 

When substitutions of the type (A18) are made in 
10.4 one obtains after some rearranging [ (10.4) =Ga]. 





v=X, Y, 2 


p=1, 2, 3, 


(A20) 


Ga (F,-1)(F:-Ly) 
Mogugm =F (F, +1) 





{v|7-*(1—3 sin’) | ») 


3F,-I 


————_ | (v| r*(1—3 sin’ Ty eF 12 
saan # sinta) |) 


3(it— Ie) 
+l (8) sinks) (14+ ) 
I(I+1) 


x (IneF 12— Iy,F y) =< {o| (v3/4r') sin*B | v) 


(I2—I3)-I 
- (IveF y+ Iy,F 12) | (A21) 
I(I+1) 


Recalling that J+Iy=F; and making use of the vector 
model, one obtains 


Ty.Fu=—{Iv-I/LJ(J4+1) 2 
—43(3Iy2—Ty?)—41y?, 
(IneF 12—I vyF y)= —(Iv-I/LJ J+) ]} 
x (J2—J,?) iat (Iv2— Ty,?), 


(IneF yt+I vyF 2) = —{Iy-: J/(J(J+1)}} 
x (IJ yt+JSyJ 2) i (Ivel ny+ Tyyt nz). 


(A22) 





Hfs IN 
The matrix elements of (3/v.2—Jy*), (Iva?—Iy,2), and 
(Iyt nytl Ny yz) transform under rotation as certain 
linear combinations of second-degree spherical har- 
monics and may therefore be written as :” 


(a) (IyF\JK | Iv.2—Ty,?| IvF.JK’) 
= (Q2(J,1y)/J(J+1)) (JK |J2—J,2| JR’), 


(b) (UyFJK | (nel ny+ Ty, v2)IyF\JR’) 

= (Q2(J,Iv)/J(J+1)) JK | J Jy+J,J2IR'), 
(IyF JK | 3Iy2—Ty?| IyF JK’) 

= (Q2(J,Jv)/J(J+1)) JK | 3 2—J?| JR’), 


where the factor of proportionality (Q2(J,Jy)/J(J+1)) 
is the same for all matrix elements of this type. 22(J,/y) 
can most readily be evaluated from (A23c) with the 
help of matrix elements tabulated in Condon and 
Shortley."* One finds after considerable algebra the 
result given in Eq. (13). Substituting relations (A22) 
and (A23) into (10.4) one obtains Eq. (13.4) of the text. 
(Note that the signs of J, Jy have been restored to 
their normal values and compensating changes in sign 
made in their coefficients.) 

Finally the proportionality factors of the type (A18) 


(c) 
(A23) 
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can be evaluated from Condon and Shortley.“ Thus 


3(1?— 123") —4 0 
‘ae, 
T([+1) 0 4 
( ~") ” °) 
1——---— = ‘ 
I(T+1) ee 


(Is—I;)-I res ”“ 
1+1) \2vs oo 7’ 


where the rows and columns are to be labeled by values 
of J23=1, O in that order. 

Elements of the type (IyF\JK|J2|IyF\JK’) are 
evaluated in a similar fashion substituting K for M in 
the Condon and Shortley matrix elements and changing 
the sign of i, thus :?” 

(IK |J2—J?|JK)=0, (JK|JiJy+J,J2|JK)=0, 

J -1|J2—-J7|J+1)=4§J (J+), 
J +1|JJy+JSJ2|J —1)=hiJ (J+), 
J +1|J2—-J}|J —1)=4J(J+1), 
J -1 JJ y+JS,J2|J 1)= —fiJ (J+1). 
7 See reference 13, Chap. XXI, Sec. 5. 
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Sulfur Bonds and the Quadrupole Moments of O, S, and Se Isotopes* 


G. R. Brrpt anp C. H. Townes 
Columbia University, New York, New York 
(Received February 25, 1954) 


Quadrupole couplings of S* in HDS, SO. and CH;SH have been measured. These and previously measured 
quadrupole couplings of S* in OCS, HNCS, CS, and Sx are examined to determine the nature of sulfur 
bonds and the best value for the S* quadrupole moment. s — p hybridization is found to be common, but not 
universal, in sulfur bonds. The S* quadrupole moment is —0.064+0.01 X 10 cm?. If O and Se bonds are 
assumed to be similar to those of S, the quadrupole moments of O" and Se” are —0.00410™™ cm? and 


0.9 10™™ cm?, respectively. 


INTRODUCTION 


OUPLING of the nuclear quadrupole moments of 

the halogens in molecules has been extensively 
studied and interpreted in terms of bond structure, 
but attention given to quadrupole hyperfine structure 
of O, S, or Se has been rather small by comparison. 
We have attempted to study the quadrupole coupling 
of S* in a variety of bond structures in order to obtain 
information about the nature of sulfur bonds, and in 


* This research was supported in part by the Army Signal 
Corps jointly with the U. S. Office of Naval Research under a 
Signal Corps contract. 

t Formerly National Research Council Postdoctoral Fellow at 
the Columbia Radiation Laboratory. Now at Department of 
Chemistry, The Rice Institute, Houston, Texas. 


addition to obtain improved values for the nuclear 
quadrupole moments of S*, S**, and isotopes of the 
chemically similar elements, O and Se. 

The most abundant sulfur nuclei, S* and S*, have 
zero spin and hence no quadrupole moment, but the 
less common S* (0.75 percent abundance) has a spin 
of 3/2 and a quadrupole moment. € uadrupole hyperfine 
structure due to this isotope was first observed by 
Townes and Geschwind! in OCS, and its quadrupole 
coupling constant in this molecule has been determined 
with increasing accuracy by several workers, White’s 
value? eq?= —29.130+0.008 Mc/sec being the most 


' C. H. Townes and S. Geschwind, Phys. Rev. 74, 626 (1948). 
?R. L. White, Columbia Radiation Laboratory Quarterly 
Report, March 31, 1953, p. 21 (unpublished). 
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accurate. Townes and Dailey* have discussed the bond 
structure of OCS in terms of two reasonable configura- 
tions and set upper and lower limits of 100 Mc/sec 
and 50 Mc/sec on the coupling constant per unbalanced 
p electron for S*. A corresponding uncertainty applies 
to the determination of the quadrupole moment from 
this coupling constant. 

Measurements of hyperfine structure due to S* in 
the molecules HDS, SO:, and CH;SH are reported and 
discussed below. Dousmanis, Sanders, Townes, and 
Zeiger‘ have recently determined the quadrupole cou- 
pling constant of S* in HNCS. Mockler and Bird are 
reporting the coupling in CS in a separate work to be 
published soon. Dehmelt® has recently determined the 
coupling constant in solid rhombic sulfur by measuring 
the pure quadrupole resonance. 

Quadrupole effects in these six molecules and in OCS 
allow fairly extensive intercomparison between dif- 


ferent types of bonds. 


HDS (Partially Deuterated Hydrogen Sulfide) 


The microwave spectrum of HDS has been analyzed 
by Hillger and Strandberg.* From their measurements 
the frequencies of the transitions 2 y—2.,; and 4; ;—4, 2 
of HDS® were known to be about 11 258 and 10 831 
Mc/sec, and the difficulty of locating and identifying 
asymmetric rotor transitions was eliminated. The 
sample of HDS was prepared by Dr. G. Silvey from 
natural sulfur and hydrogen containing 50 percent 
deuterium. Nine weak lines were observed over a range 
of 15 Mc/sec centered about the predicted frequency 
of the 22-2, line and one of these was partially 
resolved to give the required total of ten lines. Four 
lines corresponding to AF =0 transitions were observed 
within one Mc/sec of the predicted frequency of the 
43, -4,,2 line. In this case the AF=+1 components 
should be very much weaker than the observed AF=0 
components and hence were not observed. The fre- 
quencies of the two rotational transitions without 
hyperfine structure were computed from the measure- 
ments to be 11 259.10 Mc/sec and 10 831.12 Mc/sec, 
but these absolute frequencies are probably less precise 
than the coupling constants since only frequency dif- 
ferences were desired and no precautions were taken 
against inaccuracies in absolute frequencies due to 
time-delays in the measurements. The eight fully- 
resolved lines of the 22-22, transition were all 
measured at least twice and fitted by least squares to a 
first order quadrupole calculation with a rms deviation 
of 0.07 Mc/sec. Most of this deviation probably arises 
from distortion of the various lines by Stark components 
of adjacent lines, an effect which could not be completely 
eliminated. 

*C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 

* Dousmanis, Sanders, Townes, and Zeiger, Columbia Radia- 
tion Laboratory Quarterly Report, March 31, 1953 (unpublished). 

5H. Dehmelt, Phys. Rev. 91, 313 (1953). 
es E. Hillger and M. W. P. Strandberg, Phys. Rev. 83, 575 
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Since closed expressions for E(x), the asymmetric 
rotor reduced energy, are available for all of the levels 
involved in these transitions, the expression given by 
Bragg and Golden’ was more convenient than the 
alternative expression involving asymmetric rotor line 
strengths. That is, Wag=eQ(V22)uf(,J,F), where 
{U,J,F) is Casimir’s function, and 


eV 
0a 
OE &V 


—+—[J(J+1)— E(x) +«—-1]}. 
OK 0c? 


(V22)m=— 
J 


20°V 
easton 
ob’ 


Values of x were obtained for HDS® and HDS*™ by 
rigid rotor calculations on the frequencies for the 
transitions 1), 9—1;,; and 22 o—22,; given by Hillger and 
Strandberg,® and these were simply averaged to give a 
value accurate enough for the calculations on HDS*. 
The least square fit gave values for eO(V.2)5 of — 23.45 
and —31.1, Mc/sec for the initial and final states re- 
spectively. Because of the mathematical symmetry of 
a AJ=0 transition, an equally good fit could be ob- 
tained by reversing the order and signs of these num- 
bers, but this led to unreasonable values of the molecular 
coupling constants and was rejected. The coupling 
constants obtained are e((d?V/da?)=—23.4; Mc/sec 
and e((0°V /db?)= —17.54 Mc/sec. As a check on the 
accuracy of measurement, assignment, and calculation, 
these constants were used to calculate the fine structure 
of the 4, 43,2 transition. The calculated value of 
— 3.22 Mc/sec compared favorably with the measured 
value of —3.18 Mc/sec for the single constant required 
to determine the splitting of the AF=0 lines, with the 
difference representing an error of 0.01 Mc/sec in the 
splitting of the two strongest lines. 

Before a final evaluation of this data could be made, 
it was necessary to carry out a rotation from the inertial 
axes of HDS to the electrical symmetry axes, which 
presumably coincide with the H—D direction and the 
bisector of the HSD angle. The angle of rotation must 
be calculated from molecuiar parameters, and these 
parameters may not simply be taken as identical with 
the infrared parameters of H,S, since zero-point vibra- 
tions in such a light molecule will certainly produce 
some change in the effective structure of the molecule 
with isotopic substitution. For many other purposes 
these changes are negligible, but in this case the angle 
of rotation and the final coupling constants depend 
rather critically on the bond angle. 

Angles of rotation have been calculated for several 
structures by Mr. George Dousmanis. One of these was 
obtained by taking Hillger and Strandberg’s® fre- 
quencies for the HDS® transitions 1),¢—11,; and 
22-22, and their calculated value of the inertial 
defect and determining the structure from A and B 


7 J. K. Bragg and S. Golden, Phys. Rev. 75, 735 (1949). 
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on a rigid rotor basis. This led to a bond angle of 93°18’ 
and bond distances (assumed equal) of 1.3455A. The 
angles of rotation calculated from these parameters 
were 36°29’ for HDS® and 36°51’ for HDS*®. In another 
structure the S—D distance from the first structure was 
shortened by 0.01A to test the dependence of rotation 
angle on such an inequality in effective bond distances 
as might be caused by zero-point vibrations. This 
changed the angle of rotation from 36°51’ to 36°24’ for 
HDS*. 

The coupling constants calculated from the first 
structure are 


e(#V /da’?) = — 31.0 Mc/sec, 
e0(@V /ab’) = — 10.0 Me/sec. 


Here a’ refers to the H—D direction and 6’ to the 
bisector of the HSD angle. Those calculated from the 
second differ by about one Mc/sec from these values. 
The sum of the two constants is independent of the 
angle of rotation. 

Essentially the above results were obtained some 
time ago and sent privately to Dehmelt, who has al- 
ready commented® on the significance of the large 
difference between e((0?V/da") and eQ(0?V/db"). 
Burrus and Gordy* have confirmed the experimental 
result by obtaining the similar quantities for H,S* 
and also have discussed its significance. Their values 
for H2S are e0(0?V /da’?) = —32.0 Mc/sec and eQ(@°V 
0b’) = —8.0 Mc/sec, with an H—S—H angle of 92°6’. 
It is not clear whether the small differences between 
results for HeS and HDS are due to experimental un- 
certainties or to changes in the effects of zero-point 
vibrations. A change in bond angle as large as 1° is not 
unreasonable for substitution of D in place of H. 

The importance of the observed difference between 
e0(8V/da") and cO(V/db’) lies in the fact that if 
HS involved nearly pure p bonds, as has often been 
assumed because the bond angle is so near to 90°, these 
two constants must necessarily be equal. The three p 
orbitals would not be equally filled since the orbital 
perpendicular to the molecular plane would be occupied 
by two nonbonding electrons, which would give a field 
gradient symmetric about this direction and equivalent 
to that produced by one atomic p electron. This is not 
as poor an approximation as it might seem since the 
observed difference between e(0(0?V /da’) and e0(@°V/ 
0b?) may be accounted for by a small amount of s 
hybridization for each bond. Assuming 4 percent ionic 
character for the S—H bond, and that the bond is an 
s— p hybrid, one obtains from the above coupling con- 
stants a value 14.6 percent for the s-hybridization and a 
quadrupole coupling constant per pure p bond of 50.0 
Mc/sec. The rather small amount of ionic character 
assumed here has little effect on the quadrupole coupling 
and has been omitted from Table II for the sake of 
simplicity. 


$C. A. Burrus, Jr., and W. Gordy, Phys. Rev. 92, 274 (1953). 
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The difference between the observed HSD angle of 
93°18’ and the angle of 100° required by the indicated 
s—p hybridization is somewhat puzzling. Dehmelt® has 
suggested the possibility of d hybridization, which 
might modify the angle. If this explanation is correct, 
the coupling constant per p electron given above is too 
small by 10 to 20 percent. An alternative explanation 
might be that the localization of a bond along the inter- 
nuclear line is a poor approximation for very light mole- 
cules. This idea is given some support by the difficulties 
in fitting the NH; coupling constant with a hybridiza- 
tion scheme determined by the bond angles, and by the 
fact that arsine and stibine also have HXH angles 
very nearly 90° but quadrupole coupling constants 
which require a sizeable degree of s— p hybridization?” 
In contrast to arsine and stibine, the heavier molecules 
AsF; and SbCl; have bond angles which agree with the 
amount of hybridization indicated by their quadrupole 
coupling constants.” 


Sulfur Dioxide 


Sulfur dioxide has been the subject of several in- 
vestigations."" No transitions of the less abundant iso- 
topic species of sulfur were identified in any of these 
researches, and this proved to be a major hindrance to 
the present work, since weak lines had to be found and 
identified. 

The frequencies of the isotopic lines were calculated 
from Crable and Smith’s frequencies for the SO, transi- 
tions 11, Oo, 0» 21. 12h, 2 and 40, 4-3, 3 and the rigid 
rotor approximation. This calculation was performed 
with fifth power series in 6, the prolate asymmetry 
parameter, and the following approximations were used: 


Ty= 15, 


M 5" M 3"+2Mo 
/ “(—*)(—— es 

Ms"/ \Mg+2Mo% 
The surprising feature of this calculation was the close 
agreement with the frequencies later measured, most 
of the difference being accounted for by the rigid rotor 
approximation used to calculate the moments of the 
principal isotopic species. The calculated and observed 
frequencies are given in Table I. Since the desired lines 
are weak, and the J values fairly high, only the four 
hyperfine structure lines having AF = AJ had observ- 
able intensities when SO, with natural abundances 
was examined. Casimir’s function has the peculiarity 
that for any value of J and a spin of 3/2, f(3/2, J, 
J+3/2)—f(3/2, J, J+1/2)= f(3/2, J, J—3/2) — (3/2, 
J, J-1/2)=1/4. When only AF=A/J transitions are 
observed, this relation can prove whether or not a given 


A®= A® 


‘ °C. ‘: Loomis and M. W. P. Strandberg, Phys. Rev. 81, 798 
1951). 

” P. Kisliuk, J. Chem. Phys. 22, 86 (1954). 

" Dailey, Golden, and Wilson, Phys. Rev. 72, 871 (1947); 
M. H. Sirvetz, J. Chem. Phys. 19, 938 (1951); G. F. Crable and 
W. V. Smith, J. Chem. Phys. 19, 676 (1951). 
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TaBLe I. Frequencies of SO: transitions.* 





Observed frequency Calculated frequency 
Me/sec Mc/sec 


(29 321.22) (29 321.2) 
30 194.09 30 191.3 
31 011.19 31 006.4 
(23 414.33) 23 435.2 
20 605.97 20 632.1 
17 970.42 18 001.0 


Line 


S*O, 4o, 31, 3 
S*®O, 4p, se731, 4 
S*Ozg 40, 31,3 
S*O, 5. s*—-6;, 6 
S*O, 52 la 6, b 
S*O, 52, st-O;, 4 





* () indicates an observation by Crable and Smith (reference 11). 


group of lines is a quadrupole pattern arising from a 
nucleus of spin 3/2, but prevents the identification of 
the J values of the pattern from spacings observed. 
It also requires careful observation of the relative in- 
tensities of such a pattern to determine the assignment 
of F values to the lines. 

The four lines of the 4o, —3,,; transition centered at 
30 194.09 Mc/sec were observed at room temperature 
and at —70°C. With these and all other frequency 
measurements on SOs, slow triangular sweeps or stabili- 
zation were used to eliminate time delays in the fre- 
quency and line presentation circuits, since it was felt 
that other investigators might make use of the absolute 
frequencies so measured. The combination rule just 
mentioned was applied as a test of accuracy, and dis- 
crepancies not larger than about 0.05 Mc/sec were 
observed among the four frequencies thus compared. 
Here, too, the principal source of inaccuracy was 
probably distortion of the lines by Stark components 
from neighbors. The four lines of the 52 4—6;,5 transi- 
tion were observed at room temperature and at — 70°C, 
and assignments based on calculations from the above 
transition verified by intensities and spacings. One of 
the four lines nearly coincided with a multiple of 30 
Mc/sec and could not be measured accurately with the 
frequency standard available; for this reason the com- 
bination rule could not be applied. 

Calculation of the coupling constants was performed 
with the expression given above. The earlier use of the 
6 series proved to be particularly helpful, since the 
necessary reduced energy terms E(x) and dE/dx could 
be obtained by differentiating the series and using the 
relationships E(x)=E(5) and dE/dx=4dE/ds. The 
value of 6 was obtained from the calculation of moments 
of inertia by the approximations already given. Since 
it predicted the location of the observed transitions 
satisfactorily, it was considered good enough for the 
less precise quadrupole data. This procedure is good 
only for small values of 6 since the dE/dé series will 
converge less rapidly than the original E(8) series. 

The calculated values of the coupling constants ob- 
tained from the 4, «—3;,; transition are as follows: 


eQ(?V /da*) = —1.740.2 Mc/sec, 
e0(8V /db*) = +25.714-0.03 Mc/sec- 


The uncertainties given represent the average deviation 
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of calculations based on different frequency meas- 


urements. 
The electronic structure of SO. has been considered 


as mainly consisting of the two identical resonant forms, 
St 

VA 
O O- 


and 


with sp* hybridization accounting for the observed bond 
angle of nearly 120°. The quadrupole coupling constants 
for such a structure would be eQ(0?V /da*) = —}eq,+O 
and eQ(0°V /db*) = $eq,*Q, where eq,*Q is the coupling 
constant for one p electron in St, or about 70 Mc/sec. 
This structure gives the correct signs for the coupling 
constants, but not precisely correct values. 

In order to obtain the measured coupling constants, 
it is necessary to modify the above structure by de- 
creasing the probability for an electron to be in the p 
orbital about the S atom which is perpendicular to the 
plane of the molecule. The structure, 


S 
/ * 
O O, 


is not favorable, since it puts two electrons in this p 
orbit. Some importance for the structure 
St 


Sf” 
A 


O- O- 


would give the correct effect as would also d-hybridiza- 
tion of the component of the double bond in the 


structure 


Assuming that the structure of primary importance is 


St 
Fai. 
O O-, 


and that the probability for the electron being removed 
from the x orbital by some mechanism such as those 
mentioned is ¢, one can obtain e and eg,Q from the 
measured coupling constants. They are e=0.27 and 
egp2=55 Mc/sec in reasonable agreement with the 
result from HDS. 


Methyl Mercaptan 


Methy! mercaptan has been subjected to a number of 
microwave investigations, the most recent and ex- 
haustive being that of Solimene and Dailey.’* These 
authors kindly provided detailed information on their 
work and a sample of CH;SH with sulfur in natural 
abundance. They had identified a pair of lines at 


12 N. Solimene and B. P. Dailey, Phys. Rev. 91, 464 (1953). 
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25 291.87 Mc/sec and 25 290.92 Mev/sec as the transi- 
tion 1o, Oo, o (the line is double as a result of internal 
torsion) of the principal isotopic species, and a line at 
25 879.08 Mc/sec as the unresolved doublet corre- 
sponding to the same transition for the species CH;S"H. 
With the high-sensitivity spectrograph described by 
Fletcher and Hardy" this line was easily resoived into 
a corresponding doublet (24 879.83 Mc/sec and 
24 878.91 Mc/sec) confirming their assignment. Mid- 
way between these pairs of lines a group of three very 
weak doublets was found with appropriate doublet and 
quadrupole spacings. The central frequencies of the 
two groups of three lines were 25 079.64 Mc/sec and 
25 078.70 Mc/sec. Only one of the two asymmetric 
rotor coupling constants may be obtained from this 
particular transition; it is e0(6?V /da*) = —27.57+0.05 
Mc/sec. No other transitions of normal methyl mer- 
captan have been identified except for a J=2—1 
transition at about twice the frequency of the J= 10 
transition. A search for the corresponding isotopic 
transitions was not attempted because of the difficulty 
of looking for a group of weak lines in a very dense 
spectrum. 

The a axis in methyl mercaptan coincides quite 
closely with the C—S direction, being tipped only 2.5° 
out of this direction by the hydrogen bonded to the 
sulfur.” The C—S—H bond angle is 99°26’ suggesting 
an s hybridization of about 14 percent for the p bonds 
as was found in HDS. If the electric fields surrounding 
the S in methyl mercaptan were similar to those in 
HDS, one would expect a value e((d?V/da*) = — 23.2 
Mc/sec, which is not far different from the observed 
value of — 27.6 Mc/sec. A measurement of the coupling 
constant e((é?V/d8?) would permit a more complete 
interpretation of the sulfur bonds in this molecule. 


S;, CS, and HNCS 


Dehmelt® has observed the pure quadrupole reso- 
nance of S* in solid rhombic sulfur (Ss) from which 
a quadrupole coupling constant of +45.8 Mc/sec is 
obtained. The coupling constant for a pure p electron 
can be deduced from this if the amount of hybridization 
can be satisfactorily determined. Dehmelt argues 
against as much as 21 percent hybridization, which is 
indicated by the angle, and assumes 10 percent s—p 
hybridization so that a coupling constant per p electron 
of 50.4 Mc/sec is obtained. Dehmelt’s argument against 
larger hybridization is based, however, on multiplying 
the total bond energy by a rough estimate of the per- 
centage increase in overlap due to hybridization and 
comparing this product with the energy needed to 
promote 21 percent of one electron from an atomic 3s 
to a 3p orbit. The total bond energy of course involves 
repulsive interactions as well as overlap energies, and 


‘3 P. Fletcher and W. A. Hardy, Columbia Radiation Laberatory 
Quarterly Report, March 31, 1953, p. 20 (unpublished). 
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only a considerably more refined calculation would give 
good information about the hybridization. If 21 percent 
s hybridization is assumed, the coupling constant per p 
electron would be 58.0 Mc/sec rather than the 50.4 
Mc/sec obtained by Dehmelt. 

That s hybridization in sulfur bonds can be large 
is strikingly demonstrated by the quadrupole coupling 
of S* in CS reported by Mockler and Bird." In this case 
the most reasonable way of obtaining the correct sign 
for the coupling constant is to assume that the struc- 
ture C~=S* is important and that the « component of 
this bond involves considerable 3s character. It is 
possible to obtain the positive coupling constant of CS 
by assuming the structure C-=S+* to have d hybridiza- 
tion in the w orbitals rather than s hybridization in the 
a orbital. However, there appears no reason why d 
hybridization of the w orbitals should not occur also in 
OCS, where it would be inconsistent with the measured 
coupling constant for S®*, 

The various possible electronic structures for OCS 
were discussed some time ago by Townes and Dailey.’ 
At that time, it was not clear whether or not the o 
orbital was hybridized, and hence structures with or 
without s hybridization were suggested as alternatives. 
It now appears that if the coupling constant of S®* in 
OCS is to be made consistent with those of the above 
molecules, very little s hybridization can be allowed. 
This is in contrast to the case of CS, where s hybridiza- 
tion of the o orbital seems essential. The difference be- 
tween the OCS and CS cases is presumably connected 
with the difference between the carbon orbitals which 
are available. It illustrates the hazards involved in the 
simplifying assumption of an invariable amount of 
hybridization. 

The coupling constant for HNCS is —27.5 Mc/sec 
which is very nearly equal to that for OCS, indicating 
the similarity of the sulfur bonds in the two cases. 
It is interesting that the small difference between the 
coupling constants in HNCS and OCS is fairly well 
predicted, however, from the variations in multiple 
bonding obtained by using the measured internuclear 
distances. This is shown in Table II. 


Summary of S Bonds 


The most reasonable structures which fit all the 
measured quadrupole couplings of S* are listed in 
Table II. The quadrupole coupling per p electron for 
atomic S* is assumed to be —55 Mc/sec for these cases. 
The sign of this coupling constant corresponds to a 
negative nuclear quadrupole moment for S*. Most 
weight in determining the coupling constant has been 
given to hydrogen sulfide, Ss, and SOs, in decreasing 
order of importance, since their structures seem to be 
most simply and uniquely interpretable. It is thought 


‘4 R. Mockler and G. Bird (to be published). 





1208 G. BIRD AND C. H. TOWNES 


Tasie IL. Probable bond structures of molecules containing S and comparison between experimentally measured quadrupole cou- 
pling constants of S* and those predicted from the structures. The coupling constant per / electron is assumed throughout to be — 55 
Mc/sec. Percentage importances of multiply bonded structures are determined from internuclear distances. 
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that the coupling constant per p electron is accurate 
to about 15 percent. 


Quadrupole Moments of O'’, S**, S*5, and Se’® 


The quadrupole coupling eQ(0?V /dz2*) per p electron 
determined above may be used to evaluate the quadru- 
pole moment of S®* if the quantity 0°V /d2*= $e/(r*), is 
known. By using the value of (1/r*)« given by Barnes 
and Smith,'® we obtain a value Qs»= —0.058x 10-*4 
cm’, This should be further corrected by a factor of 
about 1.10 to allow for screening effects,'® so that the 
corrected value is 0s*= —0.064X10~"* cm*. This may 
be compared with the original value —0.05X10-* 
given by Townes and Geschwind! and the very recent 
values 0.05 10~* and 0.06 10~* given by Dehmelt® 
and by Burrus and Gordy,® respectively. Since the ratio 
of the S** moment to that of S* is —0.695,!7 the S* 
moment is then 0g*=0.045 X 10-4 cm?, 

The quadrupole coupling constants of O'’ and Se’s 


1 R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
© R. Sternheimer, Phys. Rev. 84, 244 (1951). 
'T Cohen, Koski, and Wentink, Phys. Rev. 81, 948 (1951). 





50 s for « bond 


none 


none 


eQ0(8V /ab*) = 28.2 
e0(8V /d2*) = 13.8 


eO(V /d2?) = — 28.3 


eO(#V /ds?) = — 25.2 


have been measured in OCS and OCSe.'*:” Although 
the oxygen and selenium bonds are certainly not pre- 
cisely like those of S, they may be assumed to be 
reasonably similar in the molecules OCS and OCSe. 
Previous evaluation of Q for O'’ and Se” can hence be 
improved as a result of our more precise knowledge of 
the S bonds in OCS. Assuming that the structure of 
OCS is as given in Table II, that the oxygen bonds, 
like those of S, are not hybridized in this molecule, and 
using the measured'* coupling constant of O"” in OCS, 
the quadrupole coupling constant per p electron for 
O"7 is — 3.30 Mc/sec. Assuming that the bond structure 
of OCSe is similar to that of OCS, and using the meas- 
ured coupling constant for Se”, the quadrupole cou- 
pling per p electron for Se” is 1430 Mc/sec. Using values 
of (1/r*) from Barnes and Smith," and applying correc- 
tions of 10 percent for screening,'® one obtains the 
nuclear quadrupole moments Qov = —0.004X 10~-** cm? 
and Qs." =0.9X10-* cm’. 


18 Geschwind, Gunther-Mobhr, and Silvey, Phys. Rev. 85, 474 


1952). 
* Hardy, Silvey, and Townes, Phys. Rev. 85, 494 (1952). 
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The differential proton-proton scattering cross section at 45° in the laboratory system has been measured 
in the energy region 350-420 kev. The interference minimum occurs at 383.9+1.5 kev. The minimum in 
the ratio to the Mott cross section thus occurs at 382.8+1.5 kev, and at the latter energy the S-wave phase 
shift is 59==0.2527+0.0011 radians, in good agreement with the most recent data in this energy region 
The combination of our point with the Wisconsin data alone agrees with the previous analysis of data from 


a wide range of energies. 


I, INTRODUCTION 


NE of the time-honored' purposes of proton- 

proton scattering measurements? has been to 
determine the nuclear S-wave phase shift as a function 
of energy. Such measurements give a detailed descrip- 
tion of the force field between two protons with anti- 
parallel spins and no relative angular momentum. 

It has been emphasized’ that two parameters, the 
effective range and the scattering length, are sufficient 
alone to predict remarkably well the S-wave phase 
shift over a large energy range. Unfortunately, force 
fields derived from static potentials of widely different 
functional dependence on the separation between the 
protons, or even velocity-dependent forces, may well 
have the same best two-parameter fit to the low-energy 
data. The first information about the “shape” is given 
only when a third parameter becomes necessary to 
fit the data. 

In order to choose, for example, between Yukawa 
potentials with and without a repulsive core the energy 
range of experiments must be wide and the low-energy 
data must be particularly accurate. High-energy 
measurements give large effects but are more difficult 
to interpret because they may have in them appreciable 
amounts of higher partial waves than S wave, and 
because a comparison with low-energy data relies 
heavily on the assumption of a known velocity-de- 
pendence of the forces. On the other hand, the accuracy 
required in low-energy measurements necessitates the 
most painstaking work,‘ and the interpretation may 
still involve the velocity-dependence of the forces. 

Proton-proton scattering experiments are particularly 
difficult at energies appreciably below 1 Mev, where 
the scattering and stopping powers of thin windows 
and of the scattering gas are relatively large. Because 


” ‘Suppo sertied by joint program of the U. S. Office of Naval 


Research and the U. S. Atomic Energy Commission. 
t Now at Bell Telephone Laboratories, Murray Hill, New 
ersey 
J I Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 
* Herb, Kerst, Parkinson, and Plain, Phys. Rev. 55, 998 (1939). 
*L. Landau and b a Smorodinsky, J. Phys. (USS.R.) 8, 154 
(1944); Julian Schwinger, Phys. Rev. 72, 742 (1947); H. A. 
Bethe, Phys. Rev. 76, 38 (1949); and J. D. Jackson and J. M. 
Blatt, Revs. Modern Phys. 22, 77 (1950). 
‘Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
(1953). 


there is no bound state, because no experiments at 
thermal energies are possible, and because total cross 
section measurements would give negligibly little 
nuclear information even if possible technically, the 
measurements at energies below 1 Mev, as at higher 
energies, must be differential scattering experiments. 
Such experiments necessitate in general absolute 
measurements of the energy and numbers of incident 
protons, density, and volume of target protons, mean 
angle and solid angle subtended by the detector of 
scattered protons, and efficiency of the detector. 

In practice accurate phase shifts may be obtained in 
this energy region by measuring® the relative yield of 
scattered protons as a function of angle. This requires 
absolute measurements of only energy and mean 
angle of scattering, but also requires considerable 
knowledge of the relative efficiency of the detector 
as a function of scattered proton energy, since the 
energy changes rapidly with angle. 

There is in addition one set of exceptional energies 
and angles at which it is necessary to have absolute 
values for only the energy and mean angle, without 
an angular survey, and to correct if necessary for the 
change in the relative efficiency of detector and current 
monitor over a narrow energy interval only. These are 
combinations of energy and angle at which the repulsive 
electrostatic force® cancels out a part or all of the effect 
of the attractive S-wave nuclear force.’ The destructive 
interference is most marked at an angle of 90° in the 
cm system. The energy of this minimum is determined 
in the present experiment by studying the relative 


5 Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 85, 
540 (1952) survey and interpret all the data and quote unpublished 
results of a thorough investigation by Heydenburg and Little in 
the low-energy regions. 

* The dipole-dipole magnetic interaction has been treated as 
a perturbation on the nuclear interaction by J. Schwinger, Phys 
Rev. 78, 135 (1950). 

7A rough optical analog to this experiment is the following 
A spherically symmetric cloud of free electrons, of known density 
as a function of radius, is irradiated by light of wavelength 
comparable with the mean radius of the charge distribution 
The scattered light is observed at a distant point at some fixed 
angle. Now a very small dielectric ball of scattering power com 
parable to that of the charge cloud is introduced at its center 
The wavelength of the light is varied until the scattered intensity 
is a minimum at the angle of observation. The S-wave phase 
shift by the ball at one wavelength, and hence a single measure 
of the scattering properties of the dielectric ball, is thus deter 
mined 
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Fic. 1, Ratio of proton-proton cross section to Mott 
cross section at 45° laboratory angle. 


yield of scattered protons at 90° c.m. (45° lab) as a 
function of energy from approximately 350 to 420 kev. 

The laboratory cross section at 45° in the 0 to 1-Mev 
region may be predicted from the best fit to the com- 
bined data at higher energies. For simplicity we chose 
to compute the cross section from the two-parameter 
(“shape independent”) fit to the latest Wisconsin 
data‘ only. The quantity plotted in Fig. 1 is actually 
the ratio of the p-p cross section computed in this way 
to the Mott cross section for protons with nothing 
but a pure Coulomb force between them. To get the 
differential cross section in millibarns per steradian 
in the laboratory, the ordinate in Fig. 1 must be 
multiplied by 20.73/E*, where E is the bombarding 
energy in Mev. 

An accurate determination of the cross-section mini- 
mum is not as difficult as it appears from Fig. 1. Plotted 
on a more appropriate scale in Fig. 2, the detail of 
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Fic. 2. Detailed proton-proton cross section at laboratory 
angles near 45°. 
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the laboratory cross section shows a sharp minimum. 
We were preparing to do an accurate absolute cross 
section measurement until we observed experimentally 
this rapid variation of cross section with energy. 

An order of magnitude estimate of the inaccuracies 
in the experiment and in its interpretation may be 
given as follows: At the 45° minimum the nuclear 
phase shift is approximately equal to e?/hv, where v 
is the relative velocity of the two protons at the energy 
of the minimum. We determined this energy to be 
383.941.5 kev, i.e., with 0.4 percent accuracy in 
v’. Thus the nuclear phase shift at the minimum is 
obtained to about 0.2 percent. The 2- to 4-Mev data 
give phase shifts accurate at those energies to the order 
of 0.1 percent. When these data are used to predict 
the phase shift expected at the minimum the differences 
due to choice between popular static potentials are 
of the order of only a few tenths of a percent. A slightly 
velocity dependent force field—for example a nuclear 
“potential” the apparent depth of which changes by 
Av’/c? on going from one velocity to another—will 
also give comparable effects of a few tenths of a percent 
in phase shift in going over this energy range. 


Il. EXPERIMENTAL DETAILS 
A. Machine 


The proton beam was provided by a pressurized 
Van De Graaff generator® built with this experiment 
in mind. The beam from the radio-frequency ion 
source was focused in the conventional way and 
analyzed outside the machine by deflection through 
about 15° using a permanent magnet with an adjustable 
flux path to vary the magnetic field. Additional focusing 
of the mass-1 beam alone by an electrostatic alternating- 
gradient lens provided up to 5 microamperes through 
the collimator and to the scattering chamber (Fig. 3). 

Voltage stabilization was provided by corona 
control operating on a signal from overlapping slits 
placed in the deflected mass-2 beam. 


B. Scattering Chamber 


The fixed-angle scattering chamber was designed 
as small as possible to keep the path length of incident 
and scattered protons to a minimum in the scattering 


gas. Differential pumping was used at the beam 
entrance to give as little stopping power as possible 
in the entrance collimators. The counters were operated 
using the purified hydrogen scattering gas at the 
scattering chamber pressure with no windows to 
impede the scattered protons. 

The proton beam entered the scattering chamber 
through a series of collimators which also served as 
impedances for gas flow in the differential pumping 


® Cooper, Frisch, Storrs, and Strumski, Phys. Rev. 79, 708 
(1950). A letter describing the hydrogen supply for the ion source 
and the strong focusing electrostatic lens is being submitted to 
Review of Scientific Instruments. 
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Fic. 3. Scattering chamber. 


system. The first collimator was a brass tube 0.125 in. 
in diameter and four inches long. The next two con- 
sisted of a series of 0.040-in. holes in steel disks less 
than 0.001 in. thick at the inside edge, spaced } in. 
apart. The angular spread thus defined was +0.5° 
about the central axis, or a maximum difference of 
angles of 1.0°. That there was no detrimental degrada- 
tion of the energy of the protons by the walls of the 
collimator was indicated by the good functional form 
of the observed minimum in the p-p cross section. 

The current collector cup was kept at ground po- 
tential with a magnetic field to prevent secondary 
electrons from leaving the cup and a negative grid 
(a ring) to prevent secondary electrons from the nickel 
foil from entering the cup. The charge collected was 
measured with an electronic current integrator. By 
observing the Rutherford scattering of protons from 
argon, the rate and energy dependence of the current 
collecting system and of effects from the varying 
chamber pressure could be studied. Also in this way 
the correct value for the magnetic field and shielding 
voltage was determined. 

The geometry was such that one could count the 
protons scattered through an angle of 45° on either 
side of the beam in each of two perpendicular planes. 
Coincidences between the two protons emerging from 
a single scattering were thus possible in each plane, 
and were used at first to check the identification by 
pulse height of the pulses coming from the counter. 

Slits were provided in front of each of the counters 
such that only protons scattered through a narrow 
range of angles centered on 45° could enter. The 
first slit was located 0.625 in. from the beam along 
the line of the scattered protons; the second slit was 
0.625 in. beyond the first. Typical slit dimensions were 
0.012 in. X0.200 in. and 0.018 in.X0.200 in., respectively. 
There were no foils at this point ; the counters operated 
in the scattering chamber gas at the scattering chamber 
pressure. The counters were especially designed for 


this (see Fig. 4); the center wire was }-inch drill rod 
12 inches long cantilevered from a large Kovar-glass 
lead through and joined smoothly at the free end to 
a %-inch diameter rounded section. The operating 
voltage was in the vicinity of 1200 volts. When running 
the experiment with pure H, at about 1.5-cm Hg, 
typical pulses were 15 times noise with a pulse-height 
distribution that at best had a width at half-maximum 
about $ the most probable pulse height. The counters 
were adequately proportional so that the protons 
scattered from protons could be separated from protons 
scattered by heavier nuclei. 

The counter output was amplified by a Model 100 
amplifier and the pulses recorded on a 10-channel 
pulse-height analyzer in parallel with integral scalers 
Model 210. The availability of the 10-channel analyzer 
was of a far greater importance than would be indicated 
merely by the large statistical gain it gave over integral 
or even single differential channel analyzers. 


C. Gas Handling and Purification 


At its minimum the 45° p-p scattering cross section 
is only 1/1760 times that for the scattering of the 
protons by oxygen, the principal contaminant of 
the tank hydrogen used. Commercially available Hy, 
must be purified by more than a factor of 10 before 
the p-p yield is comparable to the p-O yield. To purify 
the scattering gas, we used activated charcoal at liquid 
nitrogen temperature, passing the hydrogen through 
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Fic. 4. Low-pressure proportional counter. 
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a charcoal-filled stainless steel cylinder at pressures 
above 1000 psi. This purification was carried out by 
batch, one purification yielding enough gas for several 
scattering runs. There seemed to be no appreciable 
increase in contamination while stored in the con- 
ventional metal cylinders which were well evacuated 
before filling with purified gas. 

The gas thus purified was fed through a reduction 
valve and a needle valve into the scattering chamber. 
It was pumped out through the collimators by the 
differential pumps. When the pressure in the chamber 
was 1.5 cm of mercury, the pressure was 1.0 mm at 
the first differential port and 10~* mm at the second 
differential pump. The chamber pressure and the 
pressure at the first differential port were measured 
by oil monometers. Since we were interested primarily 
in relative cross sections we did not need to know 
the pressure absolutely, although small corrections 
involving the ratio of pressures were made assuming 
the zero to be correct. 

When large currents were passed through the colli- 
mators, the pressure in the chamber would rise signifi- 
cantly (approximately 10 percent for a current change 
from 1 to 5 microamperes) presumably because of the 
increase in viscosity of the hydrogen gas in the colli- 
mator. This effect is probably caused by the tem- 
perature rise from the additional energy lost in the 
gas by the more intense incident beam. It was therefore 
necessary to monitor the pressure to a few percent, 
and to keep the current fairly constant during a run. 


D. Energy Measurement 


Originally it was intended to measure the energy 
of the beam by a time-of-flight method and to control 
by modulating an electron beam in a separate acceler- 
ating tube. We found, however, that with corona 
control operating from the mass-2 beam the generating 
voltmeter readings were remarkably reproducible, and 
that the fluctuations in beam energy about the average 
energy were not more than a few kilovolts (evidenced 
by the sharpness of the proton induced resonances 
described below). The average generating voltmeter 
galvanometer reading could be kept to about +300 
volts, Hence we felt no need at all of more rapid control 
equipment and no acute need of a more stable system. 
The energy measurement was therefore based entirely 
on the generating voltmeter readings, and no new 
absolute measurement of energy was made in this 
experiment. 

The generating voltmeter rotor was driven by a 
synchronous motor whose speed was monitored during 
the runs with a 60-cycle vibrating reed frequency 
standard. Corrections of the order of 0.2 percent due 
to the variations in the line frequency were applied 
to the data. 

The signal was taken from a stator whose geometry 
corresponded to that of the rotor, which was grounded. 
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The signal was rectified by 6H6 diodes and the voltage 
drop across a 10K temperature-controlled resistor 
measured with a precise potentiometer. The resistors 
in the measuring circuit were such that the time 
constant was about a millisecond. 

The machine temperature and insulating gas pressure 
were kept constant over the period of time necessary 
to complete a set of scattering runs and to calibrate 
the generating voltmeter. 

To calibrate the generating voltmeter we used the 
well-established points on the nuclear energy scale’ 
given in Table I. Two kinds of fluorine-containing 
targets were used, each for a separate purpose. By 
filling the scattering chamber with a trace of difluoro- 
ethane (C2H,4F.2) in hydrogen at the usual pressure, 
the alpha particles from the reaction F'(p,ya)O'* may 
be observed in one of the proportional counters. A 
thin nickel window placed in front of the alpha-counter 
slit system absorbs the scattered protons, but allows 
the alpha particles from the 340.2-kev fluorine resonance 
to pass through. This scheme is not possible at the 
483.1-kev resonance because the elastically scattered 
protons penetrate the foil. 

Since the beam collimators were filled with essentially 
the same gas as they were during the actual proton- 
scattering run, this measurement provided a direct 
connection between the 340-kev proton energy at the 
scattering volume with the generating voltmeter 
reading. 

To find the similar connection for the other proton 
energies we bombarded a LiF rotating target evaporated 
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Fic. 5. Calibration of generating voltmeter using fluorine and 
lithium resonances. The values shown for the resonance energies 
are not the recent ones used in the calculation. Using 340.2 kev 
for the lower fluorine resonance and 441.2 kev for the lithium, 
we observe 482+2 kev for the energy of the upper fluorine 
resonance, as compared with the 483.1+0.5 kev in Table I. 
Not shown is a higher fluorine resonance at 873.5+0.8 kev, 
which also indicated a linear calibration. 
® A summary of the various measurements of these resonances 
is given by S. E. Hunt, Proc. Phys. Soc. (London) A65, 982 (1952). 
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in place at the scattering volume below the same beam 
collimators as were used during the proton scattering 
runs. The y rays from the three reactions in Table I 
were detected with a Victoreen Geiger tube. In this 
way the linearity of the generating voltmeter reading 
was checked. This target was not used for an absolute 
calibration because it was felt that we could not rely 
on a solid target being completely free from coatings 
when bombarded with high proton current densities. 
Actually, freshly evaporated targets gave the same 
calibration at 340.2 kev as did the gas target. 

The solid target was also used to investigate the 
rate of energy loss in the various gases used in the 
scattering experiment by varying the position of the 
target along the beam. The shift in the 340.2- and 
483.1-kev resonances was observed as the chamber was 
alternately evacuated or filled with He gas or filled with 
various concentrations of H:—C.,H,F, mixture at 
various pressures. 

Figure 5 shows the generating voltmeter readings 
plotted versus the published values of the resonances. 
These readings have all been corrected for energy loss 
in the gas or in the target coating. Because the gener- 
ating voltmeter appears to be linear within the errors 
in Table I, we will express the energy of the minimum 
in terms of the energies of the two fluorine resonances 
so that possible future changes in their energies may 
be applied directly to our result. The lower resonance 
has the dominant effect in determining the energy of 
the nearby minimum. 


E. Experimental Procedure 


After the current collector was calibrated by scatter 
ing from an argon-hydrogen mixture, the machine 
energy was calibrated and the p-p scattering data 
taken according to the following procedure. 

The chamber was filled with a 1 percent by volume 
mixture of C2H,F: in He and the generating voltmeter 
was calibrated by observing the F(p,ya) alphas from 
fluorine at 340.2 kev in the scattering volume. The 
chamber was then pumped out and pure hydrogen 
allowed to flow through. The yield of scattered protons 
was observed at each energy for two approximately 
five-minute intervals. Then the machine energy was 
shifted to an energy roughly symmetric about the 
minimum. After about five hours the generating 
voltmeter calibration was repeated with the fluorine- 
containing gas. 

Immediately after this the solid target chamber was 
put in place of the scattering chamber below the 
collimator and the energy loss of the protons and 
generating voltmeter linearity were measured. 


III. RESULTS AND REDUCTION OF DATA 


The points in Fig. 2 are our best run of p-p laboratory 
cross section plotted against energy. Both ordinate and 
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TaBLe I. Established points on the nuclear energy scale. 
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abscissa are absolute measurements, and the curves 
are computed from a best shape-independent fit to 
the Wisconsin data.‘ Three previous runs had been 
taken, all giving this same value for the minimum,’ 
but since the experiment was not understood nearly 
so well in the earlier runs we will base our conclusions 
entirely on the data in Fig. 2." 

Our finite angular resolution should give an effective 
angle of about 44.4° for about half the protons and 
45.6° for the other half. The effect of scattering in the 
hydrogen gas should make the deviation of the observed 
counts from the 45° curve even greater. The observed 
points thus lie too low by the order of 15 percent. 

The value of the energy of the minimum is deter- 
mined by folding the 45° curve to get the line of sym- 
metry. A renormalization of absolute cross sections by 
a 15 percent increase would change the energy of the 
minimum by only about 0.2 kev, since the curves are 
almost symmetric about a line that is almost vertical. 

A renormalization of 15 percent is outside the 8 
percent or so we would have estimated as the absolute 
accuracy, except for a possible enrichment of the argon 
used in calibrating the current integrator by selective 
diffusion through the collimator of the hydrogen with 
which it was mixed. However, the comparison of 
our data on p-d scattering” with that of Freier ef al.” 
makes more than a 10 percent error in calibrations 
unlikely. Also if the points are all raised by the same 
factor the shape of the curve is not quite right; the 
resultant curve is too narrow at the top, touching the 
46° curve at about 35 kev above and below the mini- 
mum. A better estimate for the correction for finite 
solid angle would make this distortion worse, and the 
energy resolution observed with the resonances seems 
too good (about 3 kev) to affect the curve appreciably. 

This apparent difficulty with the absolute value of 
the observed cross section was not investigated 
thoroughly, and it may well all be instrumental. 
For it to be genuine the 45° theoretical p-p cross 
section would have to be too high by roughly three- 
quarters of a millibarn over this energy region. For 
example, an improbable positive nuclear D-wave phase 


” Cooper, Frisch, and Zimmerman, Phys. Rev. 90, 339 (1953) 

" The run plotted could have had five times as many counts in 
the same time with almost the same angular resolution. Unfortu- 
nately, it was done with slits which, for a study of pulse group 
separation, had been made unnecessarily narrow in the direction 
perpendicular to the plane of scattering. 

” Freier, Stratton, Brown, Holmgren, and Yarnell, Phys. Rev 
86, 593 (1952). 
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shift of the order of 10~* radian in this energy region 
would bring the data and theory into better agreement. 

The 45° curve as plotted is a fairly good match to 
the data for S-wave purposes. The curve could not be 
displaced by more than about a kilovolt up in energy 
or one and a half kilovolts down without being notice- 
ably off the best fit to the points. A reasonable estimate 
of the best fit, combined with a 15 percent renormaliza- 
tion of the ordinates of the points, gives the minimum 
of the observed curve as about 0.4 kev lower than the 
minimum of the computed 45° curve. We assign an 
over-all error to the experimental value of about 1.5 
kev, giving Emin(45°)=383.941.5 kev. In terms of 
possible different values EZ, and E; of the fluorine reso- 
nances in the future, Emin=383.9+ (99.2/142.9) (£;, 
— 340.2)+ (43.7/142.9) (E,;—483.1). 

The minimum in ratio to Mott is less by 1.05 kev, 
giving 382.8 kev. An approximate expression for the 
phase shift at the energy of the minimum in ratio to 


TABLE IT. Values of K at 382.8 kev, and the 
energy of the minimum in ratio to Mott. 


K at 382.8 kev 
3.905 
3.91740.016 
3.924 
3.939 





Yukawa 

Observed 

Shape independent 
Square 








AND ZIMMERMAN 


Mott, is 6=—0.156n*, where n=e?/v=0.2557. There- 
fore, 59=0.2527+0.0011 at 382.8 kev. 

Table II gives the values of K at 382.8 kev and the 
energy of the minimum in ratio to Mott which we 
calculate from the best fits to the Wisconsin data" for 
various assumptions of well shape. 

Our determination of the energy of the minimum, in 
terms of the published best fits to the Wisconsin data, 
seems to exclude the possibility that the p-p interaction 
might be described by a static square well, or Yukawa 
plus a very large repulsive core.'* Less good fits to the 
Wisconsin data, but still within reason, give for any 
particular shape a spread in the values of the predicted 
Emin comparable with the spread in Table II. Hence, 
one cannot with certainty exclude a square well on the 
basis of these data alone. 

Considered with all the data from a wide energy 
region, our datum fits in well with the conclusion, 
already indicated by Yovits ef aj.,° that the force field 
cannot be described by a potential shaped like a square 
well, or a Yukawa well with a large repulsive core. 

We are particularly indebted to Peter Rose for 
considerable help with the experiment and to C. J. 
Strumski for 2 great part of the construction and 
operation of the machine. 

13H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 
war Hornyak, Falk, Snow, and Coor, Phys. Rev. 89, 204 
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Doppler Effect in the Slow Neutron Resonance in Rhodium 


H. H. Lanpon 
Brookhaven National Laboratory, Upton, New York 
(Received December 31, 1953) 


The variation in transmission of a rhodium foil to 1.26-ev neutrons has been measured as a function of 
foil temperature using a crystal spectrometer. A change in transmission of approximately two percent per 
100-degree temperature change has been observed over a temperature range from 120°K to 860°K. After 
correction for instrument resolution and Doppler effect, a peak cross section of 4850+200 barns results. 
Comparison has been made with the theory of Bethe and Placzek as extended by Lamb. 


INTRODUCTION 


ANY problems arise in the determination of 

accurate Breit-Wigner parameters for neutron 
capture resonances in the energy region above a few 
tenths of an electron volt. In addition to the problem 
of finite instrument resolution, the broadening of a 
resonance due to the thermal motion of the target 
atoms becomes increasingly important as the energy 
increases. Until recently it has not been possible to 
study a resonance with sufficiently high resolution so 
that such broadening was directly measurable. The 
results obtained with the BNL crystal spectrometer’ 
have been such, however, as to require consideration of 
this problem in the determination of accurate param- 
eters from direct line shape analysis. It was decided, 


therefore, to choose a suitable resonance and to study 
the effect of temperature on the measured cross section. 
The Doppler width? of a line is 


A=2(EokTm/M)', 


where m is the neutron mass, M the mass of the resonant 
isotope, Ey the resonance energy, and 7° the atom 
temperature. Since A increases with energy, while the 
resolution of a crystal spectrometer decreases, care 
must be taken in choosing a proper resonance. 

The isolated 1.26-ev resonance in monoisotopic 
rhodium was chosen as the best compromise. Besides 
being suitably sensitive to temperature in the region of 
good spectrometer resolution, rhodium is available in 
metallic foil form, thus easing the experimental diffi- 
culties considerably. The resonance has been studied 
previously by several investigators, most recently by 
Sailor.’ 

APPARATUS 


A detailed description of the BNL spectrometer has 
been previously published.' 

A temperature range 120°K to 860°K was covered 
by means of two sample chambers. The cryostat, which 
is shown schematically in Fig. 1, was mounted on the 
arm of the spectrometer in the monochromatic beam 


'V. L. Sailor and L. B. Borst, Rev. Sci. Instr. 24, 141 (1953). 

*H. A. Bethe and G. Placzek, Phys. Rev. 51, 462 (1937); 
H. A. Bethe, Revs. Modern Phys. 9, 140 (1937). 

3V. L. Sailor, Phys. Rev. 91, 53 (1953). See R. R. Meijer, 
Phys. Rev. 75, 773 (1949) for previous reference. 


between collimating slits. The neutron beam passed 
through two aluminum foils in entering and leaving the 
evacuated chamber. The temperature of the rhodium 
foil was measured by means of a thermocouple placed 
just out of the well-defined neutron beam. The cylinder 
containing liquid nitrogen was thin-walled stainless 
steel, while the foil holder was an aluminum frame 
fabricated to have low heat capacity. At equilibrium 
the foil temperature was very constant, with only slow 
boiling of the nitrogen. Since moisture condensation on 
the aluminum windows would have caused serious 
errors in transmission measurements, careful sample 
out, sample in measurements were made to assure that 
any such effect was small. The windows were warmed 
by an air blower during measurements as a further 
precaution. 

A simple method of raising the sample temperature 
was practical because the dimensions of a foil, chosen 
for appropriate neutron transmission, were such as to 
permit heating by means of an electric current passing 
through the foil. The oven is shown schematically in 
Fig. 2. The electrodes were connected to the secondary 
winding of a welding transformer whose primary was 
supplied from a Variac. It was found necessary to 
evacuate the chamber to keep the foil temperature from 
becoming nonuniform due to air convection currents. 
The foil temperature was measured by thermocouples 
and found vo vary in all cases less than ten degrees 
over the region of the neutron beam. 


ie 


=~ VACUUM 
PUMP 


LIQUID No 
THERMOCOUPLE 























NEUTRON 


BEAM 





4 








Fic, 1. Schematic diagram of the evacuated chamber for 
low-temperature transmission measurements. 
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Fic, 2. Schematic diagram of the evacuated chamber for 
high-temperature transmission measurements. 


Foil transmission measurements were then made at 
six temperatures in the diffracted beam from the 1231 
planes of a beryllium crystal monochromator. The 
Bragg angle for the 1.26-ev neutrons was ten degrees 
with an associated energy resolution of 2.6 percent. 


ANALYSIS 


Bethe and Placzek* have modified a simplified one- 
level Breit-Wigner equation for the case where the 
target atoms can be treated as free, having velocities 
distributed according to a Maxwellian distribution. 
The effective cross section for neutrons of energy £ is 
then 

o(t,E)=oep(£,x)[_Eo/E}}, (1) 


© exp! —422(4— yy)?” 
v(é,x) om tow if -— ! 18 (x— y) Jay (2) 


~ I+y 
ved 


where 
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Fic. 3. Rhodium foil transmission versus neutron energy in the 


region of the 1,26-ev resonance. 
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Fic. 4. Transmission versus temperature for the rhodium foil 
at the center of the resonance. The upper plot is calculated, 
while the lower compares the experimental data with the calcu- 
lated data. The straight line is a calculated one (see text) and is 
not the “best” fit to the experimental points. 


and 
x= (E-E,)/31, y=(E’—E)/3T, §=T/A. 


Resonant scattering has been considered negligible and 
only energies near the resonant energy Ey are con- 
sidered. ¥/(£,x) is, in general, a complicated function of 
x. In the special case x=0, i.e., exact resonance, y(£,0) 
reduces to the simple form 


¥(E,0) = drt exp(Z)[1—0(58) J, (3) 


where ® is the Gaussian error function: 


hg 
og) 20 f exp(—F)dl. (4) 


0 


This should be a reasonably good approximation if the 
resolution of the instrament is good. A test of Eq. (3) 
has been made for this case since the resolution width, 
AE=0.033 ev, is small compared to the total width of 
the resonance, '=0.156. 

Since the above results are valid only for free atoms, 
they are not expected to be exact for a rhodium foil. 
The characteristic or Debye temperature for rhodium 
is 6=370°K, and consequently the chemical binding 
should be important at temperatures near room temper- 
ature and below. Lamb‘ has calculated the shape of an 
absorption line for an atom which is bound in a crystal 
lattice under the assumption that the crystal may be 
treated as a Debye continuum. He has shown that for 
sufficiently weak lattice binding, A+I'>>26, the ab- 
sorption curve has the same form as it would in a gas, 


TABLE I. Peak cross section calculated at each temperature by 
using Eq. (3). No resolution correction has been applied. 








Temp,°K 121 298 405 569 707 865 
oy barns 4650 4670 4660 4770 4660 4610 








‘W. E. Lamb, Jr., Phys. Rev. 55, 190 (1939). 








DOPPLER EFFECT IN SLOW 
not at the temperature of the crystal, however, but at a 
temperature which corresponds to the average energy 
per vibrational degree of freedom of the lattice. He has 
plotted the effective temperature versus real tempera- 
ture in units of the Debye temperature for any crystal 
under this condition of weak binding. In the case of 
strong binding, the line form is found to be more 
complicated, showing fine structure as well as a shift 
to lower energy accounting for a larger effective mass. 
In the case of rhodium the weak binding condition is 
satisfied so that Lamb’s curve for effective temperature 
can be used. 

It was desirable, however, to extend the analysis to 
account for instrument resolution. This was accom- 
plished, following Sailor,’ by operating on the true 
transmission, 

T= eNetk. BE) 


by numerical integration over a resolution function 
R(E—E,) of the instrument. .\V is the thickness of the 
sample expressed as the number of nuclei per cm.*? The 
measured transmission 7; will differ from the true 
transmission 7 as follows: 


T (Ey) 


-f T(EWR(E-BaB / f R(E—E,)dE, (5) 
0 0 


where E; is the nominal energy setting of the spec- 
trometer. The resolution function must include the 
reactor spectral distribution, the crystal reflectivity, 
and 1/v detector efficiency. By choosing trial values 
for oo and I’, the above integration can be performed 
approximately in order to adjust each point to best fit 
the experimental observation. For this work, measure- 
ments and calculations were made only at the resonance 
energy Eo. The y functions were calculated by numerical 
integration for the particular values of the arguments 
obtaining in this experiment. 


RESULTS 


The transmission of the rhodium foil as measured as 
a function of energy is shown plotted in Fig. 3, The 
cross section as directly measured at the resonance for 
this sample is 4370 barns. The spectrometer was then 
set at the minimum of the transmission curves, and the 
transmission measured as a function of temperature. 
The results are shown plotted in Fig. 4. The straighi 
line drawn through the points is a calculated curve 
(see below) and is not the “best” fit to the experimental 
points. If Eqs. (3) and (4) are then applied to each of 
these points with no effective temperature correction, 
the resulting o» as calculated for each is listed in 
Table I. The average oo obtained from these is 4670 
barns. If the transmission data are extrapolated linearly 
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to a temperature of 0°K, a value of 4650 barns is found. 
It should be remembered that these values do not 
include a resolution correction. If this value of 4670 
barns is corrected for resolution (see below), a cross 
section ¢9= 4820 barns is obtained. 

The more complete analysis including resolution 
correction was then applied to each point. For these 
calculations it is necessary to arrive at a best value for 
oo and I’. These were obtained by adjusting the calcu- 
lations at the room temperature point, which was the 
best known point statistically. Values of o9= 4850+ 200 
barns and ['=0.156+0.005 were obtained, and were 
then used for the correction of each successive point. 
The results are shown as calculated transmissions in 
Table II and are plotted in Fig. 4. Results are also 
shown using Lamb’s correction to the measured 
temperature. 


TABLE II, Transmission of the rhodium foil at the center of the 
resonance, as a function of temperature. 


Calculated 
transmission 
Lamb 


0.425 
0,439 
0,445 
0.455 
0.463 
0.472 


Observed 
transmission 


Temp 
°K 


121 0.413 
298 0.435 
405 0.451 
569 0.456 
707 0.472 
865 0.485 


CONCLUSIONS 


The results of the calculations show, in general, good 
agreement with the theoretica! predictions of Bethe 
and Lamb. This method of correction for Doppler 
effect should, therefore, be applicable in this energy 
region. The experimental curve is seen to have a slightly 
greater slope than the predicted curve. Part of this 
may come from thermal expansion in the sample. The 
linear dimensions of the sample change as the temper- 
ature increases. Consequently, if the sample were 
allowed to expand freely, the effective area of the 
sample would decrease about 0.5 percent for the full 
temperature interval, thus increasing the transmission. 
In this case the sample is constrained, however, and 
the importance of this effect is not clear. 

Finally, it can be seen that the sensitivity of the 
experiment is not sufficient to test the modification of 
theory by Lamb. With the further improvements 
planned for the spectrometer, a sufficient increase in 
intensity and resolution should be achieved to permit 
the observations necessary for settling this question. 

The author wishes to acknowledge the many discus- 
sions with Dr. V. L. Sailor and Mr. H. L. Foote, Jr., 
concerning this problem. Mr. R. L. Smith assisted in 
the data recording. 
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Neutron Capture in the Separated Isotopes of Platinum* 


J. M. Cork, M. K. Brice, L. C. Scumm, G. D. Hickman, anp H. NINE 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received Februrary 23, 1954) 


Using the separated isotopes of platinum, irradiated in the pile, the energies of the gamma rays for the 
activities of Pt’, Pt, and Pt! have been evaluated. For Pt! fifteen gamma rays are found which fit well 
a simple level scheme. Pt' emits isomerically a gamma ray followed by K capture to iridium, with the 
possible emission of a hgh-energy gamma. Pt emits a highly converted gamma ray followed by two others 
in rapid succession decaying to the stable isotope. ‘The half-lives of the three activities are found to be 2.90, 


3.35, and 6 days, respectively. 





HE irradiation of normal platinum with low- 

energy neutrons yields five radioactive isotopes 
in platinum as well as one activity in gold. The correct 
assignment of each activity to its proper isotopic mass 
has been a difficult problem. For example, there has 
been no positive criterion for distinguishing between 
the activities at masses 191 and 193. By bombarding 
iridium with either protons or deuterons both can be 
made. Fast neutron bombardments have been of value, 
but since four of the activities have half-lives differing 
not greatly from 3 days, the difficulty is apparent. 
Only by the separation or enrichment of the less 
abundant isotopes of platinum can the assignments 
be made with confidence. The Oak Ridge National 
Laboratory has recently made available these separated 
isotopes. Specimens enriched in each of the masses 
190, 192, and 194 have been irradiated in the heavy- 
water pile at the Argonne National Laboratory, and 
quickly transported for studies in scintillation crystal 
and magnetic photographic spectrometers. 


Tas.e I. Summary of electron energies for Pt™. 








Energy Electron 
sum energy 
Interpretation kev kev 
164.9 ly 
168.8 M 
175.0 N 
192.9 K 
206.0 
216.4 
255.0 
274.8 
284.0 
333.3 
338.0 
346.0 
356.8 
380.0 
396.0 
442.6 
463.2 
476.0 
525.5 
535.7 
547.5 
609 


Electron 
energy Interpre- 


tation 





K 96.2 
Auger Klily 
Auger KL,L; 

K 129.6 


Ly 73.7 
or Auger KL,M, 
73.7 


L; 

or Auger KL;M, 
Ly 82.0 
Lz 82.6 
L; 82.7 
M, 82.7 
N 82.7 


Li,2 96.4 
L; 96.4 


M 96.3 
K 172.2 
K 178.6 
Ly 129.4 
L; 129.8 
K 220.1 
L, 172.5 








* This research was mepeates jointly by the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 


PLATINUM 191 


The first assignment! of a 3-day activity to Pt™, 
from the products formed in platinum by the bombard- 
ment of iridium with deuterons, has proved to be a 
fortunate choice. Subsequent studies** have shown this 
activity to yield many gamma rays, following Kcapture, 
as shown in columns 1 and 2 in Table II. The gamma 
transitions are in iridium, following K capture in 
platinum. In the present investigation most of the 
previously reported gamma rays are found, with only 
slight modification in their energies. However, no 
evidence can be found for the existence of gamma rays 
with energies of 42, 62, and 125 kev in Pt™. In addition 
there appear to be gamma rays of energy 73.7 and 550 
kev, which were not previously observed. The half-life 
is found to be 2.90+0.05 days. 

The energies of the conversion electrons taken with 
various magnetic fields are summarized in columns 
1 and 4 in Table I. The interpretation of each line and 
the energy sums are given in following columns. By 
comparing the lower-energy lines in Pt! with the 
similar pattern obtained with Pt'® it is possible to 
identify those electron lines that are due to Auger 
groups. Thus, the gamma ray reported by Hill et al. 
as 62 kev is probably of this origin. No evidence 
whatever appeared to support the existence of a gamma 
ray at 42 kev, although its Z and M lines should have 
been easily observed if present. The gamma reported 
at 125 kev is probably based upon the assumption that 
the electron group at 49.5 kev is a K line. It is believed, 
however, that the better interpretation of this line is 
that it is of Auger origin corresponding to the very 
strong K—L,—JL, electron group. It thus appears 
that there are, in all, fifteen gamma rays, as shown 
in column 3, Table II. 

The scintillation crystal spectrometer could of 
course not resolve these gamma energies when they 
are close together in value. It could, however, show 
broad peaks and yield valuable coincidence data. 
For example, the 172-kev gamma ray appears to be in 
sequence with radiation at 82, 96, and 178 kev but 


1G. Wilkinson, Phys. Kev. 73, 252 (1948). 

2 Swann, Portnoy, and Hill, Phys. Rev. 90, 257 (1953). 

* Tomlinson, Naumann, and Mihelich, Bull. Am. Phys. Soc. 
29, No. 1, 57 (1954). 
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not with 350-kev or higher-energy peaks. By observing 
that summations of certain of the reported energies 
yield other observed energies, it is readily possible 
to construct a very plausible array of levels as shown 
in Fig. 1, that will satisfy almost perfectly all fifteen 
gamma energies. Twelve of the transitions are definitely 
accommodated by only six levels. The three rather 
weak gamma rays at 73550 and 623 kev seem to 
form a group whose ground state may be any of the 
other levels. If they are correctly placed in Fig. 1, 
then there must be three K-capture paths from the 
excited platinum level. This specimen was not entirely 
free from iridium as an impurity so that weak lines for 
the well-known Ir' spectrum were also obtained. 
The ground state of Ir with its 77 protons and 
114 neutrons has been measured to be a d, level. The 
first excited level to be expected from shell theory 
would be an sy state. If the proposed level scheme is 
correct, then the 82.6-kev transition should be charac- 
terized as M1. Its K electron group is too low in energy 


Fic. 1. Nuclear energy 
levels in Ir™ following 
K capture in Pt™, 





to be observed in the spectrometers but the L,, Ls, 
and J; lines are well resolved and visually appear to 
be of almost equal intensity. The microphotometer 
could not well separate the LZ; and L2 peaks but showed 
for the (L:+L2)/L; ratio a value of 1.8. This is com- 
patible with a mixture of M1+£2 transitions as 
found‘ in a very similar case in gold 195 (61 kev) by 
Mihelich et al. 

The K/L, intensity ratios for several of the remaining 
gamma rays are estimated visually as follows: 96.4 
kev (~2), 129.6 kev (~3), 172.3 kev (~5), 350.8 kev 
(~9), 360 kev (~7), 409 kev (>10), 456 kev (~49), 
and 539 kev (~7). The L;/L, ratio for the 129.6-kev 
gamma is ~0.12, which combined with its K/L ratio 
and the low Z» intensity indicates that it is probably 
an M1 transition. It is possible to make assignments of 
the multipole order of most of these transitions, which 
make possible consistent spin assignments to the levels 
in Fig. 1. 

* Gillon, Gopalakrishnan, De-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 
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TaBLe IT. Comparison of gamma energies (kev) in Pt™. 








Observer 
Tomlinson ef al.» 


Swann et al.* 


Present 


62 


73.7 

82.6 

96.4 
129.6 
172.3 
178.4 
219.7 
268.4 
350.9 
360.0 
409.3 
456 
539 
550 


* See reference 2. 
» See reference 3. 


PLATINUM 193 


By bombarding platinum with fast neutrons a 
radioactivity with half-life 3.4 days was observed® 
by Hole. He noted electron conversion lines for a 
gamma ray of energy 126 kev and believed the activity 
to be isomeric in one of the stable isotopes of platinum. 
A similar bombardment by fast neutrons, as carried 
out by Wilkinson' was found to yield a radioactive 
product whose half-life was 4.33 days. The gamma rays 
emitted were reported to have energies of 0.17 and 
1.70 Mev and the responsible isotope was believed to 
be Ir following K capture in Pt™. More recent 
studies? by Hill ef al. have led to the conclusion that 
Pt'™ decays by an isomeric gamma transition of 
134.9 kev, with an assumed half-life of 4.5 days. 

In the present investigation, the enriched Pt after 
irradiation showed a strong low-energy gamma ray 
which is highly converted. The energies of the K, Ly, 
L;, M, and WN electron lines are 57.1, 121.6, 124.0, 
132.3, and 134.8 kev, respectively, indicating a gamma 
energy of 135.5 kev. The intensity ratio for the K/L, 
lines is 0.25+0.1, and for the L;/Z, ratio, a value of 
1.5+0.5 is found. This supports the interpretation? of 
the M4 nature of this radiation. Moreover the half-life 
appears to be not 4.5 days but 3.35+0.1 days. This 
is in better agreement with the lifetime expected 
for radiation of this nature as computed from the 
formula® of Moszkowski. 

The scintillation crystal spectrometer showed a 
high-energy gamma ray in this source in the neighbor- 
hood of 1.6 Mev. This peak seemed to decay at the 
same rate as that for the 135-kev gamma. Because of 
the high sensitivity of the crystal detector and the 
possibility of impurities, it cannot be said with certainty 
that this gamma ray is in Pt. The ground state 


5N. Hole, Arkiv. Mat. Astron. Fysik 36A, No. 9 29 (1948). 
*S. A. Moszkowski, Phys. Rev. $9, 474 (1953). 
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Fic. 2. A: Transitions in Pt™; B: level scheme for Pt. 


of Ir™ is a dy level, so that the K capture to the ground 
state from a fp, level in Pt’ would be only first for- 
bidden. A number of gamma rays have been found’ to 
exist in Ir following beta emission from Os'™, None 
of these are observed in the present study of Pt'®, 
indicating that the main K-capture transition is to the 
ground state of Ir, as shown in Fig. 2(A). 


PLATINUM 195 


Following the irradiation of normal platinum with 
neutrons, a group of electron lines was observed,® 
which with the work functions of platinum gave two 
gamma rays with energies of 99.1 and 129.8 kev. These 
energies were somewhat similar to values reported,* 
in the decay of Au'® (185 day), and it was thus proposed 
that a metastable level probably exists in Pt with 
a half-life of the order of 4 days. To verify this specu- 
lation, in the present investigation platinum enriched 
in mass 194 was irradiated in the pile. This specimen 
showed clearly the strong conversion electron lines 
for three gamma rays in platinum, whose energies are 
31.1, 99.1, and 129.9 kev. The electron energies with 
their approximate intensities are shown in Table III. 

In a later investigation Huber et al. reported" on the 
gamma energies from both Pt! and Au. The energies 


TABLE IIT. Electron energies associated with Pt. 








Energy 
sum (kev) 


31.0 


99.2 
31.1 


Electron 
energy (kev) 


17.1 32 Ly 
20.8 23 K 
27.8 5 M, 
51.6 10 K 
85.3 13 Ly 
87.6 1 Ls 
95.7 5 M 
116.0 50 Lh 
118.4 85 I; 


Intensity Interpretation 





129.9 
129.9 








( * Cork, LeBlanc, Nester, Martin, and Brice, Phys. Rev. 90, 444 
1953). 
( a Le Blanc, Stumpf, and Nester, Phys. Rev. 86, 415 
1952). 
® Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 
1 De-Shalit, Huber, and Schneider, Helv. Phys. Acta. 25, 279 
(1952). 
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for the former were given as 29, 97, and 129 kev and 
for the latter 29, 97, and 126 kev. It was concluded 
that the 126-kev gamma ray was a crossover for the 
29- and 97-kev transitions in sequence. The 129-kev 
radiation was assumed to precede the others, having 
its origin in a metastable state of Pt" of half-life 3.8 
days. Each of these energies for Pt" appears to be 
too low by about 2 kev. 

From a consideration of our energies alone, namely, 
31.1 plus 99.1 being so close in value to 129.9, one would 
confidently but mistakenly assert that the latter is a 
crossover for the other gammas. By comparing our 
photographic records for Pt with similar plates 
obtained‘ by Mihelich et al. for Au’ the arrangement 
can be quite definitely established. His energy values 
for the 31.1- and 99.1-kev gammas agree well with ours 
but he finds no gamma energy corresponding to their 
sum. Moreover, the relative intensity of the electron 
lines is quite different. In Pt" we find that the Z; 
(31-kev) line is considerably stronger than the K 
(99-kev) line, whereas he finds for Au’ that the former 
is weaker. This indicates that the 31-kev transition 
precedes the 99-kev emission, so that two K-capture 
paths exist in the Au as previously suggested” and 
shown in Fig. 2B. If our observed 130-kev gamma is 
a cross-over transition it would have been observed 
by Mihelich, since it is highly converted. It then 
seems certain that this line is in platinum and does 
not appear in the gold decay. The K/L, and L;/L, 
intensity ratios for the 130-kev gamma are about 0.2 
and 1.7, respectively. From established" empirical 
relations it would seem to be an M4 transition. The 
expected lifetime of the state would be compatible 
with the observed half-life of the activity, which is 
found to be about 6 days. 

The 31- and 99-kev gamma rays are also highly 
converted. In both cases L; is very strong compared 
to L or L3, thus suggesting M1 or possibly M2 transi- 
tions. The K/L; ratio (~2) for the 99-kev gamma 
would favor an M2 assignment. The half-life of an 
M2 state for this radiation (Z?/W=61.5) would be 
expected to be about 6 microseconds. Since coincidences 
were observed between the 31- and 99-kev radiations, 
no such delay exists. Moreover, the very small L3/Z, 
intensity ratio (<0.1) favors strongly an M1 assignment. 

With the scintillation crystal spectrometer peaks 
were observed for the 30-, 60 (x-ray)-, 100-, and 
130-kev gamma rays. Coincidences are observed 
between (30, 100), (30, x-ray), (x-ray, x-ray). No 
coincidences could be noted between the 130-kev 
radiation and either of the other gamma rays. This 
could be due to the very high conversion coefficient” 


1M. Goldhaber and A. Sunyar, Phys. Rev. 85, 733 (1952): 
and J. Mihelich, Phys. Rev. 87, 646 (1952). 

1 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report No. 1023, 1951 (unpublished). 





NEUTRON CAPTURE 


(~800) for this radiation or to the possibility that the 
30-kev gamma is an M2 transition, so that the delay 
would make coincidences unobservable. The very low 
value of the Z;/Z; intensity ratio for this radiation 
favors but does not assure that it is an M1 transition. 

The half-life of this radiation is considerably longer 
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than the previously published values, which were 
undoubtedly influenced by the presence of other 
shorter-lived radioactivities. From a comparison of the 
intensities of the electron lines on a sequence of plates 
taken with known exposure times, the half-life appears 
to be approximately 6 days. 
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Radiations of AcKt 
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The gamma rays of AcK (Fr) were studied in a sodium iodide photomultiplier scintillation counter 
coupled to a 50-channel pulse-height analyzer. Photons of a 49.8-kev gamma ray appear in 40-+10 percent 
and photons of an 80-kev gamma ray appear in 24+6 percent of the total beta disintegrations. In addition, 
low-intensity gamma rays appear at 215 and 310 kev. L x-radiation is present in about the same intensity 
as the 49.8-kev gamma ray. Gamma-gamma coincidence studies proved that the 49.8- and $0-kev radiations 
were not in coincidence. It was also shown that the 215- and the 50-kev gamma rays are not in coincidence, 
The L x-radiation was studied in a proportional counter coupled to a 50-channel analyzer and identified 
as radium x-rays. Since Th®’ decays to the same daughter as does ACK some measurements were made 
on its gamma spectrum. Prominent photopeaks were observed at 49.8, 87, and 235 kev. The 235- and 
49.8-kev gamma rays were observed to be in coincidence. The known decay data for AcK and Th*’ cannot 
be fitted into a common decay scheme without additional information. 


I. INTRODUCTION 


As“ (Fr) is a member of the U™® decay chain in 
which it appears as a result of a 1.2 percent alpha 
branching in the decay of Ac”’. AcK decays primarily 
by beta emission with a half-life of 21 minutes into 
11.2-day AcX (Ra™), although recently a very slight 
alpha branching (~4X10~-°) has been reported.' In- 
vestigations of the gamma radiations of AcK have 
been carried out by Lecoin and co-workers? using ab- 
sorption techniques. The present report concerns a more 
detailed study of these radiations using a scintillation 
crystal spectrometer and a proportional counter in com- 
bination with a multichannel pulse-height analyzer and 
also using gamma-gamma coincidence techniques. 


II. PREPARATION AND STANDARDIZATION OF 
SAMPLES 


A stock solution of Ac”’ dissolved in 3 ml of saturated 
hydrochloric acid was used as a source of francium. 
Whenever a fresh sample of AcK was required one drop 
of a 0.4M silicotungstic acid solution was added to the 
ice-cold Ac”’ solution. Silicotungstic acid precipitated, 
carrying the francium, and was centrifuged out. The 
precipitate was dissolved in distilled water and repre- 
cipitated by saturating the solution with hydrogen- 
chloride gas. This process was repeated two or three 

t This research was supported by the U. S. Atomic Energy 
Commission. 

1 E. K. Hyde and A. Ghiorso, Phys. Rev. 90, 267 (1953). 


( oe Perey, Riou, and Teillac, J. Phys. et radium 11, 227 
1950). 


times. A water solution of the last silicotungstic acid 
precipitate was quickly passed through a 1-cmX4-mm 
column of Dowex-50 ion exchange resin. The adsorbed 
AcK was washed free of silicotungstic acid by 2 ml of 
distilled water, then stripped from the column with 
300 ul of 10M hydrochloric acid. Aliquots of this solu- 
tion were evaporated on platinum counting disks. These 
samples were weightless and of high radiochemical 
purity. Further detaiis on this preparation method are 
given elsewhere.’ 

The samples were all counted with a Geiger counter 
using the third shelf of the Geiger tube mount standard 
to this laboratory. The tube used was an Amperex 
Geiger tube filled with a mixture of argon and chlorine. 
An aliquot of each preparation was followed for decay 
as a check on radiochemical purity. The observed 
counting rate was translated into disintegrations per 
minute by multiplying by the calibration factor 42. 

This calibration factor was based on the determina- 
tion of the alpha counting rate of the AcK daughters 
and was determined as follows. Samples of AcK isolated 
as described above were mounted on platinum plates. 
Asbestos washers were placed above the samples and 
a clean collector platinum plate was placed above. By 
touching a torch to the bottom plate for one second 
and bringing the platinum to a red glow for this instant 
the francium was volatilized to the collector foil leaving 
behind any traces of Ac”’, AcX or RdTh present at 
that time. This instant was taken as zero time. The 


+E. K. Hyde, J. Am. Chem. Soc. 74, 4181 (1952). 
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Geiger counting rate of the volatilized francium sample 
was followed and back extrapolated to zero time. 
Several hours later the alpha disintegration rate of the 
sample was carefully measured in an alpha counter (52 
percent geometry). One-fourth of this alpha activity 
was ascribed to the 11.2-day AcX daughter of AcK 
and by straightforward calculations the initial disinte- 
gration rate of AcK was determined. This method of 
standardization substitutes the uncertainties of alpha 
counting, which are considerably less, for the uncertain- 
ties of absolute beta counting arising out of the back- 
scattering, window absorption, and other corrections. 
The purity of the alpha activity was checked by analysis 
of the alpha spectrum. This was done by introducing to 
a 48 channel differential pulse-height analyzer the 
alpha pulses developed in a large ionization chamber 
after suitable linear amplification. This analysis was 
performed by A. Ghiorso on equipment developed by 
him as an improvement of apparatus previously de- 
scribed.‘ The alpha spectrum curves verified that the 
alpha activity was pure Ra™ plus daughters with no 
contribution from Th’. 


Ill. SPECTROMETER EQUIPMENT 


The spectrometer equipment used in this work was 
assembled by A. Ghiorso and A. E. Larsh of this labora- 
tory. The gamma detection initially occurred in a 
1.5-in. diameter by 1-in. thick crystal of sodium iodide 
(thallium-activated) procured from the Harshaw 
Chemical Company mounted below a Dumont 6292 
tube using a method similar to that described by 
Borkowski.® 

On the side of the crystal facing the photomultiplier 
tube was affixed a quartz disk; a layer of oil between 
the quartz and the outside surface of the tube provided 
optical coupling. The other surfaces of the tube were 
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Fic. 1. Gamma spectrum of AcK in the 0-150 kev range. 
Data taken through 943-mg/cm* beryllium absorber. 


‘Ghiorso, Jaffey, Robinson, and Weissbourd, The Transura- 
nium Elements: Research Papers (McGraw-Hill Book Company, 
Inc., New York, 1949), Paper No. 16.8, National Nuclear Energy 


Series, Plutonium Project Reord, Vol. 14B, Div. IV. 
®C. J. Borkowski, Oak Ridge National Laboratory Report 
ORNL-1336, September 22, 1952 (unpublished). 
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packed with a reflecting layer of magnesium oxide. 
The whole assembly was mounted in an aluminum- 
lined lead shield on top of a standard Geiger tube 5-posi- 
tion shelf assembly. Incident gamma rays penetrated 
a thin foil of beryllium (~150 mg/cm’) and a thin 
layer of magnesium oxide (about ;’g in.) before entering 
the crystal. 

The output pulse from the photomultiplier was 
amplified in a preamplifier, then in a linear amplifier. 
The final pulse was introduced to a 50-channel differer- 
tial pulse-height analyzer. This analyzer, based on a 
novel use of a 6BN6 as one arm of a gated univibrator, 
is a new design of Ghiorso and Larsh.* After proper 
alignment the channel width stability (operating at a 
5-volt channel width) was better than 1 percent and 
remained so for periods of weeks. Gain and bias controls 
permitted the inspection of any predetermined energy 
interval with the full 50 channels. Further details on 
this equipment will be obtainable in a - forthcoming 
publication.® 

For measurements on the beta spectrum the sodium 
iodide detector was replaced by an anthracene crystal 
1.5 in. in diameter by 0.25 in. thick mounted in front 
of an RCA-5819 photomultiplier tube. 

A proportional counter was used to study L x-rays. 
An Eck and Krebs tube 19 cm in diameter was filled 
to one atmosphere with a 90 percent xenon-10 percent 
methane mixture and operated at 1100 volts. After 
preamplification the pulse from the proportional counter 
was introduced to the linear amplifier of the 50-channel 
analyzer. 

For study of gamma-gamma coincidences the appa- 
ratus assembled by A. E. Larsh and F. Asaro was used. 
In this equipment the sample was mounted between two 
sodium iodide crystals 1.5 in. in diameter and 1 in. 
thick with the front edge of the two crystals only 0.25 
in. apart for maximum geometry. Each crystal had its 
own Dumont 6292 photomultiplier tube and pream- 
plifier. The output from one crystal was fed to a single 
channel analyzer. The energy of the gamma rays re- 
corded by this analyzer and the energy width of the 
“window” of this analyzer were both adjustable. The 
pulse from the second preamplifier was cabled to a 
linear amplifier. The signal pulse from this amplifier 
and that from the single-channel analyzer were led into 
a coincidence circuit, the signal pulse from the single- 
channel branch serving as the gate pulse. Only those 
signal pulses which were in coincidence with the gate 
pulses within the 10~* sec resolving time were passed 
on to the differentiating circuit of the 50-channel 
analyzer. Hence the gamma spectrum in coincidence 
with a particular gamma ray could be examined. 

The chance rate was determined by placing an ab- 
sorber between the sample and the gate crystal and 


* A. Ghiorso and A. E. Larsh (to be published). Brief prelim- 
nary description of pulse-height analyzer given in University of 
California iation Laboratory Report UCRL-1959, September 
25, 1952 (unpublished). 
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applying a different radioactive source of about the 
same counting rate to the gate crystal. The usual cal- 
culation of the chance spectrum was carried out. 


IV. EXPERIMENTAL RESULTS 
1. 49.8- and 80-Kev Gamma Rays 


Figure 1 indicates the gamma spectrum of AcK in 
the 0-150 kev range. The energy scale was calibrated 
with the 60-kev gamma ray in the decay of Am™' and 
the 87-kev gamma radiation of Cd. This and many 
similar curves were taken through 943-mg/cm? beryl- 
lium absorber to eliminate interference from the beta 
particles. There are prominent photopeaks at ~15, 
50, and 80 kev, all decaying with the half-life of AcK. 
The ratio of the 80-kev/50-kev photopeaks was deter- 
mined on several samples, the best value being 0.60.1. 
The overlapping of the two peaks causes some un- 
certainty in this ratio. 
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Fic. 2. Gamma spectrum of AcK in the 0-809 kev region 
Data taken through 943-mg/cm!* beryllium absorber. 


The ratio of 50- and 80-kev photons to AcK dis- 
integrations was determined in the following way. A 
sample of Am™! with a known alpha disintegration rate 
mounted on platinum disk was placed in the scintillation 
spectrometer on the same shelf position used for the AcK 
samples and counted through the 943-mg/cm? beryl- 
lium absorber. The area under the 60-kev photopeak 
was determined. Using the information that 40 of the 
60-kev photons are emitted per 100 alpha disintegra- 
tions of Am™! the over-all counting efficiency was de- 
termined as 5.4 percent, i.e., 5.4 percent of the 60-kev 
photons emitted by the sample are registered in the 
photopeak. 

The absolute disintegration rate of AcK samples 
mounted on platinum was determined by counting the 
samples in the Geiger counter and applying the calibra- 
tion factor 42 as discussed above. The counting effi- 
ciency of the 50- and 80-kev photon peaks was taken 
as 5.4 percent. The resulting absolute abundances were: 
40+ 10 of the 50-kev photons per 100 disintegrations of 
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Fic. 3. Gamma curve showing 215-kev and 310-kev radiation in 
AcK sample. Data taken through 943-mg/cm* beryllium absorber. 


AcK and 24 of the 80-kev photons per 100 disintegra- 
tions. This calculation assumes that the variation in 
the ratio of the escape peak to the photopeak in the 
50-80 kev range as a function of energy is negligible. 
Actually this is not true, but unpublished experimen- 
tal results of F. Asaro using the identical apparatus 
and geometrical conditions indicate that the variation 
is not great. Asaro obtained a ratio of the observed 
escape peak to the observed photopeak of 20 percent at 
50 kev dropping to 16 percent in the region 60-100 kev. 
Hence, the corrections to the above quoted abundances 
are only a few percent at most. 


2. 215- and 310-Kev Gamma Rays 


Figure 2 shows the gamma spectrum from 0-800 kev. 
It is to be noted that some gamma radiation appears in 
the region of 215 kev in low abundance compared to the 
50- and 80-kev radiation. There is no other radiation 
with abundance > 1 percent with respect to these peaks 
and additional curves showed this to be true through 
the 2-Mev range. The gamma radiation in the region 
of 215 kev was studied more carefully as shown in Fig. 
3, after calibrating the energy scale with annihilation 
radiation from a Na™ sample and with the 662-kev 
gamma radiation of Cs’. A definite photopeak at 215 
kev and a smaller peak at 310 kev were observed. The 
decay of these peaks was followed on numerous sepa- 
rately prepared samples to establish the 21-minute half- 
life. The ratios of these photopeaks to the 50-kev 
photopeak was determined correcting for the fact that 
the photoelectric efficiency of the crystal was not 100 
percent for the 215- and 310-kev radiation. The absolute 
abundances were determined as 3—4 photons of 215-kev 
energy per 100 disintegrations and about 0.8 photon of 
310-kev energy per 100 disintegrations of AcK. 


3. Beta Spectrum 


Several determinations of the maximum energy of 
the beta particles emitted by pure samples of AcK were 
made using the anthracene crystal. A visual end-point 
energy was 1.15+0.05 Mev. This confirms the 1.2+0.1 
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Mev value previously obtained by Perey and Lecoin’ 
by a measurement of tracks in a low-pressure cloud 
chamber. The spectrum was not analyzed carefully for 
complexity. 


4. Proportional Counter Measurements on X-Rays 
and the 50-Kev Gamma Ray 


Figure 4 shows the gamma spectrum of AcK in the 
low-energy region taken with the proportional counter 
equipment. The data were taken with 706-mg/cm? 
beryllium absorber above the sample to remove beta 
particles. On the same figure are shown calibration 
curves taken on samples of Am™! and Io”. In the 
Am”! curve are observed the prominent La (13.94-kev) 
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Fic. 4. X-ray and soft gamma spectrum of AcK taken with 
peoutticus! counter connected to 50-channel pulse-height ana- 
yzer. Calibration runs on Am™! and ionium are shown. The AcK 
sample was mounted on aluminum. 706-mg/cm? beryllium ab- 
sorber was placed above sample to absorb B~ particles. 


and Lg; (17.74-kev) lines of neptunium, a 26-kev gamma 
peak, and an “escape” peak at 30 kev caused by the 
photoelectric ejection of a K electron from a xenon atom 
in the counter by the 59.8-kev gamma ray followed 
by the escape of the K, x-ray of xenon from the tube. 
The ionium curve shows the prominent La (12.39-kev) 
and Lg, (15.23-kev) lines of radium. It can be noted 
that AcK gives rise to identical radium L x-rays as well 
as to an escape peak at 20 kev resulting from the 50-kev 
gamma ray. 

That” this identification of theescape peak is correct 
was proved by redetermining the curve with a 1-g/cm? 


7M. Perey and M. Lecoin, J. phys. et radium 7, 439 (1939). 
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Fic. 5. X-ray and soft gamma spectrum of AcK taken with 
proportional counter connected to 50-channel pulse-height 
analyzer. Lower curve taken through 1032-mg/cm* aluminum 
absorber to absorb / x-rays. Resulting peaks are the escape peaks 
of the 49.8-kev gamma ray with escape of the Kg or Kg radiation 
of xenon. Data were taken for 1 minute for upper curve and for 
4 minutes for lower curve. 


aluminum absorber over the sample. The transmission 
of the x-rays through this thickness of aluminum is 
<0.1 percent while the transmission of the 50-kev 
gamma radiation is about 70 percent. A typical curve 
is shown in Fig. 5. The energy scale was calibrated 
with Am™! and Io as before. To be noted is the 
appearance of a double escape peak attributable to the 
escape of Ka; and Kg; xenon x-radiation after absorption 
of the 50-kev gamma ray. These escape peaks serve as 
a better energy calibration than the sodium iodide 
crystal determinations of this value for the 50-kev 
gamma ray. The average of several determinations is 
49.8+0.3 kev. 
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5. Coincidence Studies on AcK 


AcK samples mounted on quarter mil aluminum foils 
were placed between the two sodium iodide crystals of 
the coincidence apparatus and gamma-gamma coin- 
cidence spectra were run, gating in turn with the 50-, 
80-, and 215-kev radiation. These measurements were 
performed by Mr. Frank Stephens. Some small coin- 
cidence peaks were observed but the order of intensity 
of these was very low. The 50-80 kev gamma-gamma 
coincidence peak was less than 1/100 of that to be 
expected if these rays were in coincidence. The 215-50 
kev and 215-80 kev coincidences, with the 215 kev 
serving as the gate, were less than 1/30th of those to be 
expected of a true gamma-gamma coincidence. Of con- 
siderable importance to the consideration of various 
possible decay schemes is the presence or absence of 
a 50-30 kev coincidence or a 50-kev L x-ray coincidence, 
the L x-rays coming from the conversion of a 30-kev 
gamma ray. The absorption of the soft x-rays in the 
crystal cover and the fluorescence yield reduce the sen- 


sitivity of this determination considerably, but the ° 


intensity was conservatively a factor of 5 too low to 
indicate a 50-kev L x-ray coincidence and within con- 
siderable larger limits there was no sign of a 50-30 kev 
gamma-gamma coincidence. The significance of this is 
that the 50- and 80-kev transitions must both lead to 
the ground state of Ra™. 


6. Study of Radiations of Th’?’ 


Since Th®”’?(RdAc) and AcK decay to the same 
daughter product, it might be expected that some 
Ra™ levels would be common to the decay schemes 
of both isotopes. In particular, levels with the 50- and 
80-kev spacing of the two most prominent gamma rays 
in the decay of AcK might be expected among the 
lower-lying levels of Ra™. The alpha spectrum of Th”? 
is exceedingly complicated with 11 reported groups of 
greater than 1 percent abundance. Figure 6 displays 
the results of a study of the alpha groups carried out by 
Rosenblum ef al. The Ra™ levels are labeled in kev 
above the ground state, if one makes the assumption 
that the most energetic alpha particle leads to the 
ground state, an assumption which may be false since 
alpha decay to the ground state of an odd-nucleon 
isotope is frequently more hindered than that to a 
higher-lying level.® 

There are several literature reports on the gamma 
rays of Th”’. The absorption curve studies of Riou" 
showed a 50-kev gamma ray in 3 percent abundance, 
a 126-kev gamma ray in 13 percent abundance, and a 
280-kev gamma ray in 50 percent abundance. Similar 


® Rosenblum, Perey, Valadares, and Guillot (private communi- 


cation, October, 1952) as reported in Table of Isoto by 
nosh Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
1953). 
® Perlman, Ghiorso, and Seaborg, Phys. all 77, 26 (1950). 
oM. Riou, J. phys. et radium 1, 185 (19 
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Fic. 7. Gamma spectrum of Th®’ as determined on sodium 
iodide crystal spectrometer in 0-800 kev region. 


results were reported by Bachelet and Savel."' Studies 
on a crystal spectrometer were reported somewhat 
earlier by Frilley" who found gamma rays at 50, 57, 
80, 101, 113, 119, 208, 240, and 258 kev. Magnetic 
analysis of the electron spectrum by Surugue,” and 
Te-Tschao and Surugue“ showed 30 gamma rays be- 
tween 30 and 638 kev. 

Figures 7 and 8 indicate the gamma spectrum of a 
freshly purified sample of Th”? as obtained in our 
sodium iodide crystal spectrometer. The sample was 
purified by extracting the thorium isotope from a 
dilute acid solution of Ac”’ into undiluted tributyl 
phosphate and washing the solvent repeatedly with 
4M nitric acid to remove possible radioactive con- 
taminants. The most prominent photopeaks appear at 
50, 87, and 235 kev. The last energy was determined to 
+5 kev by calibration with the 662-kev gamma ray 
in the decay of Cs’, annihilation radiation, the 59.6- 
kev gammia ray of Am™', and the 184-kev gamma ray 
of U**, The absolute abundance of the 50-kev gamma 
ray was determined to be 0.15+0.05 photon per dis- 


900 


Bas 


5 





COUNTS PER CHANNEL 
2 
3 


oe 


° % % % “to 
CHANNEL NUMBER 








Fic. 8. Gamma spectrum of Th”? in 0-300 kev region. 


1M, Bachelet and P. Savel, Cahiers phys. No. 19, 51 (1944). 
2M. Frilley, J. phys. et radium 1, 34 (1940). 
4 J. Surugue, thesé, Paris, 1936 (cnpublished). 
man Te-Tchao and J. Surugue, Compt. rend. 218, 59: 
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Fic. 9. Gamma spectrum in coincidence with 
235-kev gamma ray of Th®? 


integration. Gamma-gamma coincidence studies were 
carried out for us by Mr. Frank Stephens with the 
equipment described previously, gating in turn with 
the 50- and 235-kev gamma rays. Figure 9 shows a 
prominent coincidence peak between the 50- and 235- 
kev radiations. This coincidence is so prominent and so 
easily reproduced that it has been found to be quite 
useful in our laboratory as a standard for other gamma- 
gamma coincidence studies. In the run with the 50-kev 
gate some coincidence peaks at ~90 and ~140 kev of 
much lower intensity (~1/20) were observed. 

It seems likely that the 50-kev gamma ray is identical 
with the 49.8-kev gamma ray of AcK and this belief 
was strengthened by determining the energy of the 
gamma ray in the proportional counter. The Ka; and 
Kg, escape peaks were determined as described above 
for AcK and as illustrated in Fig. 5, Freshly purified 
samples of Th”’ and of AcK were counted through 
1 g/cm?’ of aluminum absorber within a few minutes of 
each other to eliminate any errors due to a drift in the 
calibration of the proportional counter. The curves of 
the escape peak were both identical with Fig. 5. It is 
believed that a difference of 1 kev could easily have 
been detected. 

V. DISCUSSION 


A detailed study of the radiations of Ac?’ and AcK 
has previously been carried out by Lecoin and co- 
workers’ using xenon-filled Geiger counters and ab- 
sorption curves. Their findings on AcK were as follows. 
A prominent gamma ray of 48.6-kev energy is emitted 
in high abundance (27 photons per 100 disintegrations). 
L radiation of 15 kev is emitted in 25 disintegrations 
out of 100. A gamma ray of 330 kev is emitted at the 
rate of 6 photons per 100 disintegrations. 

The present results are in good agreement with 
respect to the 50-kev radiation. Lecoin and co-workers 
determined a precise value of 48.6+1.6 kev by the 
method of critical absorption. Various elements between 
Z=53 and Z=74 were used as absorbers and a marked 
change in absorption between ¢;Eu and «Gd bracketed 
the gamma energy. The quoted value could be raised 
somewhat as the recent “Table of Critical X-Ray Ab- 
sorption Energies” of Hill et al.'® give 48.51 and 50.23 
kev for the K shell energies of europium and gado- 


6 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 


linium. Our best value determined from the escape peak 
values as mentioned above is 49.8+-0.3 kev. 

The French authors also bracketed the 14.5-kev 
radiation by the method of critical absorption using 
33As, 345e, and ySr absorbers, and showed that it was 
the L radiation of radium. 

For radiation of energy greater than 50 kev the 
agreement between the two studies is not as good. The 
prominent radiation of 80-85 kev is not reported by 
Lecoin and co-workers.? The gamma ray of 330 kev 
reported by these authors with an intensity of 6 photons 
per 100 disintegrations may perhaps be identified with 
the 215-kev radiation with an intensity of 3-4 photons 
per 100 disintegrations, reported here since energy 
determinations by absorption measurements have a 
tendency to give high values. 

It may be mentioned that the 80-kev radiation re- 
ported here is not K x-radiation since the Ka; and Kaz 
lines of radium would be expected at 88.5 and 85.4 kev, 
although it is quite possible that some K radiation is 
included in the high energy side of the 80-kev peak. 

It was hoped that the gamma rays of AcK could be 
fitted into a decay scheme using the Ra™ levels revealed 
by alpha-spectrum analysis of RdAc (Fig. 6) and 
consistent with the gamma radiation of Th*’, The 
chief facts which must be taken into account are: (1) 
The 49.8 and 80-kev gamma rays observed in the decay 
of AcK connect low-lying levels in Ra™; (2) The 
49.8-kev gamma ray is not in coincidence with 80-kev 
radiation, 30-kev gamma radiation or L x-radiation ; (3) 
The same 49.8-kev gamma transition is observed in the 
decay of AcK and RdAc (Th”’); (4) In the decay of 
RdAc the 49.8-kev gamma ray is in coincidence with 
a 235-kev gamma ray. 

It was impossible to construct a partial decay scheme 
consistent with these data using only the levels of Fig. 6. 
It is necessary to postulate other low-lying levels and 
it is possible that the ground state of Ra™ lies 
below the level so labeled on Fig. 6. This is not un- 
reasonable in view of the well-established fact that 
alpha decay to the ground state is usually strongly 
hindered for alpha emitters with odd nucleons.’ Further 
work to give more definite information on the low- 
lying levels of Ra™ is contemplated. 
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t Note added in proof.—This paper was completed before the 
author read a recent paper by Frilley and co-workers, J. phys. et 
radium 15, 45 (1954). These authors discuss some new detailed 
studies of the low-energy conversion electrons of Th®’ and give 
a tentative partial decay scheme showing the 50-kev —— ray 
to originate at the level labeled 80 kev in our Fig. 6. This assign- 


ment may be correct, but we are inclined to question it for the 
reasons discussed above. 
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The Symmetry Relations of the 12; Symbol 
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A triangular-condition diagram in the form of a Mébius strip is constructed for the 127 symbol, and 
those geometrical transformations of the strip which preserve the conditions are considered. This suggests 
a revised notation for the 127 symbol which exhibits clearly the triangular conditions. The transformations 
of the strip suggest a complete set of sixteen symmetry relations, which can be verified by use of an explicit 
expression for the symbol. In the new notation the symmetry relations are obtained easily as simple manipu- 
lative rules. The positions of the elements in the symbol also display the difference between the two sets 
of elements of the symbol with respect to degeneration by setting one element zero. 





HE 127 symbol was defined in an addendum to 
the note on the 97 symbol by Hope and Jahn! 


by the relation 
({r,(ab)e} p, (cd) f,sm| {r,(ac)g}q, (bd)h,sm) . be i 
=icd £ qf, 
ghrs 


(Cel fe Alo ig ]}}! 
where [¢]=2e+1, ---, etc. 





An explicit expression as a sum over a 97 and two 
6j symbols was given. An equivalent expression as the 
sum over four 67 symbols has been given by J. P. 
Elliott (unpublished) as 


(8 E(— yet] [F 6 ahs «ahh a a 


hf *} 
geajlpaqr c 6 dj’ 
where R is the sum of the twelve elements of the 
symbol. 

The eight triangular conditions which appear in the 
transformation can be represented by a diagram (Fig. 1) 
in the form of a Mébius strip. The conditions are given 
by the intersections at the vertices. The following 
geometrica! transformations of the strip preserve these 
conditions: The strip may be reflected in a horizontal 
plane which bisects it. The strip may be reflected in a 
vertical plane through the twist and which bisects it. 
The strip may be rotated through 180° about the 
common line of these planes. The strip may be distorted 
by moving the twist round into the successive spaces 
between the vertical lines. 





These sixteen transformations (including the identity) 
of the Mébius strip suggest: 


(a) The revised notation for the 127 symbol, 
abep bk 
. df alm(%rk eps s}, 
ghrs) “8 SE f 


which exhibits the eight triangular conditions: (p,r,e), 


(e,a,b), (b,d,h), (h,5,9), (4,7,8), (g,4,c), (c,d,f), (f,5,p). 


(b) The sixteen symmetry relations, which may be 
verified by Elliott’s formula, and which appear as 








Fic. 1. Triangular-condition diagram in the form 
of a Mobius strip. 


simple manipulative rules in the new notation in closer 
line with the notation of Wigner for the 67 and 97 
symbols: 
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These symmetry relations show the equivalence in 
the positions occupied by the elements r, a, d, and s, 
and of the positions occupied by the elements 9, e, 5 
h, 4, g, c, and f. These two sets of positions differ from 
each other and this is shown by the different way in 
which the 127 symbol degenerates with one element 
zero in either type of position: 


e b h pee é 
{Vora a, d s} = a i}+-(eacen 
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The Scattering of Neutrons by Systems Containing Light Nuclei* 
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The general expression for the slow-neutron cross section of a molecule is cast in a form which allows an 
explicit formulation of the assumption, that the duration of the collision is short compared to the natural 
periods of the molecule. It is shown that the assumption allows one to extend Placzek’s results to molecules 
containing light nuclei, with only minor modifications. The limits of validity of the assumption are discussed, 
and the possibilities of exceptions are studied in detail on some examples. 


1, INTRODUCTION 


LACZEK has recently! achieved considerable 
progress in the problem of evaluating the slow- 
neutron cross section of systems of nuclei, such as 
molecules or crystals. His results, however, are obtained 
under the assumption that the nuclei involved are 
heavy compared to the neutron. The following calcu- 
lations are an attempt to remove this limitation. 

It will appear that a rather different method is 
required for this purpose. In a broader sense, therefore, 
the present calculations may be offered as a contribution 
to the general technique for handling the scattering of 
a particle by a weakly bound system, when particles of 
comparable mass are involved.? The slow-neutron case 
here selected for study possesses, of course, some simpli- 
fying features (such as the constancy of the scattering 
length of each individual nucleus) the absence of which 
in other cases of interest may well restrict considerably 
the possibilities of the method here described. 

In the following, the scattering system of nuclei will 
be referred to as a “molecule,” although more complex 
systems may be implied. The reader is referred to 
Placzek’s paper for all preliminaries; we shall borrow 
formulas and symbols from that paper without further 
explanation. We shall save some writing, however, by 


* Work partially munnected ty the Office of Ordnance Research. 

1G. Placzek, Phys. Rev 377 (1952). This paper will be 
referred to with the abbreviation P, for example, in quoting 
formulas, thus: Eq. P(5.16). 

2 We have in mind, in particular, the high energy problems 
mentioned in reference 5. 


using units such that #=1, and m (mass of the neutron) 
=1. This removes the need of a special symbol yu for 
the ratio M/m of nuclear mass to neutron mass. 

The slow-neutron cross section ¢ of a molecule is in 
general a complicated function of the energy Eo of the 
neutrons; in particular the slope of this function changes 
abruptly whenever Zp attains the threshold for the 
excitation of a new level of the molecule. The results of 
Placzek indicate, however, that when Eo becomes large 
compared to the level spacing A of the scattering 
system, those changes in slope become negligible, so 
that o becomes a smooth function of Ey) which can be 
represented by means of simple asymptotic formulas.’ 
For example in the case of a single nucleus, o(Zo) can 
be given as an expansion in falling powers of Eo, 
Eq. P(5.16). 

In his argument, however, Placzek makes use of the 
fact that for a molecule composed of heavy nuclei the 
energy transfer is in general small (of the order M-) 
compared to the initial kinetic energy of the neutron. 
It is clear that this circumstance has a decisive role in 
preventing the excitation of any high level of the 
molecule from being felt in the total cross section until 
E, is well above the threshold for that particular level. 
Clearly this is a sufficient reason why no noticeable 
discontinuities in slope should occur. Placzek’s calcu- 
lations on heavy nuclei, therefore, offer no guarantee 
that a simple extension of his formulas to light nuclei 
is possible. This circumstance is strikingly illustrated 


3 See also A. M. L. Messiah, Phys. Rev. 84, 204 (1951). 
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by the behavior of the cross section of a harmonically 
bound nucleus‘; this case, because of its peculiar interest, 
will be again discussed in Sec. 4 of this paper. 

In order to investigate the case of light nuclei it is 
necessary to perform the summation over the excited 
state 6 of the molecule, without first resorting to an 
expansion in powers of the fractional energy transfer, 
Eqs. P(2.10), P(3-4), P(3.5). This may be done by 
means of a “symbolic method,’’® leading to Eq. (3) 
below. Our problem is to find a suitable expansion of 
this expression. 


2. BASIC FORMULAS AND ASSUMPTIONS 


The total neutron cross section of the molecule in the 
state a is given by P(1.1) based on Fermi’s modified 
Born approximation. Notice that the summation over 
state 6 is unrestricted. An essential role in this expres- 
sion is played by the operator F, which according to 
P(1.2) is a linear combination, with coefficients a,, of 
exponential operators corresponding to the transfer of 
a momentum « to the sth nucleus. Instead of F,° for 
the matrix element P(1.4) we use the slightly more 
conventional notation F;,. Using the Fourier represen- 
tation of the 6 function we write P(1.1) in the form 


+00 
a\*) = (24k) Sa fan f dt| Fra\? 


—20 


Xexplit(}e—x-kot+E»,—E)}. (1) 


By means of the Hamiltonian operator P(7.1) we can 
write 


(2a) 
(2b) 


etfoP = (Fe-*#),,, 
e''8o(F,,)*= (F*e'*#) .,, 


F* being the Hermitean conjugate of F. The summation 
over } is now simply a matrix multiplication, so that 


+00 
a) = (2k) fae f dtGaa explit(}e —x-ko)], (3) 


where Gaa is the expectation value in the state ‘‘a” of 
the operator 


G=Fteit# Feit = F*(0)F(t), F(t) =e"#Fe-#, (4) 


These expressions are deceptively simple, since they 
are exact, and hence contain implicitly all the possible 
intricacies of the problem. We shall reduce them to a 


4G. Placzek, Nuovo cimento (to be published). A brief quali- 
tative statement of Placzek’s result may be found in A. M. L, 
Messiah, J. phys. et radium 12, 670 (1951). 

6A. Akhiezer and I. Pomeranchuk, J. Phys. (U.S.S.R.) II, 
167 (1947). My attention to this method was drawn in the course 
of conversations with Dr. Placzek and Dr. Chew. In particular I 
am indebted to Dr. Chew for showing me some unpublished 
calculations of his on the cross section of light nuclei for very 
energetic neutrons, following lines very similar to those in Sec. 3 


of this paper. 
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more truly simple form, by means of an approximation 
valid for large values of the neutron momentum fp. 

Such an approximation suggests itself naturally, if 
one examines the expressions (3) and (4) more carefully. 
The expectation value Gag can be recognized as a 
correlation function between momentum transfers «x 
(operator F) and —« (operator F*) applied ¢ seconds 
apart from one another. At first sight it may seem 
surprising that such a time lag between two momentum 
transfers should play any role at all in a first-order Born 
calculation, which essentially expresses the idea that 
the collision is effected in a single elementary interac- 
tion. In fact the presence of two transfer operators in 
the formulas appears to be merely the trivial result of 
the circumstance that the amplitudes of the partial 
scattered waves have to be squared to yield cross 
sections. A different viewpoint will be taken, however, 
after due consideration of the so-called optical theorem, 
according to which the total cross section is also related 
linearly to the imaginary part of the forward elastic 
scattered wave. 

For obvious reasons, when proceeding in this manner, 
the lowest-order cross section in the Born method is 
obtained from the second Born approximation to the 
elastic amplitude. Now this has a bearing on our 
question in two respects. First, if o is calculated in 
this way, one gets, we think, a better insight into the 
reason for the possibility of the transformation from 
(1) to (3). Secondly, the formula now appears connected 
with the following physical picture. The total cross 
section is a measure of the attenuation of the neutron’s 
DeBroglie wave in crossing a space filled with molecules. 
The optical theorem merely expresses the fact that the 
attenuation is due to destructive interference of the 
incident wave with the secondary coherent waves 
emitted in the forward direction by each molecule The 
second-order process leading to forward elastic scat- 
tering is the successive transfer to the molecule of two 
equal and opposite momenta, the two elementary 
interactions being now physically related parts of a 
single process; it is thus not surprising that the time 
interval between the two should appear explicitly in 
the formulas. 

In the second Born approximation the two interac- 
tions mark the beginning and the end of the collision, 
and ¢ may thus be properly viewed as the “collision 
time.” The explicit appearance of this time in the 
formalism is perhaps the main advantage of Eq. (3). 
For it suggests at once an approximation based on the 
plausible physical idea that, for sufficiently large values 
of ko, the duration of the collision must be short, and 
on the resultant assumption that large values of ¢ do 
not give a significant contribution to the integral over 
t in Eq. (3). This specific assumption will be cailed for 
brevity the “short collision time approximation.” 

It is fitting to admit at this point, that having in 
Eq. (3) a complete mathematical statement of the 
problem, we should now supply, instead of a physical 





1230 Go. ©. 
plausibility argument, a formal proof that (3) has 
indeed the property postulated above. This, however, 
we are unable to do in a general manner. In fact we 
shall even find an interesting exception to the assump- 
tion, in the case of a harmonically and isotropically 
bound nucleus of mass M=1. 

Nevertheless we believe that, apart from this rather 
unique exception, the assumption is fundamentally 
correct; the remaining part of this section will be 
devoted to a summary of all the arguments, besides 
physical plausibility, which can be brought forward in 
support of the assumption. 

In Sec. 3 we shall examine the dependence on ¢ of the 
integrand of (3) by means of an expansion valid from 
t=0 up to values large compared to Eo but small 
compared to the natural periods of the molecule 
(~A~ in Placzek’s notation). Unfortunately this 
analysis tells us nothing about still larger values of ¢. 
Within the region examined, however, the short collision 
time assumption is fully confirmed. Indeed the integral 
over ¢ converges rapidly as soon as (>E,'. 

The assumption receives further support from a 
study (Sec. 4) of the special case of a harmonically 
bound nucleus, which, because of its simplicity, lends 
itself to a detailed and rigorous treatment. Here an 
explicit analytical expression can be given for the 
integrand of (3), and the integration over « can be 
carried out exactly. The remaining integration over ¢ is 
then indeed found to possess the property postulated 
above, provided M¥1. 

For an isotropic harmonic oscillator of mass M=1 
the short collision time approximation breaks down, in 
the sense that, in addition to a small neighborhood of 
t=0 (which contributes the main term, i.e., the free 
n-p cross section, plus the “normal” terms in Eo", 
E,*, etc.), also small intervals around t=+T7, +27, 
-+» (T being the oscillator’s natural period) give 
significant contributions. This is just the kind of thing 
that the analysis of Sec. 3 could never reveal. Its 
significance for the general case thus requires careful 
consideration. 

In addition it is noteworthy that the breakdown of 
the approximation for M=1 is directly connected (see 
Sec. 4) with the anomalous oscillatory behavior of the 
cross section, as a function of the energy, discovered by 
Placzek. This is indeed not very surprising; it is a 
well-known fact, often discussed, for example, in the 
theory of resonance cross sections, that rapid variations 
of a cross section, over a small interval AE, are associ- 
ated with phenomena involving long collision times, 
namely t~AE~ as required by complementarity. 

We may legitimately ask what the nature of the 
process is, which leads to long collision times in the 
present case. It turns out that a quite simple and 
convincing answer is possible in terms of the ding-dong 
picture of formula (3) developed above in connection 
with the optical theorem. It is clear in fact that the 
collision time can be long if, and only if, the neutron is 
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left with almost zero velocity after the first momentum 
transfer. This is precisely possible if M=1, in a head- 
on collision (notice that the nucleus is assumed to be 
in the ground state before the collision; therefore it 
has only a small initial velocity). After the first collision® 
the nucleus swings with a large amplitude; the second 
collision can occur either immediately, or after 1, 2, 3--- 
periods, when the nucleus passes again near the initial 
position (where it left the neutron at rest) and with 
the right direction of motion to kick the neutron again 
in the forward direction. 

This picture also explains in a very simple manner 
various other features of the problem. For example it 
clearly shows why already for M=2 the importance of 
the longer collision times is rapidly damped with 
increasing energy (Sec. 4). Going back to M=1, it 
shows why the Placzek oscillation phenomenon is 
strongly reduced (it appears only in terms of higher 
order than E~') if the oscillator is anisotropic (Ap- 
pendix 2). In fact in this case the nucleus, after being 
kicked, will perform a Lissajous motion which does not 
bring it back to the origin until a condition t~m,7, 
= 27 2~ M37; is satisfied, where 7), T2, 7; are the three 
different periods, and m,n2n; are three integers. Clearly 
this makes a delayed second collision much less prob- 
able. 

These intuitive considerations can now be extended 
to other cases, in order to show that the exception of 
the isotropic harmonic oscillator is rather unique. 
Consider for example an isotropic but slightly anhar- 
monic oscillator. Even starting from the more conven- 
tional formula (1) it is possible to argue that the cross 
section at high energies will oscillate far less than in 
the exactly harmonic case. In the latter case, in fact, 
the large oscillation is obviously tied to the high 
degeneracy of the levels. If the oscillator is anharmonic 
this degeneracy is removed (only the 2/+-1 degeneracy 
due to angular momentum conservation is left) with 
the result that the levels are much more closely spaced.? 
Hence also the kinks in the cross section diagram which 
occur at each possible excitation energy will be more 
closely spaced with the result that the curve is much 
closer to a smooth function. Now reverting to our time- 


6 The first collision is npunaies by the first operator from 


the right, i.e., F, the second by F*. For the sake of simplicity we 
are assuming in the text that the integral is over negative values 
of ¢ only. This would give, apart from a factor 7, the full forward 
scattered wave, instead of the imaginary part thereof. 

7 One can, of course, point out that not all levels can be easily 
excited in a collision. If the ground state is spread over a region 
of dimensions ~(Mw)~* and a momentum x is transferred to the 
nucleus, only angular momenta up to /exe~x(Mw) can be 
excited. On the other hand, treating the oscillator as nearly 
harmonic, the state of energy «*/2M=nw contains angular 
momenta up to lmax~m. Hence, lexe~lmax? apart from a numerical 
coefficient ~1. This means then, that while a level mw of the 
harmonic oscillator splits into +1 separate levels when the 
accidental degeneracy is removed by a small anharmonic term, 
only about m* of these appear as kinks in the o(£») function. 
While this is a considerable reduction, it still means that the 
amplitude of the oscillation decreases like Eo™!, i.e., faster than 
the Doppler term. 
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dependent formalism, we have explained that the 
oscillations of the function are connected to the “long”’ 
collision times. Hence these must be relatively unim- 
portant; our basic assumption must be essentially 
correct. In the double collision picture this can also be 
explained as follows. The difference between the har- 
monic and anharmonic case is that in the former case 
a wave packet always performs a strictly periodic 
motion; in the latter the wave packet undergoes the 
well-known diffusion phenomenon. Hence the proba- 
bility that the nucleus hits again the neutron when it 
passes again near the initial position after one full 
oscillation is much reduced. 

All of these arguments are admittedly only quali- 
tative, but the gist of the matter seems to be that 
significant contributions from longer times (giving rise 
to “anomalous” asymptotic behaviors) may arise only 
for M=1. Furthermore, in the latter case, only for the 
isotropic harmonic oscillator does one find anomalies 
of the same order in 1/£» as the Doppler term. In all 
other cases they are of a higher order. In the case of a 
molecule containing only heavy nuclei, moreover, we 
shall see that the approximation is exactly equivalent 
to the well-justified procedure of Placzek. 

We now turn to the formal development of the 
preceding ideas, and in so doing we shall first examine 
(Secs. 3, 4) the “diagonal” terms in the cross section, 
ie., the terms proportional to a,’ (see P, Sec. 7, Eq. 
P(7.13), etc.), postponing to Sec. 5 the discussion of 
the “nondiagonal” or “interference” terms, propor- 
tional to a,’-a, with s’#s. This separation is desirable 
not only for systematic reasons, but also and even 
more because the discussion is rather different in the 
two cases. 


3. SINGLE NUCLEUS 


For the sake of simplicity, we shall develop the 
treatment of a diagonal term for the example of a single 
nucleus bound by a fixed potential V(r). The formula 
obtained is quite easily extended to the general case of 
a diagonal term, as is shown by the discussion in P; 
this point will be further elucidated at the end of this 
section. 

Going back to Eqs. (3) and (4), and dropping the 
now useless index s and the summation sign from the 
definition P(1.2) of the operator F, we shall ask for 
an expansion of the integrand, which exhibits the 
existence of an effective collision time, much shorter 
than the natural periods of the “molecule.” 

To this end we must identify within the integrand 
the strongly time-dependent factor or factors that are 
responsible for the shortness of the collision. 

An obvious factor of this kind is the exponential of 
Eq. (3) which oscillates with a frequency given by 


AE=ko: n— }x°= $k? — 4 (Ko— x)’, (S) 


which is of course the energy lost by the neutron if it 
transfers a momentum « to the nucleus. At this stage, 
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however, SE is not the energy transfer which actualiy 
occurs, but an indeterminate quantity depending on 
the integration variable x. Similarly at this stage AE is 
not yet equal to the energy gained by the molecule, 
AE’= E,—E,, the ultimate equality between the two 
being imposed upon them by the integration over ¢. 

The justification for regarding the exponential factor 
as strongly time dependent is provided by the estimates 
|xn|~ko, AE~Eo=}$h,’, valid in the region of % space 
which effectively contributes to the integral.* A simple 
example to show that this strongly oscillating factor, 
after integration over x, can indeed give a time de- 
pendence implying a finite and short collision time is 
provided by the case of infinitely tight binding; it is 
then easy to see that G,.= constant. Integration over x 
then leaves an expression proportional to 


frresroar, 


which is indeed convergent at infinity and clearly 
indicates a collision time of the order of Eo" (for the 
seeming divergence at /=0 see Sec. 4). 

There are now cases in which Gao, though not a 
constant, is a slow function of time and may be ex- 
panded in powers of ¢. The first term is then of the 
above type and gives the “bound” cross section 41ra*.® 
Furthermore, the successive terms reproduce the whole 
expansion in P exactly.” It is indeed quite obvious 
that the translation into our language of Placzek’s 
assumption, that the energy transfer is <Zo, is the 
statement that the correlation function G,. is weakly 
time dependent. 

In the case of light nuclei, of course, the assumption 
fails, i.e., the exponential in (3) is not the only rapidly 
variable term. In particular the elementary example of 
a free nucleus at rest, for which one has, apart from a 
proportionality factor a’, 


Gaa~exp(ite?/2M), (6) 


clearly indicates that the two factors in (3), namely 
the exponential and G,., are on very much the same 
footing. In the case of a bound nucleus, the analogy is 
slightly obscured, simply because of the different be- 
havior of the two energy transfers AE and AE’; while 


§ In this consideration it is essential that, since a time depend- 
ence is under discussion, the integration over ¢ has not been 
carried out. It is just for that reason that (contrary to a fairly 
common but slipshod formulation of the complementarity rela- 
tionship for collisions) we cannot identify in general the AZ that 
determines the time dependence (and hence the collision time 
according to the usual relation t~AE~) with the actual energy 
transfer in the collision, or an average thereof. Clearly there is, 
for eg no reason why the collision time should become 
infinite when M—  ! 

* More generally, for a molecule, the first term of the expansion 
of Gea in powers of ¢ gives Placzek’s “static approximation,” as 
one can see immediately. 

” Again this is not hard to see, since an expansion of (4) in 
powers of ¢ is simultaneously an expansion in powers of the 
molecular excitation energies E,—F,, which is the essence of 
Placzek’s expansion. 
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the former is a unique function (5) of the momentum 
transfer x, the latter is not so, in general, so that Gaa 
is a weighted sum of exponentials e“4”’ with all allowed 
values of AEF’. 

For a fast incident neutron, however, that is, there- 
fore, for large momentum transfers, we know on physical 
grounds, and from various examples, that the weights 
are strongly in favor of values in the neighborhood of 


AE’ =*/2M, (7) 


i.e., the transfer to a free nucleus which appears in (6). 

Thus a natural extension of our previous assumption 
suggests itself, namely, that Gag is the product of the 
exponential in (6) times a slowly variable factor, 
which can be expanded in powers of ¢. It is also not 
difficult to make a rough guess about this latter factor. 
As we pointed out before, G, Eq. (4), is the product of 
two operators representing, respectively, momentum 
transfers x and —« to the nucleus but at different 
times, ¢ seconds apart. The first and most obvious 
effect of this time lag is the appearance of a phase factor 
such as (6) due to the temporary increase in energy 
(7) produced by the first “kick.” Another obvious 
effect, however, is that, owing to the first kick, the 
wave packet representing the nucleus will be set in 
motion and travel a distance ~«//M in the time interval 
between the kicks. Since after the application of the 
second kick (which restores the average velocity of the 
wave packet approximately to its original zero value) 
we must take the scalar product of the resultant wave 
function with the original state, we see that the dis- 
placement suffered by the wave packet in the time / 
will decrease the overlap integral by a factor roughly 
of the type 


exp(—?, M?D*)=1—C/M?D?+---, (8) 


if D represents the average dimensions of the wave 
packet. Just such a term will in fact appear in the more 
detailed calculations of the next two sections. And it is 
worth noting that if m>D~"', ie., if the momentum 
transfer is large compared to the average momenta of 
the nuclei in the initial bound state, the factor (8) may 
be regarded as slowly variable compared to (6). This 
allows one to use the expanded form on the right-hand 
side of (8). 

It is now convenient to isolate a factor like (6) from 
the time dependence of G. This may be done as follows. 
The momentum transfer operator exp(ix-r) may be 
used to generate a unitary transformation of the 


Hamiltonian 


H’=exp(—ix-r)H exp(ix-r)=H+L+}4M"¢, (9) 


where 


L=M~"(x:p). (10) 


The same unitary transformation will transform a 
function of H: {(H) into f(H’). Since F=a exp(ix-r), 
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we see that (4) becomes 
G=aetth’¢—itH = a exp (Jitk?/M)ei(A+L) itt, 


(11) 


where our purpose is attained. Equation (3) becomes 


o®) /An= (e2hy)-! f dx. f Baa(x,t) exp[ita(x) Jt, (12) 


where 


a(x) =4x2(1+ M-) — x- ky 
=3(1+M~"){ (k,—«)*—&,?}, 


k,=k)M/(M+1), 


(13) 


and 
g(,t) = are (Ath) e— ith | (14) 
On the basis of previous considerations, we now expect 
(14) to be only weakly time dependent, compared to 
the exponential. In fact, if we neglect the time de- 
pendence of g altogether, integration over ¢ gives 
é[a(«)], which expresses energy conservation in a 
collision with a free nucleus at rest, an altogether 
reasonable first approximation. 
We then proceed to expand: 


g(x,t) = x (it)"gu(x)/n!, (15) 


where the coefficients are easily found" by means of 


the recursion formula and initial values: 


Snti=SnLb+ngnaiL HL | 
+4n(n—1)gn2[ H,[H,LJ]+:--. 


£1 = aL. 


(16) 
go= a’, 


Before using (15) and (16) in Eq. (12) we must calculate 
expectation values of these operators in the state a. 
Furthermore we shall assume that the scattering system 
is randomly oriented. If necessary, this may be achieved 
by means of an average over states, Eq. P(3.8). Such 
an average will be implied by the notation (---). One 
then gets, with the abbreviation (g,(x))=5,=5,(k’), 


So=a’; s;/a*=(L)=0, 
$2/a? = (1?-+[ HL ]) = (L?) = «(p?/3M*) = 3 (?/M){K), 
$3/a?= (x?/6M?)(V?V) = Byx?/2M, (17) 
$4/a?= KX p*/SM*)+ («°/3M?){(VV)?) 
= (x°/M)? HK )+ (°/M)Cw. 


These results include various simplifications; in the 
first place use is made of the fact that the expectation 

" The easiest way to obtain (16) is to differentiate (14) thus: 
dg/dt=ie'(HtL) [et =ig L(t), where L(t)=e'#Le-*4, and sub- 
stitute (15) into the equation, using: 


eft Lett = [+-it(H,L +4 (ut), (A,Ly]+:--. 
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value, in a stationary state, of the time derivative 
L=i{H,L] vanishes. This applies also to @L/df 
= —[H,[H,L]] as well as to L itself, since L=[H,x-r] 
is also a time derivative. These remarks give at once 
the results for g; and ge. The latter, however, was also 
averaged over the direction of x, which is allowed for 
randomly oriented systems. The calculation of g; and 
g« is more involved, but similar. g;, for instance, contains 
a term @°L/df, which cancels as explained above, a term 
L*, which cancels when one averages over the direction 
of x, and a term LL+2LL, which can be reduced to 
4(L,L] by using (LL+LL)=0. The evaluation of the 
commutator leads to the result above. g, is handled in 
a similar manner. 

With the notation P(5.7), (5.8), (5.9) we can also 
write 


51/So=0; — $2/So= (4/3) Km, 
$3/So= Buy; $4/So= (16/5) (K?) w+ 2C wy. 


The expressions s, play a similar role here as the 
expressions S,, in Eqs. P(3.9), (3.10), and (18) is similar 
to P(5.6), but simpler. The reason the first terms on 
the right-hand side of P(5.6) are missing in (18) is that 
those terms merely represent the effect of the reduced 
mass factor, as explained by Placzek, an effect which 
is here separately included once and for all exactly in 
the exponent a(«), Eq. (13). 

When the cross section (12) is averaged over a to 
produce isotropy (if necessary), and the Eqs. (15), (17), 
and (18) are used, the integration over ¢ can be per- 
formed for each term. The mth term is, apart from a 
factor, 


I,= f 506296 a (0) (19) 


which, after a shift of the origin, x=k,+q, may be 
integrated first over the solid angle dQ, (notice that 
the argument of the 6 function does not depend on the 
direction of g) and then over g by means of n partial 
integrations. One gets 


T= (—1)"(M/(M+1) J" (8/909) "Pn (rq) Ja-ke, 
(20) 


Pa(bng)=a f su(e)d= (r/e) Sn(x)dx, 


with x*= (k,+q)’. 

Evaluating (20) explicitly up to n=4, and summing, 
with the appropriate factors, one gets a formula 
identical to P(3.11), apart from the following changes. 
(a) The right-hand side is multiplied with the reduced 
mass factor [M/(M+1)}. (b) The functions S,,(x*) 
with the values P(5.2)(5.6) are replaced by the func- 
tions s,(x”), Eqs. (17), (18). (c) The parameters u= 4k? 
and Ey are replaced by u,=4k,/’, and E,= EyM/(M+1). 

The introduction of “relative” energy E, and mo- 
mentum &, is of course to be expected in view of our 
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approximation. Formula P(3.11) thus modified leads 
then, after trivial operations, to the result, in terms of 
the free cross section P(5.15): 


o/Ftree = 1 + 1K, ME," 
— yl (M41)/MPCuM Ba++, 


which now takes the place of P(5.16). 

The result is changed by so little that we may be 
justified in pointing out some differences which do not 
strike the eye. The first two terms are exactly the same 
as before; the only difference here is that they are not 
obtained by rearrangement and summation of a series 
of partial terms as in P(5.14); they come out exactly 
and at once, which is perhaps a slight methodical 
advantage. There is in both P(5.16) and (21) an 
invisible third term, of order Ey~*, and proportional to 
By; that the coefficient of this term cancels is estab- 
lished by Placzek’s calculation only to the lowest order 
in M~'; one could of course push the approximation 
further, but there is then no simple argument to 
predict the general structure of the term as a function 
of M. Equation (21) shows, however, that the term 
vanishes identicaily. The last term of (21), finally, 
differs from the corresponding term in P(5.16) because 
of the appearance of the inverse of the reduced mass 
factor. This means that Placzek’s C term is proportional 
to the bound- rather than the free cross section. Cy, 
see Eq. P(5.9), is proportional to the average square of 
the binding force. The result just mentioned is therefore 
physically plausible, but it could not have been inferred 
with certainty from an expansion in powers of M-", 

We close this section with two more remarks. The 
first concerns another possible approximation method ; 
it seems at first very tempting to use a “weak binding” 
approximation, expanding (14) in powers of the po- 
tential. The zero order then contains all terms of (15) 
obtained by neglecting systematically in (16) the 
commutator [H,L] and commutators thereof. The 
result is both simple and physically plausible; it obvi- 
ously describes the collision against a free nucleus, 
which is not initially at rest, but has instead a velocity 
distribution as found in the initial state. There the 
simplicity ends, however; already the next term looks 
rather complicated and not easily usable. It does not 
seem, therefore, that this approximation can be used 
to circumvent the difficulties of the “short collision 
time”’ method. 

The second remark concerns the extension to a 
molecule containing several nuclei. We may use, of 
course, the discussion of P, Sec. 7, to separate the 
scattering into coherent and incoherent parts. The 
incoherent scattering is the sum of terms relating to 
individual nuclei, and for each of these terms a formula 
like (21) applies, or more precisely a formula which is 
related to (21) like P(7.8) to P(5.16), with the same 
change in the meaning of the symbol C. Finally, the 
formula can be extended to include the whole “diagonal” 


(21) 
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term for a given nucleus simply by changing the value 
of the scattering length a,. 


4. ISOTROPIC OSCILLATOR 


The main new result obtained in this section is to 
exhibit in detail the transition from the “normal” 
behavior of the asymptotic cross section of a heavy 
oscillator (M>>1), Eqs. P(6.4) (6.8) (6.9) to the peculiar 
oscillating behavior discovered by Placzek‘ for the case 
of equal masses (M=1). This behavior may be de- 
scribed as follows: Writing the cross section in the 
form P(6.8) or, for M=1, 


o/Ctree= 1+-no!c(mo), (22) 


where >= Eq is the neutron energy measured in 
units of the oscillator’s quantum, one would expect 
from the general formula P(6.9) that ¢(m)—} when 
ny. Placzek finds, instead, that c(o) approaches 
asymptotically the periodic function of period one, 


a(t) =1-8-F ©(x4), (23) 
jo 


where 6=mo—[mo] is the fractional part of mo, and 
x;=V2(j+6)!, while ® is the error integral, 


d(x) =2n-4 f exp(—¥*)dy. (24) 


It is interesting to note that the function (23) has 
cusps at integer values of mo. Thus the cusps which are 
present in the low-energy behavior of the cross section 
vs energy,” are also preserved in the asymptotic 
representation of the cross section. 

The average of the function (23) over one period, 
however, is equal to } and thus coincides with the 
constant limit expected from the general formula for 
M>1. This shows that if the cross section were meas- 
ured with poor energy resolution (AE>>w) the asymp- 
totic behavior would be found to be given by the 
general formula derived for M>1. 

In principle, however, the oscillation of the 1/Ep 
term in the cross section for M=1 is observable, and 
the difference between the asymptotic behaviors in the 
cases M=1 and M>1 is quite real. On the other hand 
what one means by asymptotic behavior is partly a 
matter of definition. We shall see that the symbolic 
method leads to an asymptotic representation of the 
cross section by means of damped oscillations. The 
damping is zero for M=1 and increases with increasing 
M (as one might expect from a comparison of the 
M=12 and M=~ curves in P Fig. 1), so that for 
large M the function c(mo) very rapidly approaches a 
constant value. For M>1 but small, the asymptotic 
formula we shall give should be valid over a wider 


2 See, for example, E. Fermi, Ricerca sci. 7 (2), 13 (1936), 
and P, Fig. 1. 
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range of energies than the simple constant value 
c(m)~}. 

In the case of a harmonic oscillator, the symbolic 
expression (3) can be transformed as follows. Having to 
do with a single nucleus, we omit the index s. In the 
ground state, or in any isotropic average over states, 
the expectation value of G must be independent of the 
direction of x, which we may therefore choose to be the 
2 axis, so that 


(25) 


F=ae**, 
For a harmonic oscillator, one has: 


ett ze-tH = 2(t) =z coswltf sinwt, (26) 


where w is the proper frequency of the oscillator and ¢ 
is, apart from a factor, the momentum associated to z. 
In fact, 


(2,6 ]=i(Mw)+. (27) 


From (5), (25), and (26) one has: 
F(t) = geiss(t) 
G(t) =a’e~** exp (ixz coswt+ixt sinwt). 


This may be written with all the operators under a 
single exponential, remembering that if [A,B] com- 
mutes with both A and B one has 


eAeB = cAtB+il4.B] — gAt+Behl4.B) (29) 


In our case [A,B] is a c number, and 


G=a@ exp{i(c?/2Mw) sinwt} 
Xexp{ —ixz(1—coswt)+ixt sinwt}. (30) 


Furthermore, it is easy to see that the expectation value 
in the ground state’ of an operator exp(iaz+iff¢) 
depends only on a’+/(", and may thus be calculated 
more simply as the expectation value of exp{i(a?+/*)!z}, 
which, in the ground state, is exp{— (a’?+*)/4Mw}. 
One thus finds, after simple reductions, 


Gao= @* exp{ (x?/2Mw) (e'**—1)}, (31) 
which, if the exponent is expanded in powers of ¢, gives 
the expected behavior, Eqs. (7) and (8). A similar 
formula is obtained for a thermal distribution over the 
energy levels of the oscillator. For simplicity, however, 
we shall stick to the case of the ground state. 
Inserting (31) into (3), and expressing ¢ in terms of 
the “bound”’ cross section = 47a’ or later alternatively 
of the “‘free’’ cross section o¢ree=0M"*/(M+1)?, we find 


+00 
c/ov= (Satky)* fat fdr explit(he—ko-») 
~(s¢/2Mw)(1—e*)), 


8 Or more generally in an isotropic distribution over states. 


(32) 
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We have assumed here that the « and / integrations 
can be interchanged; if we first attribute to ¢ a small 
positive imaginary part, the integral over x becomes 
absolutely and uniformly convergent, and the inter- 
change can be safely carried out. 

Performing the « integration and introducing a non- 
dimensional time variable £=w/, and a nondimensional 
energy measure mo=k,?/2mw as before, and with the 
abbreviations 


p=p(t)= PACE), 


| (33) 
A=)\(E)=[M-"(1—e#) -—ie}, 


we find 


o/oo= (xno) f MMe-rdé. (34) 


The integrand of (34) has singularities (branch points) 
where J has poles or zeros. The only singularity on the 
real axis is at §=0, which according to a previous 
remark must be avoided by passing above it." 

For an asymptotic evaluation of (34) for large values 
of mo, we can remark that any part of the integration 
path on which an inequality, 


Re(p) ><, 


is satisfied, ¢ being a positive constant, will give a 
negligible contribution, of the order e~*™, to the inte- 
gral. We may derive the greatest benefit from this, if 
we deform the path in such a way as to have (35) 
satisfied over as much of the path and with as large a 
value of ¢ as is possible. 

Now from (33) it is easy to see that Re(p) is positive 
over the whole real axis, except at the points {=2rv 
(v=0, +1, +2---) where it is zero. These points, 
therefore, must be examined more carefully. 

Setting §=2rv-+-n, and expanding (33) in powers of 
n, one finds that, in the neighborhood of the real axis, 
the region where Re(p)>0 has the structure represented 
by the shaded area in Figs. 1 and 2. We try to lay the 
path, as far as possible, within the shaded area; the 
place, where it must get out of it, is just above the 
origin. We may, however, deform the path in the 
manner indicated by the heavy line in the figures, so 
that the only part of the path where Re(p) <0 is a small 
circular arc at the top of the loop around the origin. 

It is best to divide the right-hand side of (34) into 
two parts, one J, corresponding to the loop which 
leads—from a point £; on the negative imaginary axis 


€+0, €2 fe4r 
pe Lap cZ LZ ZZ 
Ol yoy 


(35) 


Fic. 1. Integration path for M>1. 


“4 We shall assume that the complex £ plane is cut along the 
negative imaginary axis, starting from the branch-point of 
at &=0. 
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Fic. 2. Integration path for M=1. 


—around the origin—hack to the same point, and one 
I, corresponding to the “horizontal” part of the path, 
which leads from — © to the point £;, and from &; on 
the right-hand side of the imaginary axis" to +. 

We can choose the point £; on the negative imaginary 
axis in such a way that the integrand is extremely small 
at £;. We may choose, for instance, the point where p 
has a maximum along the negative imaginary axis. 
For M>1, §;~ —ilnM and the maximum value of p is 
also ~InM, so that the exponential in the integrand 
has a very small value M-™, As M—>1 the maximum 
value of p decreases; for M=1 one has §;= —2i, and 
p(é;)=0.48. Even with this value the exponential, 
e~°-8n0, is asymptotically negligible as soon as mo>1. 

If M>>1 it can now be shown that the contribution 
T, of the whole “horizontal path” is negligible. In fact, 
as M increases, the lower boundaries of the shaded 
area, indicated in Fig. 1, move downwards, the distance 
from the real axis being of the order of InM; the path 
can be laid in such a way that an inequality (35) is 
satisfied over the whole path, with a value of ¢ of the 
order of InM. One then finds an upper limit to the 
integral along the horizontal path, 

h<em f [a Me~aer, (36) 
where ¢, is another constant. It should be noticed, to 
justify this, that \X~|£|~' when f-+, so that the 
integral in Eq. (36) is convergent. On the other hand, 
when M approaches unity the “necks” through which 
the path must pass become narrower and narrower, 
until they reduce, see Fig. 2, for M=1, to points, where 
|e~"*| = 1. The neighborhood of these points gives 
then a contribution to (34), which is not exponentially 
small compared to the main term; it yields, in fact, 
terms of order mo, and is responsible for the oscillatory 
behavior discovered by Placzek. 

Now to the actual evaluation: Beginning with the 
loop integral, we notice that for |£|<1 the exponent 
—nop=—ingM/(1+M), so that the exponential 
rapidly vanishes on the negative imaginary axis as soon 
as |£|>>no. After the substitution r= —itmM/ 
(1+ MM), an expansion of p and \! in powers of r becomes 
simultaneously an expansion in powers of no~!. Substi- 
tuting into (34) and expanding the whole integrand 
with respect to no~', one then gets, apart from a factor, 
the expression 


J rtett+ Gennady 
— (Mno)*{ ps (8M —7) 7? — &e(11—-4M)r* 
~ir}+---Yer, 


(37) 
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where the path runs in a loop around the origin from, 
and to, a point r;= —itg@oM/(1+M), which if no>1 
can be set =— © without noticeable error. Using the 
integral representation of the reciprocal I’ function’® 
one finds for the loop part: 


Ty= (14+-M—)*{1+ (4Mno)*+0(n0e*)}. (38) 


Notice the reduced mass factor (1+M™)*=¢4ree/o0; 
notice also that the coefficient of the mo~* term vanishes 
identically. 

Turning now to /,, we first assume M=1. Figure 2 
clearly shows that the points = 2rv (v= +1, +2, ---), 
are saddle-points for Re(p). This follows of course from 
the expansion already used, that is 


p(2rv+ n) =prt+p)'nt+ $p,""?+- one 


foilie 2 _ ” 2 (39) 
py=2miv, py =0, py =1+(é/x»). 


The inequality (35) can be satisfied everywhere on the 
path, excluding the neighborhood of the saddle-points. 
It is therefore sufficient to evaluate asymptotically the 
contribution J,(v) from a small interval around each 
saddle-point. Here we shall content ourselves with the 
lowest order term, which is proportional to no. This, 
together with the corresponding term in (38), will yield 
the function ¢.. (mo). 

The evaluation is based, of course, on the familiar 
reduction to a Gauss integral. 

One has: 


exp (— mop) * exp (— mop») exp(—4nop,""7"), 

which has a sharp Gaussian peak of width mo~! at the 
saddle-point, provided the path crosses the saddle in the 
right direction.'*,To the lowest order in mo“! we are 
then allowed to replace \! in the integral (34) by its 
value A,! at §=2my, ie., by (i/2mv)!. Then, carrying 
out the Gauss integrais and remembering (34) and 
(38), we find that 


o/oo™ Ti+ (In +c) 
Lad | 


=1,+-4V2n—" FA,H(p,!)-4 exp(—mop,)+cc}. (40) 


vem] 


Using M=1 in Eq. (38) and the values (39), and 
expressing o in terms of ¢free=}o, we find, on com- 
parison with (22), 


Cu (te) =4+-E (Sev)-" (wv i)-te-triometitet co}. (41) 


We have now obtained two entirely different expressions 





1% E. ‘’, Whittaker and G. N, Watson, A Course of Modern 
Analysis (The McMillan Company, New York, 1946), fourth 
edition, Sec. 12.22. 

1 For example at an angle —4 arctan(1/v) to the real axis. 
According to (33) the exponent —4op,"n* is then real and 
negative. This is indicated in Fig. 2. 








(23) and (41) for the same function; but it is not 
difficult to verify by integration of (23) with a factor 
exp(2mivé), that (41) is indeed the Fourier series for 
the function (23). The advantage of (23) is, of course, 
its much more rapid convergence. 

We finally set ourselves the problem of bridging the 
gap between the two extreme cases M=1 and M>1. 
The preceding discussion clearly points the way. As 
long as M>1, it is always possible to say that 
In~exp(—cno), but c—0 as M—I1, so that neglecting 
I, entirely is not a good approximation. Looking at 
Fig. 1 we realize that there must be a saddle-point in 
the middle of each narrow “neck” of the shaded area. 
We can calculate 7, approximately by a saddle-point 
method, just as we did for M=1. 

We obtain again (40), the only difference being in 
the values of J;, and of the coefficients ,, p», p»’””. The 
position of the saddle-points is quickly obtained as 
follows. The equation for a saddle-point ¢ is p’(¢)=0, 
which one can rewrite using (33), 


ei = M{1—2ie/(€+2i)}, (42) 


where e=1—M~'<1. Taking the logarithm on both 
sides, and designating £ more specifically by ,, if & is 
the saddle-point which tends to 2rv when M—1, we get 


§,= 2xv—i InM—i In{1—2ie(é,4-2i)}, (43) 


where the principal value of each logarithm is meant. 
From (43) it is easy to obtain an expansion in powers 
of M—1 or of e, which converges rapidly if (M—1)<1. 
For the practically more interesting case: M equal a 
small integer, one can reach the goal more quickly by 
an iteration method. Starting from §,~2rv—ilnM as 
an approximate value, one feeds this into the right- 
hand side of (43) and gets a better value, and so on. 

Another usable expansion is one in falling powers of 
2nv: 


§,= 2ev—i InM+ > a,(2xv)-*, 


n= 


a2= — 2ie(InM—2+.«)-:-. 


(44) 


q=-— 2e, 


It is easy to see that (43) defines £,—2zv as an analytic 
function of z= (2xv)~! regarded as a complex variable, 
and that z=0 is not a singularity. Hence, (44) must 
have a nonzero radius of convergence and is in fact 
apparently quite usable down to v=1. 

Knowing £, one can calculate the coefficients of the 
expansion (40). The most interesting one is the expo- 
nent p,. Using (42), (23) can be transformed into 


pr=p(E)=it(1+2i&")[1+i(2—e)&*]. (45) 
This too can be expanded for large v: 
pr=i{ 2xv—e(2rv) 1+ ---}+1nM—e 
—é(2—e—InM) (2rv)*+---, (46) 


the error being of order (2rv)~*. 
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Some numerica! values for the exponents p, are given 
in Table I. The most noteworthy feature, of course, is 
the nonvanishing real part of p,. Each term of the 
series (40) is a damped harmonic oscillation. The 
damping factor is only weakly dependent on », and 
is roughly exp{—mo(InM—e)}. Also, the imaginary 
part of p, is only slightly different from 2rv, so that 
the series is almost harmonic. The amount of damping 
indicated by Table I is in good agreement, as far as a 
comparison is possible,!’ with the numerical results of 
Placzek, as displayed in P (Fig. 1). 

Finally, it is noteworthy that even for M as low as 2, 
the damping is fairly rapid, the amplitude being reduced 
to 1/e when the energy increases by five oscillator 
quanta. 


5. NONDIAGONAL TERMS 


In the discussion of these terms we have to rely to an 
even larger extent than before on purely qualitative 
arguments, except in special examples. Furthermore it 
turns out that in the present instance the “short 
collision time” approximation is essentially equivalent 
to the “small energy transfer” approximation of 
Placzek, and does not lead to any improvement over 
his formulas. One useful result emerges from the follow- 
ing discussion, however, namely that as far as the non- 
diagonal terms are concerned, Placzek’s formulas are 
not essentially tied to the condition M>>1, a fact which 
is not obvious from the discussion given in P. Thus we 
may say that we have a suitable treatment for all cases. 

If we pick in the operator (4) the interference term 
relative to, say, nuclei 1 and 2, that is, apart from a 
factor a2, the expression 


Gai= fo*e# fye-*"4, f.=exp(ix-r,), (47) 


the first problem is to find its time dependence. The 
discussion will be clearer if we first get rid of an obvious 
pitfall. 

There is, of course, no analog to an interference term 
in the classical theory of impacts, and thus no a priori 
argument for a time dependence such as in (6), based 
on the classical energy momentum relation (7); to 
begin with, if M:# M2, we would not even know which 
mass to use in these equations. Nevertheless if we apply 
the transformation (9)(11) to (47), we get 


Gu= fo*f, exp(itk?/2M,)eit(A+ ha) ith (48) 


L, being defined by (10) with M, and p replaced by 
M, and p,. The first exponential in (48) represents a 
strong (if M,~1) time dependence of the type we 
have no good reason to expect. Alternatively, we may 
obtain a similar factor involving M, instead of M,, if 
we notice that Gaa=Gaa', where 


Gi= eth Pt eithP (49) 


17 Owing to the omission of terms of order no, our formula 
can only give a rough approximation for values of mo as low as 
those in P, Fig. 1. 





(a) Real part of py 
M= 2 3 





0.4294 
2 0.1919 0.4313 
« 0.1931 0.4320 


(b) Imaginary part of py divided by 2x» 
1 0.9937 0.9888 0.9825 
2 0.9984 0.9972 0.9956 
ry 1 1 1 


y=1 








and transform accordingly, pushing F* towards the 
right. The truth is, however, that the appearance of 
these strongly oscillating factors is without significance ; 
they are canceled by compensating terms which occur 
in the expectation value of the remaining operators. 
More precisely we state that, if the time dependence of 
(G21) is written as an exponential exp[i/(t) ], no linear 
term in ¢ is present in the exponent. 

This can be seen most simply by showing that the 
time derivative of (G2;) is zero at =0. And this follows 
immediately from P(7.17). Since the point is of some 
importance, however, it will be further explained by an 
alternative derivation. We rewrite (47) in the form 


Go = exp(—ixz2) exp{ixz,(t)}, (50) 


taking the z axis parallel to «x. For comparison the 
diagonal term G;; can be similarly written, by replacing 
2 with z; in (50). For small values of ¢ we expand in 
powers of /, neglecting terms of order / or higher. 
Remembering (29) we obtain 


Goi exp(—ixze) exp (ixt,+itxzZ;) 


= exp[ ix (z1—22)+-ikk2Z; ], (S1) 


and similarly 
Gu exp(— ix2,) exp (ix21+-ilx2,) 
= exp[itkZ,;+ hineM 2), 


where the main difference between the two operators 
is that the commutator term in (29) is zero for Gy, 
but not for Gy. It is just this term that gives the 
strong time dependent factor for Gy, but not for Gay. 
To complete this consideration, one has only to notice 
that under the assumption that the eigenfunction of 
state a is real (i.e., invariant against time reversal; 
this assumption is essential, and is also made in P) the 
expectation value of an operator exp(az+(p,) is an 
even function of 8. Hence the exponential operators in 
(51) do not contribute any linear exponent in /. 

The cancellation of the strong linear term in G2 
means that the first-order reduced mass correction does 
not apply to the interference terms, as pointed out in 
P. But for us it means, especially, that the transfor- 
mation employed successfully in Sec. 3 is here not 
merely useless, but actually misleading. Under these 
circumstances it is more natural to expand the whole 


(52) 
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G2 in powers of /, but then of course we are back with 
the “small energy transfer” approximation and no 
improvement over P is obtained. The question we want 
to discuss, however, is whether such an improvement is 
really necessary. 

The absence of a large linear term is in itself no 
guarantee that the time dependence of Gz; is weak. A 
strong time dependence could appear in higher powers 
of ¢ in the expansion or at later times, when the expan- 
sion is of no help. The case of long times has been 
examined in detail in Appendix 3 for a special case. 
There one can see in (A13), for example, that when « 
is large a strong time dependence can indeed appear 
for large ¢ values. That turns out to be unimportant, 
however, for the simple reason that the value of Gz; is 
at the same time quite negligible. 

It is the latter circumstance that is decisive. Although 
in the general case this cannot be demonstrated as 
forcibly as in the special case of the appendix, we can 
at least show that quite improbable circumstances 
must occur for an exception to be possible. 

Let. us begin with the trivial case of two “‘inde- 
pendent” nuclei, for example two nuclei bound in a 
fixed external potential, but not interacting with each 
other, so that individual states can be assigned to each. 
In this well-known case the only coherent scattering is 
elastic; G2 is not time dependent at all; this is so, of 
course, because the two factors of the matrix element 


My= (f2*)av( fi) 00 (53) 


associated with the energy transfer E,— E, cannot both 
be #0 unless b= a. Knowing this, we can see, further- 
more, that the only nonzero matrix element M, becomes 
negligible as soon as « is large compared to the zero 
point momenta of 1 and 2 in the state a. This establishes 
our statement for this case. 

Naturally, the example chosen is so special that its 
detailed features are of no special interest for the general 
case. If, for example, we add an interaction AV12 
between the two particles, we expect to get the same 
result for the cross section in the limit \-0; most of 
the detailed statements made above become invalid, 
however. In particular, it is necessary to remember the 
role of degeneracy in such a problem. Owing to de- 
generacy between levels of the unperturbed problem, 
even a weak interaction can lead to strong mixing of 
states, so that the matrix elements M, for individual 
states can be strongly affected. It is no longer true, 
for example, that for « large, every M, must become 
necessarily small. (The reader will find it instructive to 
consider in detail the possible effects of mixing between 
states in which either one of the two particles is strongly 
excited, while the remaining one is left in the ground 
state.) On the other hand, a sum over states such as 
the sum in Eq. (1) possesses a well-known stability 
against perturbations, so that for small \ it will still 
be true that the contribution of large « values to the 
nondiagonal term can be neglected. 
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In the above example, a significant departure from 
our general assumption could only occur if the inter- 
action becomes so large as to cause large splittings 
amongst the original degenerate levels, or, in more 
physical language, if momentum is exchanged rapidly 
between the two particles, more precisely, so rapidly 
that a momentum exchange «x can occur during the 
short time available in a collision. If this necessary 
condition is examined more in detail, one finds that 
large x values can only contribute if the energy Ep of 
the incident neutron is smaller than an expression of 
the type of (0°V/dx*)D*, where V is the interaction and 
D the distance between the two particles. This expres- 
sion again may be taken to be of the order of binding 
energies if the particles are close to one another in the 
molecule and even smaller otherwise. 

Although this necessary condition is better than 
nothing, it is not very strong and we have some reason 
to think that much more stringent conditions must be 
met, so that in practice we may safely assume that 
large momentum transfers are negligible quite in 
general. 

We shall try to show this by means of a semiclassical 
consideration based again on the time-dependent 
picture. Reverting to the form (4) of the operator G 
and using a configuration representation of the operator 
e“#, we can write the expectation value of G2; in the 
state’a in the form 


(Gu) = f Wo" (rit2) exp(— ix: r2)dridro(ryre| e** | r;'r2’) 
Xdry‘drq' exp(in- ry’ Wo(ri'te’)e~**, (54) 


For simplicity only the coordinates of the two particles 
involved have been indicated explicitly, but if other 
particles are present, additional coordinates r3, -- 

and 7;’--- would have to be written in at the left and 
right, respectively. The following argument would not 
be affected. Let us now consider a classical motion 
leading from positions r,’, rz’ at time ¢ (it is convenient 
to fix our attention on the case /<0) to positions m, r2 
at time 0; let S(ryr2;r;’r2’ ;/) be the action integral for 
this motion. We now make the classical approximation 


(rits| e* |1y'ts')=exp{aS (titejti't’f)}, (55) 
neglecting a normalization factor, which would only 
complicate the formulas without much consequence. 
If a classical approximation is valid at all, the expo- 
nential on the right-hand side of (55) can be treated 
as a rapidly oscillating factor. We intend to discuss all 
the integrations in (3) and (54) (i.e., the integrations 
over x«, f, f1, Te, t1’, fe’) by means of the method of 
stationary phase. This is, of course, very crude, but 
since we only intend to ascertain the conditions under 
which a “large” result can be obtained, the approxi- 
mation seems legitimate. We recall that 


0S/ dr; =p, 0S/dt= E, (56) 


0S/dr,’ = —p;, 
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where p,; and p,/ (i=1,2) are the final and initial 
momenta of the two particles and E is the energy in 
the classical motion envisaged above. We regard the 
momenta of 1 and 2 in state @ as negligible, that is we 
treat y,.* and y, as slowly variable (we neglect their 
derivatives). Then writing the stationarity condition 
for the integrations (in the order mentioned above) we 
find 

(57) 


(58) 
(59) 


In addition we must require, of course, that rrz and, 
respectively, r,'r2’ be in a region of configuration space 
where the wave function of the ground state is large. 
The meaning of these equations is obvious. They say 
that there must be a classical motion of 1 and 2 (and 
if necessary of the remaining nuclei) which starting 
from a probable'® configuration r;’r2’, with momentum 
«x for nucleus 1 and zero momentum for nucleus 2, leads 
as a result of the interactions to probable final positions 
rif, with momenta 0 and x, respectively. Moreover, 
(58) is the energy conservation equation including the 
neutron, and (57) expresses the condition for the 
neutron to be able to travel, in the time —/, from 
position r,’ where it hits nucleus 1, to position rz where 
it hits nucleus 2. 

The result is thus by no means unexpected; in fact 
the above discussion is merely an explicit formalization 
of the intuitive considerations we have applied several 
times before. It will serve, perhaps, to show to what 
extent a classical description of the molecular motion 
is applicable to these essentially nonclassical inter- 
ference terms. 

If all this be granted, it will appear that (57) and 
(58) are additional requirements that will in general be 
hard to satisfy, even if the forces between 1 and 2 are 
strong enough to effect the momentum transfer that 
was discussed before, and is also exhibited in the 
conditions (59). While it is not true in general that the 
conditions are incompatible, they do turn out to be so, 
for example, in the case of the oscillator model of 
Appendix 3, where the conclusions reached have been 
checked by the direct quantum-mechanical calculation. 

While it is not possible to state quite generally that 
the “classical” conditions (57) (58) (59) can never be 
satisfied, it seems reasonable to draw the following 
conclusions. The more complicated the system, the less 
likely it will be that the whole effect of a large blow 
applied to particle 1 can be undone by a counterblow 
applied simultaneously or at any other time, to a single 
other particle 2. Hence exceptions to the rule that 
large momentum transfers do not contribute signifi- 
cantly to interference terms will occur at most in very 
simple systems, like a diatomic molecule. Even so, 


f.—1;' = —t(ko—x), 
42—x- ky t+ E= E,, 
Pp; =x, 


pi=0, po=x; p2’ =0. 


18 Probable refers here to the space distribution in the ground 
state. 
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they will play a role only under rather special condi- 
tions. 

It follows then, that barring these special exceptions, 
and for neutrons satisfying the condition Eo>A, see 
P(2.3), the energy transfers effective in interference 
scattering will be «2», so that the approximation 
developed in P should be applicable, even to molecules 
containing very light nuclei. In particular the “static” 
approximation [first line of P(7.20)] should give an 
adequate representation of the cross section for most 
purposes. 

Some comment is desirable, however, concerning the 
subsequent terms of Placzek’s expansion, say, for 
instance, the 2nd and 3rd line of P(7.20). If our conclu- 
sions are correct, we should expect these terms to be 
small compared to the static approximation. Under 
the assumptions of P, the smallness of these terms is in 
fact warranted by the large mass of the nuclei, as for 
instance indicated by the factor uu,’ in the last line of 
P(7.20). Such factors are of no help in our case. As 
pointed out in P, however, these terms are also small 
for other reasons, namely, because of factors 
~exp(—4E)/Mw), w being a frequency of nuclear 
motion (Debye-Waller factors, etc.). Now as a rough 
rule of thumb, we may say the frequency w varies with 
the mass as M~-', so that the exponential varies 
~exp(—ak,/M'), a being roughly a constant. Thus 
this factor is actually much smaller for light nuclei and 
compensates for the absence of the mass denominators. 

A different question, however, also arises. Namely, 
we may want to know not merely whether the second, 
third, --- terms in the expansion are small, but also 
whether they effectively represent the error of the 
first, or static, approximation. This question is more 
difficult to answer in view of the energy dependence of 
the successive terms in P(7.20). Thus the first term is 
proportional to Eo, while the second term and the 
terms in the second and third lines contain exponential 
factors of the type mentioned above. Proceeding further 
in the expansion, however, we would find the term 
S,(0) in P(3.11) and other terms to be found later 
again yield simple reciprocal powers of Eo. Thus the 
series is definitely not an asymptotic expansion in the 
same sense as P(5.16) or (21). At very high energies 
we ought to leave out all exponential terms and keep 
the powers of Eo; the series would then start as 
follows: 


O12 = 4a deko*{ Hr 19*)w— (1/96M M2) Eg? 
X(grad,V-gradeV),++--}. (60) 


For large masses and moderate energies, however, the 
terms thus thrown away are more important than the 
term added above. 

For macroscopic bodies, such as crystals, there is in 
addition the question of the convergence of the sum 
over the indices s, s’. This question has been exhaus- 
tively discussed for the static approximation'® but not 


1 Placzek, Nijboer, and Van Hove, Phys. Rev. 82, 392 (1951). 











for the second and third line of P(7.20). A provisional 
estimate we have made shows that no special difficulty 
is encountered, but we hope to come back to this 
question later. 
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APPENDIX 1 
Single Nucleus, Differential Cross Section 


One can, by means of the method of Sec. 3, also 
calculate the differential cross section or the effective 
differential cross section. In the case of light nuclei 
this means, of course, lumping together final neutrons 
of widely different energy. The result is, therefore, 
somewhat less significant and will be discussed only 
briefly. In order to obtain the differential cross section 
we must go back to Eqs. (12) and (19) and introduce 
as an integration variable the final momentum of the 
neutron k= ko—« in place of «x. Writing then dk= k*dkdQ 
in place of dx and performing the integral over k, but 
not over dQ we obtain 


koda/dQ=>" (n yf R's,(x*)5\™ (a)dk, (Al) 
“s 0 


where « and a are now functions of Rk: 


2Ma= (1+M)k°—2kok cosd— (M—1)ke?, 
x= ko? — 2kok cos6-+ k*. 


Inserting (18) into (Al) one can calculate each term 
explicitly. We give the result in an abbreviated form. 
Introduce a variable «= (k/ko)—cos0/(M+-1) and the 
value x corresponding to the value of & for which a=0: 


xo= (M*—sin’6)!/(M+1). (A2) 


Then, remembering that in Eq. (17), s, is a function 
$,(u) of u=«*, write « as a function of x. This may be 
indicated explicitly by «= ko’v,, where 


v,;= 1— 2(k/Ro) cosé+- (k ‘Ro)? 
=[x—M cosd/(M+1) P+sin. (A3) 
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Define functions 


bn.m(0)= (1+ Mt)" 


0\" cos6 \? 
XL (sa) Fie) tL 
Ox? M+1 z=29 


In particular, 
$0, 0(8) = (14+M-)“xe?[xo— (14+M)— cos}. (AS) 


We can now write the first terms of the expansion of 
the differential cross section 


a *da/dQ= $0, o(0)+ (2/3M Eo) K wh, (8) 
— (B/6M Eo?) os, 1(0)+ (2/1SM*Ec?)(K*) nabs, 2(8) 
+ (C/12M E¢*)d,, 1(0)+-++-. (A6) 


The effective differential cross section can be similarly 
obtained if one adds a factor ko/k to the integral in 
(A1). This leads to functions 


Wn, m(0) = (1+M-")-" 


eat a | 


To get does/dQ, replace all ¢’s by y’s in Eq. (A6), thus, 
ada ot1/dQ=Wo, 0(0)+ (2/3M Eo) K m2, 1(0)+ oe, (A8) 


The formulas as written are not perhaps very explicit 
but the Eqs. (A5) to (A8) will give an explicit answer 
with a little work, but without difficulty, if needed. 

One may wish to compare these formulas with 
P(5.19) and P(5.20). For this purpose bear in mind 
that the energy dependence in Eqs. (A6) and (A8) is 
given explicitly. And in fact one finds Ky, divided by 
Eo, B and (K*), divided by Eo’, C divided by Ey’ as 
expected. ; 

On the other hand, the M dependence appears only 
in part. We have tried to write the ¢ and y functions 
so that they are of zero order in M, when M is large. 
Cancellations may occur, however, in the limit M—~, 
so that a function may occasionally turn out to be of 
the order M~ or even smaller. One verifies easily, for 
instance, that in the limit M= ©, ¢; ,-0. Thus, the B 
term in Eq. (A6) is not of first order in M~ as it seems 
to be, but higher, in agreement with P(5.19) where it 
appears to be of order M~*. On the other hand, the 
¥3,1 function which multiplies B in the effective cross 
section does not vanish in the limit M= «, in agreement 
with the M dependence of the B term in P(5.20). 





APPENDIX 2 
Nonisotropic Oscillator 


For simplicity we assume M=1 from the start, since 
this is the critical case. We assume that the oscillator 
has three different frequencies w;, w2, ws; along the 
Cartesian axes 1, 2 and 3. By an analysis completely 
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similar to that leading to (31), one finds 
3 
Gaa=@ TT expt («j?/2u;) (e#*—1)}, 
j=l 


and later, instead of (34), 


o/ov=4(wEa)-* f dt I fi), (AS) 


fi(t)= @A;)! exp(—Fwjk?r,), 
d=Aj()=[1 ein}, 


where 


kikoks being the components of the vector ko. Leaving 
aside the neighborhood of ‘=0, which offers nothing 
essentially new, we examine the contribution from 
longer times. If a direction of ko is chosen at random, 
and £p is increased, it can be seen that the modulus of 
the integrand of (A9) goes to zero exponentially for 
any given /0 on the real axis. This is because the real 
parts of fifefs cannot be zero simultaneously if 
www; (barring the case w;:w2!w3;= 1:2: N3, where 
M1, 2, Mz are three integers). However if ko is directed 
along one of the axes, then clearly the periodicity 
phenomenon of Sec. 4 reappears. Averaging the cross 
section over the direction of ko, we see that “anomalous” 
terms will come from the neighborhood of the three axes. 

Assume for example ki ~ ko, kxKho, kxK&o. There are 
then saddle-points near the real axis; when k, and 
k;—0 these saddle-points tend to w= +2, +4n, -:-. 
Writing for the saddle-point 


t= 2rv/wi+r7, 
and expanding r in powers of k, and ks, we find 


@1T= ko? (1 +i/rv) { kA othk;?A 3} . 

where 

A j= §Aj(2—1€;) (14+-4€ Aj), 

£;= 2rvw;/w1, A; =1- if ;—e'ti, 
The contribution of the saddle-point to the integral is 
again of the type of Eq. (40). Apart from less interesting 
factors, it is Ey~! times an exponential of —?# Y ; wjk 7A; 
calculated at the saddle-point. Neglecting again higher 
order terms in k2 and k;, however, it is obvious that the 
exponent can be calculated at the “unperturbed” 
saddle-point t= 2rv/w,. The exponent is then found to be 


—AmvE wos "{it+ (Re/Ro)Edot (ha/Ro)EsA3}. 


Since Az and X; have a positive real part, the correction 
terms in k, and k; have, of course, the effect to introduce 
an exponential damping with increasing energy. The 
anomalous terms are thus only important when k,7k;? 
<k,?, more precisely within a solid angle of the order 
of w:/E. Averaging over the direction of the incident 
neutron, and including the similar contributions from 
the angular regions around axis 2 and 3, one finds that 
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the anomalous term in the cross section is, roughly 
(1/128)>> .(wv)-*? wy / Eo)*e-?**" B0/1, 


plus two other similar terms in w: and w3. For simplicity 
some factors of order of magnitude one, and some phase 
factors are omitted. This result shows that the anoma- 
lous oscillation does not entirely disappear from the 
asymptotic formula; however, two important differ- 
ences emerge. First, the anomaly is removed from the 
E, correction, and shifted to a term of order Eo; 
secondly, the numerical factors are such as to make the 
effect quite insignificant. 


APPENDIX 3 
Oscillator Model for Interference Terms 


We consider a diatomic molecule of total mass 
M=M,+M,; with the potential energy 


V(t) =} Mw’, (A10) 


where r=r,—r2 and M;,.=M,M;/M. This would be a 
tolerably good model for a molecule, were it not for the 
unrealistic feature, that the equilibrium position is at 
r=(). It does provide us, however, with a simple and 
exact illustration of some interesting points. In terms 
of the total and relative momenta: P=p,+p, and 
p= M-'(M.p,— M,p2) the Hamiltonian of the molecule 
is 
H=}(M"P?+ M,2"'p’)+ V (r). 

It is an easy matter to evaluate the expectation value 
of the operator G, Eq. (4), for the ground state of the 
molecule. For simplicity let us consider only the non- 
diagonal term, @:4¢2G2. The factors referring to the 
center of mass can be separated; one gets then easily: 


(Gai) = exp (itk?/2M (exp (ix:rM,/M) 


Xexp[ix-r(t)M2,/M]), (A11) 


which is, so far, independent of the assumption (A10). 
With that assumption, however, we get 


r(t)=r coswt+ (M ;w)~'p sinwt. (A12) 


A calculation similar to that of Sec. 4 then gives 


(Gy2)= exp{ ied (x?/4.M 1) 
+ (x?/2Mw) (1+iwi—e'")}. (A13) 


Before we proceed, we may notice various properties 
of (A13). For =0 the expression is exponentially small 
for large x, which, of course, illustrates the fact that 
when momenta «x and —« are applied to two different 
nuclei, it is unlikely that the molecule will be left in the 
ground state. For small ¢, the exponent may be ex- 
panded, and the absence of a linear term may be verified. 
For any real value of ¢, one has, furthermore, 


|(Giz)| < exp{ — (x?/4M iw) (Mi—M2)?M~*}. (A14) 


Thus if M,#Mz,, the molecule is not likely to be 
restored to the ground state, even if there is an arbitrary 
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time lag between the two momentum transfers. The 
equality sign in (A14), i.e., a maximum value for the 
matrix element, is obtained for w=+2, +31, ; 
This result, which recalls to mind the behavior of the 
diagonal matrix element in Sec. 4, is easily understood, 
since it is just after a half-period, or an odd multiple 
thereof, that the maximum momentum transfer from 
1 to 2 has taken place. 

If moreover M,=M,, the two nuclei will have com- 
pletely interchanged their momenta, at the times indi- 
cated, so that both can be brought to rest by a counter- 
blow —« applied to nucleus 2. In fact the absolute 
value of (A13) becomes, under these circumstances, 
equal to 1; one might think, therefore, that “long” 
times, of the order of the oscillator period, could give 
important contributions to the cross section, supplying 
us with a nondiagonal counterpart of the “anomalous” 
terms of Sec. 4. This is, however, not the case, no 
matter what values we choose for M; and M3. 

So far our discussion has only brought out the 
consequences of momentum conservation in the colli- 
sions and the initial and final values of the momenta. 
The subsequent integration over « and ¢ will produce 
the additional requirements of coincidence in space and 
energy conservation expressed by (57) and (58) of 
Sec. 5. Even without calculation one can see that those 
requirements cannot be fulfilled here. Initially the two 
nuclei are at rest and close to each other (neglecting 
the zero point motion); immediately after the first 
collision, nucleus 1 is moving rapidly with a momentum 
x, which must be a value permissible in a free collision; 
nucleus 2 is at rest. Now when the second collision is 
supposed to occur, at a “favorable” time, say after a 
half-period, the two nuclei are again close together; 
hence the second collision can only occur if the velocity 
of the neutron after the first collision is equal to that 
of the center of mass. The reader can easily verify 
that this is incompatible with the condition M,;= M2. 

Now to the calculation. The integration over « is 
trivial. Writing the cross section in the form 
o = 4ar{ a") + 24,42! 12+-427/ 22}, and introducing the 
abbreviations §=wt, and 


h=A(E)=[ (2M 2) — M (14+it—e*)—it}', (A115) 
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one finds 


+o 
I=} (ene) f Mexp(—mofA)d=,  (A16) 


i.e., an expression similar to (34), with a different 
function X. 

We must remember that (A16) includes the contri- 
bution of collisions with small momentum transfers. 
Thus it is not surprising that the integrand of (A16) 
is not now exponentially small for large energies mo in 
the neighborhood of time ¢=0. In fact, for small &, 
A~2M 2 and the contribution of small times to (A16) is 


I= Erne) (2M)! f exp(— 2M imok*) dé 


=Miwko*. (A17) 
Noticing that (r12*)= (2M qw)~', we recognize in (A17) 
the first and most important term of P(7.20). Other 
terms, of higher order in ng~', can of course be obtained 
from the neighborhood of £=0 by a complete asymp- 
totic expansion of the integral. 

Leaving these terms aside, we now show that the 
remaining part of the integral, i.e., excluding the 
neighborhood of =0, gives an exponentially small 
contribution (even for M,=M,). First, if Mi#Mz, 
and excluding a finite interval around the origin, it is 
easy to show that on the real axis an inequality like 
(35) is satisfied, which proves the statement. If M,=M, 
we have to examine the neighborhood of the points 
t=-ta, +3, --- where the real part is equal to zero. 
One finds that at these points, 


d iy 
—(e)=i(1+—) #0. 
dé M 


Hence, these points are not saddle points; if the inte- 
gration path is deformed and caused to pass under the 
points =+(2n+1)x, the inequality (35) can be 
re-established along the whole integration path, and the 
integral is thus ~exp(—cmo). This completes the proof 
of all our statements. 
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Interaction of Polarized Neutrons with Polarized Mn** Nuclei 
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The dependence of the capture cross section of polarized Mn* nuclei for polarized neutrons upon relative 
orientations of incident and bombarded particles has been directly observed. The target material was the 
paramagnetic substance, manganous ammonium sulfate, which is known to have a large hyperfine structure 
coupling. It was placed in a magnetic field of 2350 oersteds at a temperature of 0.20°K. Under these 
conditions the polarization of the paramagnetic electrons is about 85 percent. Because of the large effective 
magnetic field created by the paramagnetic electrons at the Mn nucleus, the nuclei should achieve a 
polarization of 16 percent. The 2.6-hour activity of the residual nucleus, Mn**, was measured after the 
sample had been bombarded with a beam of slow neutrons polarized to the extent of 32 percent by passage 
through magnetized iron. The activity for neutron polarizing field and sample polarizing field parallel was 
found to be 3.4 percent less than for the fields antiparallel. The difference in the two activities was found 
to depend upon the sample temperature in accordance with theory. The difference was found to be 
unaccompanied by a corresponding change in sample transmission. These results are interpreted to mean 
that the change in sample activity was due to the dependence of the capture cross section of the polarized 
Mn nuclei upop the relative orientation of the interacting particles. The observations are discussed in terms 





of available information about the energy level system of the compound nucleus, Mn**, 





INTRODUCTION 


HE spin dependence of nuclear forces was first 
demonstrated experimentally by the scattering 
of neutrons from ortho- and para-hydrogen,'~ in which 
experiment the effects observed are caused by the 
relative spin directions taken by the hydrogen atoms 
of each isolated hydrogen molecule. The spin depen- 
dence of scattering is exhibited also in the spin incoher- 
ent scattering of neutron diffraction experiments,° 
in which the random orientations of the nuclear spins 
of the sample cause an isotropic diffuse background in 
diffraction patterns. In both of these methods it is 
the spin dependence of the scattering cross section 
which is observed, and the bulk nuclear magnetization 
of the sample is zero. We have observed directly the 
spin dependence of the capture cross section by bom- 
barding a sample possessing a bulk nuclear magnetiza- 
tion with a beam of polarized neutrons, and observing 
the dependence of the target activity upon relative 
spin orientations of the incident and bombarded 
particles. (The angular distribution of gamma rays 
from such polarized samples containing radioactive 
nuclei has been observed.’ An experiment in which 
neutron effects of nuclear polarization in gadolinium 
sulfate were observed, has been mentioned briefly,’ but 
no details of the experiment have been reported.) 
For polarizing the nuclei we relied upon the method 
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of Rose* and Gorter,’ i.e., the use of the strong magnetic 
field produced at the nucleus by hyperfine structure 
coupling in an appropriate paramagnetic substance. 
An external magnetic field is applied to the sample 
merely for the purpose of polarizing the electronic 
moments. The sample used in this work was the 
deuterated paramagnetic salt, Mn *SO,-(ND4)2SO,4 
-6D,0. Its Mn nuclei were polarized by partial 
adiabatic demagnetization of the salt. This substance 
was selected because its hyperfine structure is known 
to be large,” its low-temperature properties are suitable, 
the 13-barn neutron capture cross section of Mn® is 
acceptably large, and the 2.60-hour half-life of the 
radioactive compound nucleus, Mn", is convenient. 

The electronic system of the Mn** ion possesses spin 
angular momentum only. The nuclear polarization is 
given by 

_SU+ Ihe A M, 


wat (1) 


3 kT M,, 


in which S is the electron spin quantum number, / is 
the nuclear spin quantum number, & is the Boltzmann 
constant, 7 is the temperature, M, is the magnetic 
moment of the electron spin system, M,, is the electronic 
magnetic moment at saturation, / is Planck’s constant, 
c is the velocity of light, and A is the hyperfine structure 
coupling constant. The spatial average value of A for 
this substance has been calculated from measurements” 
to be 0.00932 cm~. Substituting the appropriate values 
S=5/2, 1=5/2, expression (1) becomes 


0.0391 M, 
fy= , (2) 
T° Me 
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In this experiment the manganous ammonium sulfate 
sample was demagnetized from an initial temperature of 
1.2°K and an initial magnetic field of 16 400 oersteds to a 
final magnetic field of 2350 oersteds. This demagnetiza- 
tion procedure gave a final temperature of 0.20°K in 
the final field of 2350 oersteds. The electron polarization, 
fe=M./M,., under these conditions of final field and 
temperature was measured to be f,=85 percent. The 
cryogenic aspects of this work, including the thermo- 
dynamic measurement of the final temperature and 
the measurement of the sample magnetic moment will 
be described in detail in a separate publication.” 
Substituting the measured values f,=0.85, T=0.20°K 
in (2), a nuclear polarization fy = 16.6 percent is to be 
expected. 

The nuclear cross section, o, for slow neutrons is 


given by® 
I 
omoi( 14 fofv), J=I+4, 
[+1 


J=I-}, 


(3a) 


a=02.(1—fnfn), (3b) 
in which f, is the neutron polarization, J is the angular 
momentum quantum number of the compound nucleus. 
a, and o» are the respective normal cross sections for 
fn or fy or both equal to zero, The polarization f, of 
the incident neutron beam was measured" to be 32 
percent. Using fy=0.16, f,=0.32 in (3a) and (3b), 
the observed Mn capture cross section for spins of 
neutrons and nuclei parallel should be 7.2 percent 
greater than the cross section for antiparallel spins, 
if only a level of J/=J+-4 is effective, and should be 
10.2 percent less, if only J=I—} is efiective. If only a 
single resonance level is effective, and if the product 
of the two polarizations (f,fy) is known, then we can 
directly deduce whether the angular momentum of the 
compound state is +4 or J—4 from the observation 
of whether the neutron cross section increases or de- 
creases with polarization. If more than one resonance 
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Fic. 1. Schematic arrangement of apparatus. 
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level is effective, then terms of both types (3a) and (3b) 
may contribute to the cross section, a9. The measured 
relative change of cross section with polarization will 
then have to be interpreted in terms of the nuclear 
parameters of the effective resonance levels. 

Our measurements of the capture cross section of 
Mn® showed a decrease of 3.4+0.3 percent, when the 
relative polarization directions (spin directions) of 
neutrons and nuclei were changed from the antiparallel 
to the parallel state. ‘The interpretation of the measured 
negative 3.4 percent as compared to the calculated 
positive 7.2 percent for J=J+4, and the negative 
10.2 percent for /=J—}, in terms of present knowledge 
of the energy level system of Mn*, is given below. 

A diagram of the experimental arrangement is shown 
in Fig. 1. The beam of neutrons emerging from the 
chain reactor is polarized in passing through 4 cm of 
highly magnetized iron. The polarized neutrons then 
pass through a Mn metal monitor and the deuterated 
manganous ammonium sulfate sample, which is at 
a temperature of 0.20°K in a magnetic field of 2350 
oersteds. About 60 percent of the neutrons are scattered 
in the sample. A small fraction of the neutrons are 
captured by the manganese nuclei of the sample. The 
sample is first exposed to the beam of polarized neutrons 
for 50 minutes under such magnetic field conditions 
that the polarizations of Mn** nuclei and the neutrons 
are parallel. The sample is then removed from the 
system of Dewar flasks, and its activity is carefully 
measured. The procedure is later repeated with the 
neutron and nuclear polarizations antiparallel. The 
activities of the sample in the two exposures is a meas- 
ure of the capture cross section of Mn* in the respective 
arrangements of relative spin orientations of neutron 
and nucleus. 


THE CRYOSTAT AND SAMPLE 


The cryostat, which provided a simple arrangement 
for rapidly installing and removing the sample, was 
constructed entirely of metal. The sample and monitor 
assembly is shown in Fig. 2. The hydrogen of the sample 
material was replaced with deuterium in order to elim- 
inate the depolarization of the neutron beam by the 
large incoherent scattering of the protons, and to make 
the total neutron scattering cross section of the sample 
as small as possible. The sample of Mn**(ND,)2(SO4)2 
-6D,0 was prepared by recrystallizing the hydrated salt 
four times from heavy water. Mass spectrographic 
analysis showed the final sample material to be 99 
percent deuterated. To preserve the deuteration from 
exchange with atmospheric light water, it was necessary 
to enclose the salt in an airtight container. The con- 
tainer had to meet several important requirements; 
namely, it must not be of metal, and it could not be 
made of a material which would appreciably depolarize 
the neutrons or be activated by them. The fluorocarbon 
plastic, Teflon, was used. In order to admit helium 
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exchange gas to the sample during the demagnetization 
procedure and have the container sealed when the 
sample was not in the cryostat, the container was fitted 
' with a capillary vent which could be closed. The sample 
was pressed from small crystals (~0.5 mm in diameter) 
to within a few percent of crystal density into a right 
circular cylinder of 0.660-in. diameter and 0.247-in. 
height. The sample pellet weighed 2.96 g. A cylin- 
drical recess 0.660-in. diameter when cold and 0.010-in. 
deep on the back of the Teflon box served to locate the 
manganese metal neutron beam monitor which was 
0.660-in. in diameter and 0.060-in. thick. The common 
cylindrical axes of the sample and monitor coincided 
with the axis of the neutron beam. As is usual in de- 
magnetization experiments, the sample was suspended 
on strings. In this experiment, since the sample and 
monitor had to be removed from the apparatus daily 
for counting the induced activities, the sample and the 
monitor were clamped into a holder which was in turn 
suspended by a number of cotton threads from a metal 
framework. The strings were arranged to give a rigid 
reproducible support to minimize vibration-induced 
heat leak to the sample and to give accurate day to day 
repositioning. 
POLARIZED NEUTRONS 


The beam of neutrons from the reactor was polarized 
by passage through 4 cm of highly magnetized cold- 
rolled steel. The transmission method was chosen rather 
than polarization by total reflection from a magnetized 
mirror® or by Bragg reflection from a magnetized 
crystal," both of which methods give a higher polariza- 
tion, for reasons of intensity. The neutron polarization 
was reversed with respect to the polarization of the 
nuclei simply by reversing the neutron polarizer mag- 
netic field with respect to the sample polarizing mag- 
netic field. Those neutrons which did not have any 
collision in the sample continued on their path through 
the analyzer, which was 3.2 cm of highly magnetized 
cold-rolled steel, and then into a BF; proportional 
counter neutron detector. The direction and magnitude 
of the magnetic field along the path of the neutron 
beam were controlled by means of the parallel plate 
shims shown in Fig. 1, so that the neutrons should 
maintain the desired state of polarization. The magnetic 
field between the plates was adjusted by numerous 
U-shaped permanent magnets placed at various points 
along the length of the shims, as shown in Fig. 1. 

For those irradiations in which the magnetic fields 
of neutron polarizer and sample polarizer were parallel, 
the fields between pairs of shims a and 6 were adjusted 
so that the magnetic field in the region between neutron 
polarizer and Dewar flask was at least 100 oersteds 
in the same direction as the two polarizing fields. Under 
these conditions the magnitude and direction of the 
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Fic. 2. Sample and monitor assembly. 


neutron polarization should be maintained along the 
neutron path. 

When the magnetic fields of neutron polarizer and 
sample polarizer were antiparallel, the field of shim 
a was adjusted to be in the same direction as that of 
the neutron polarizer. The field of shim 5 was made to 
be parallel to the field of the sample polarizer. The 
permanent U-shaped magnets were adjusted so that 
the magnetic field reversed its direction in the small 
space between the adjacent ends of shims a and b. 
These conditions should induce the neutrons to make 
non-adiabatic transitions and strike the polarized 
nuclei of the sample with the opposite relative orienta- 
tion to that described above when the field directions 
of neutron polarizer and sample polarizer were parallel. 
In order to obtain optimum conditions for nonadiabatic 
transitions or no transition depending upon the type 
of irradiation desired, magnetic field traverses were 
made with flip coil and compass in adjusting the 
strength and direction of the magnetic field in the 
region between the shim plates. 

The runs were about equally divided between irradia- 
tions in which neutron polarizer field and sample 
polarizer field were parallel and those in which they 
were antiparallel. The state of polarization of the 
neutron beam transmitted by the sample was monitored 
throughout every sample irradiation by means of the 
“shim effect,’”’ G. Consider the case when neutron 
polarizer and sample polarizer are parallel. The field 
directions between all pairs of shims and the fields of 
the neutron polarizer, sample polarizer, and neutron 
analyzer were all adjusted to be in the same direction, 
and the counting rate, C,, was taken. The three pairs 
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of shims c, d, and e were then adjusted so that a region 
of very nearly zero field was achieved in d. A thin sheet 
of unmagnetized iron was placed in this region of near 
zero field in the path of the beam, causing the beam to 
become depolarized.'* The counting rate, C2, was taken 
under these conditions. 

The shim effect, G, is given by the expression 


G=C1/C2=1+fafe’; (4) 


where f, is the polarization produced by neutron 
polarizer alone, and f,’ is the neutron polarization 
produced by neutron analyzer alone. The shim effect is 
thus proportional to the polarization of the neutrons 
in the region between neutron polarizer and analyzer. 
For the antiparallel arrangement of neutron polarizer 
and sample polarizer the counting rate C, was taken 
with the fields of shims c, d, and e, and the field of 
neutron analyzer adjusted parallel to the sample 
polarizer field. For C2, shim fields c, d, e were again 
adjusted to give a zero field region in which to depolarize 
the beam with the iron foil. 

The shim effect is greater than 1 for the parallel 
field case and less than 1 for the antiparailel field case. 
(G—1) will be symmetrical about 1, if the polarizations 
in the two cases have equal magnitude and opposite 
sign. The quantity (G—1) was used as a relative meas- 
ure of the polarization of the neutrons transmitted 
through the sample. Strictly speaking, the measured 
values of (G—1) are proportional to the product of the 
neutron polarizations produced by polarizer alone and 
analyzer alone averaged over the continuous spectrum 
of neutrons emerging through 4.0 cm of polarizer iron 
plus 3.2 cm of analyzer iron, and weighted with the 
efficiency vs energy of the long BF; detector used. The 
polarization entering into the quantitative interpreta- 
tion of the capture cross section data is the polarization 
detected by a 1/v detector averaged over the continuous 
spectrum emerging from the 4-cm thickness of polarizer. 
The measurement of this average polarization has been 
described.” About 80 percent to 95 percent of the con- 
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Fic. 3. Arrangement for measuring activities. 
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tinuous spectrum of neutrons were flipped. Under ideal 
conditions essentially all of the neutrons of approxi- 
mately Maxwellian incident distribution filtered by a 
few cm of iron can be induced to make nonadiabatic 
transitions.'’* In our work the optimum magnetic field 
conditions for maximum efficiency of flipping were made 
somewhat difficult by the fact the the 11 000-oersted 
field at the neutron polarizer was only about 4 feet 
away from the oppositely directed 2350 to 10 500- 
oersted field of the sample polarizing magnet. The 
fraction of neutrons at the low and high energy ends 
of the spectrum was greater in our experiment than in 
the spectrum of reference 16 because the polarizing 
iron was thicker and the temperature of the incident 
Maxwell distribution of neutron velocities was higher. 


MEASUREMENTS OF ACTIVITIES 


In order to avoid the necessity for making absolute 
measurements, a2 Mn metal monitor was used. This 
monitor was fixed in an accurately reproducible position 
to the outside of the Teflon box containing the sample 
salt, as shown in Fig. 2, and was exposed simultaneously 
with the salt. The monitor was machined from a cast 
ingot of Mn metal containing about 3 percent Cu. The 
Cu was added to make the material more easily machin- 
able and less porous. Activity due to the 12.9-hour 
Cu™ was found to be unobservable in a series of test 
irradiations of 50 minutes made under the usual condi- 
tions of the experiment. The 4.3-minute Cu® activity 
gave no contribution during the counting period since 
this short life-time activity died away during the period 
of about 50 minutes elapsing between the end of irradia- 
tion and the beginning of the counting. Both sample 
and monitor were found to have the accepted value for 
the half-life of 2.60 hours to less than 1 percent. The 
neutron beam passed through the monitor before im- 
pinging upon the sample. 

The activity of the 2.6-hour Mn** was measured by 
means of a Nal fluorescent crystal counting arrange- 
ment. The crystal was about 2-in. in diameter and 2}-in. 
high. The samples were placed at the bottom of a re- 
entrant “well” as shown in Fig. 3, to achieve greater 
efficiency. The walls of the sealed container surrounding 
the crystal were such that almost all of the pulses 
counted were due to three y rays emitted by Mn*® and 
very few to 8 rays. The usual arrangement of fluores- 
cent crystal, light piper, photomultiplier tube, amplifier, 
and scaling circuit was used. 

The requirement on the counting system was simply 
that its over-all sensitivity remain constant over the 
6-hour period during which the activities of a sample and 
monitor from a single irradiation were being measured. 
The sensitivity was monitored and adjusted by means 
of the 0.669-Mev 37-year Cs'*’ gamma ray. The ob- 
served integral and differential counting rate curves 


16 Burgy, Hughes, Wallace, Heller, and Woolf, Phys. Rev. 80, 
953 (1950). 
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Fic. 4. Counting rate curves for Cs'*’. 


using Cs"? are shown in Fig. 4, in which the peak of the 
differential curve corresponds to 0.669 Mev. The gain 
of a photomultiplier tube is a very sensitive function 
of its applied voltage. To maintain constant sensitivity 
the voltage on the tube was adjusted about once per 
hour during the counting schedule to make the Cs"? 
peak of the differential curve occur at a fixed pulse 
height. In practice, one chooses the integral counting 
rate at a pulse-height setting corresponding to the peak 
and adjusts the voltage periodically to reproduce this 
counting rate. 

The over-all gain of the system was actually tested with 
a much greater sensitivity than was used when counting 
the Mn activity. For Cs the pulse-height setting used 
was such that a small change in gain would cause a very 
large fractional change in counting rate. The pulse 
height used in counting the Mn activity was chosen to 
correspond to a rather flat portion of its integral count- 
ing rate vs pulse-height curve, thus making the Mn 
counting rate comparatively insensitive to gain changes. 
The Cs monitor count reproduced itself from hour to 
hour within 2 percent, or twice its statistical error. If 
this fluctuation were interpreted as being due to a true 
change in gain, then the Mn counting rate would have 
been affected by less than 0.05 percent. Differential 
counting rate curves were taken only for the purpose 
of checking and adjusting the equipment and finding 
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optimum pulse-height settings for the integral counting 
rates taken during a run. For the irradiated samples 
all that was required was a number proportional to the 
saturated activity. 

Counting rates of sample and monitor were taken 
alternately according to a planned schedule over a 
period of about six hours, starting 50 minutes after 
the end of the exposure. Positions of sample and monitor 
within the NaI crystal arrangement were made ac- 
curately reproducible. The relative orientations of 
sample and monitor obtaining during neutron irradia- 
tion were maintained during the activity measurements. 
This relative orientation was also kept the same from 
day to day. Initial counting rates for the sample were 
about 3000 counts per minute, and for the monitor 
were about 20 000 counts per minute. The Nal crystal 
background counting rate was about 100 counts per 
minute. For each run a total of about 310° counts 
were collected for the sample and about 10® counts for 
the monitor. Typical decay curves for the sample and 
monitor are shown in Fig. 5. The result of a single ir- 
radiation is given by the ratio of the saturated activity 
of the sample to that of the monitor. By this procedure 
all activity measurements of the sample were made 
relative to the activity of the monitor. Fluctuations 
in neutron beam intensity due to fluctuations in pile 
power were canceled out. 


RESULTS AND ANALYSIS OF THE ACTIVATION 
MEASUREMENTS 


Four types of irradiation were made. These are desig- 
nated as I, II, III, and IV in the first column of Table I. 
The conditions listed in this column are the final tem- 
perature and magnetic field values of the sample, and 
the relative directions of sample-polarizing and neutron- 
polarizing fields. A comparison of the resuits of I and 
II should show the full effect of relative particle orienta- 
tion. Under the temperature and field conditions of ITI 
and IV, the sample should have the same electron 
polarization but much less nuclear polarization than 
under the conditions of I and II. The relative change 
in sample activity exhibited by III and IV should be 
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Fic. 5. Typical decay curves of sample and monitor. 
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TABLE I, Results and analyses of activation measurements. 








Flipp- 
Relative ing 
error in Weighting effi- 
Experi- Run Standard R,% factor, ciency 
mental num-p.4‘5) deviation 100 w= factor; 
conditions ber A(M) of R,@(R) e@(R)/R [1/e(R)}P q 
(1.) (2.) (3.) (6.) 7) 


I 0.1443 1,334 K 10° 

T =0.20°K 0.1446 1.581 K10¢ 
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about 4 of the change shown by comparison of I and 
II. 

The total number of counts, z;, accumulated during 
the time interval (¢;—¢;*) were recorded at various 
times in the course of the decay of the activity of sample 
and monitor. The intervals (¢;—4,*) varied from 5 to 30 
minutes, depending upon whether the sample or monitor 
was being counted and upon the elapsed time between 
the end of irradiation and time of counting. The counts, 
z;, are given by the expression 


z:= A[Lexp(—/;) —exp(—At*) J+ B(ti—4,*). (5) 


In (5), B is the background counting rate of the count- 
ing system, A is a number proportional to the number 
of activated atoms at /=0. It was assumed that A, the 
decay constant of Mn** and the times ¢; and ¢,* were 
known with negligible error. The expression (5) can 
then be written 

zi= Ax; + Byi, (6) 


in which 2;, x;, and y; are measured quantities. For a 
typical activation, the number of z,’s or the number of 
intervals, m, for each of which a total count was taken, 
was about ten. Each of the 2; for the sample consisted 
of roughly 25 000 counts, and for the monitor of 75 000 
counts, 

All of the activity data were analyzed by conventional 
statistical procedures. The relative activity of the 


sample, as determined by a single irradiation is given by 
R=A(S)/A(M), (7) 


in which A(S) and A(M) are the most probable values 
respectively of A for the sample and monitor. The 
values of R are given in column 3 of Table I, and the 
standard deviation of each R is given in column 4. 
Column 5 gives the relative standard deviation of each 
R in percent. In calculating the average value R, of 
the measured R’s of a single group of runs, the indi- 
vidual R’s were weighted by the reciprocal of the cor- 
responding variance of each R. These weighting factors, 
w, are given in column 6. 

The values of & for the four types of irradiation are 
given in column 2 of Table II. The variances in R are 
given in column 3 and the relative standard deviations 
in percent are given in column 4. The values of the R’s 
are: (I) 0.1440+0.0002; (II) 0.1488+0.0004; (III) 
0.1459+0.0004; (IV) 0.1469+0.0004. The relative 
difference in activity of the sample with change in 
relative orientation of incident and bombarded particles 
is given by 

D=(R.—R,)/R,, (8) 


in which R, is the average of R for a group of runs taken 
under a given set of final magnetic field and tempera- 
ture conditions for the sample, with the sample polar- 
izing field and neutron polarizing field antiparallel, 
and R, is the average value of R for another group of 
runs taken under the same final sample temperature 
and field conditions with the two polarizing fields 
parallel. The values of D in percent are given in column 
5. The standard deviations of the D’s are given in 
column 6. The final results state, then, that at 0.20°, 
the sample activity with fields antiparallel was 
(3.38+0.34) percent greater than the activity with 
fields parallel. At 1.20°K, with the sample possessing, 


TABLE II. Summary of statistical averages of the activity data. 








1000(R) (8, R,)/R, 
R (oR) RK D% o(D) 
(1) (2) (3) (4) (5) (6) (7) 


I 
T=0.20°, 0.1440 4.87X10-* 0.153 
H = 2350, 
parallel 


II 
T=0.20°, i 19.30 10-8 
H =2350, 
antiparallel 


III 
T=1,2°, 0.1459 15.03 10-* 
H= 10 500, 
parallel 


IV 
T =1.2° : 14.03 X 10~* 
H=10 500, 
antiparallel 
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within 1 percent, the same electron polarization and 
much less nuclear polarization than at the lower tem- 
perature, the sample activity with fields antiparallel 
was (0.66+0.33) percent greater than with the fields 
parallel. 

A parameter which is useful in discussing the relia- 
bility of the final results is the ratio, ¢, of the value of 
(R.—R,) to the standard deviation of this difference.” 


R.—R, 
i= = => Eye 
o(R,—Rk,) 


(9) 


The values of / are given in column 7 of Table II. For 
the runs at 0.20°, 2350 oersteds, the value of ¢ is about 
9. If one assumes, for purpose of illustration, that the 
two R’s at 0.20° for parallel and antiparallel orienta- 
tions came from the same population, then it can be 
demonstrated by standard statistical procedures that 
the probability of obtaining a value of 9 or greater for 
t from 22 runs, is extremely unlikely. Similarly, for the 
data of 1.2° and 10500 oersteds, the probability is 
about 1 in 16 that a value of ‘/=1.7 or greater will be 
obtained from 15 runs belonging to the same population, 
and corresponding to the same direction of effect as in 
0.20° group. It seems, then, that the 3.38 percent change 
in activity obtained at 0.20°, and 2350 oersteds is, 
statistically at least, a “real’’ one with a very high 
degree of probability, whereas the 0.66 percent change 
in activity with relative orientation observed at 1.2° 
and 10 500 oersteds has a very much lower probability 
of being statistically “real”. 

Some aspects of the data are illustrated graphically 
in Fig. 6, a histogram of the R; values obtained with 
the four different experimental arrangements. The 
ordinate gives the relative number of runs, weighted 
with the weighting factor w;. The width of the histo- 
gram interval is the value of o(R) averaged over all 
the runs of the four types. The areas enclosed by the 
histograms for the two types of irradiation at a single 
temperature were made equal. The average values 
for each of the four types are indicated by the arrows 
along the axes of abscissas. The number above each 
histogram ordinate is the actual number of runs whose 
R values fall in that interval. 

Column 7 of Table I gives values of a flipping effi- 
ciency factor q, derived from the shim effect values 
measured during each irradiation. The value q is the 
fraction of the neutrons which were induced to make the 
required nonadiabatic transition in the antiparallel 
runs. These g values can be used to correct the values 
of D to the values of D which would have been obtained 
if all the neutrons had been flipped. When this correc- 
tion is made the value D=3.38 percent is increased to 
the value D= 4.0 percent. 

The change in nuclear cross section on polarization 
is to a good approximation inversely proportional to 


“17 A. M. Mood, Introduction to Theory of Statistics (McGraw- 
Hill Book Company, New York, 1950), p. 225. 
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Fic. 6. Histogram of the experimental results. The ordinate 
is the relative frequency with which the relative activity given by 
the abscissa was obtained. The width of the interval is the average 
standard deviation of the activity. 


the temperature at constant electronic magnetic 
moment. Although the fractional error on the 0.66 per- 
cent is large, the ratio 3.38/0.66~ 5.1 of the cross section 
changes observed at 0.20°K and 1.20°K, respectively, 
is close to the inverse ratio of the corresponding tem- 
peratures, 1.2°/0.20°=6.0. This good agreement may 
be accidental but it does serve to emphasize that with 
constant neutron and electron polarizations the change 
in cross section with the two types of relative orienta- 
tion of the particles decreased as the temperature in- 
creased in accordance with the theory. The average 
value }(R,+R,)=0.1468 of all runs at 0.20° including 
both parallel and antiparallel is very close to the value 
0.1465 for the same average for all runs at 1.20°K. 
Both of these averages have been corrected for flipping 
efficiency. Throughout the entire experiment the distri- 
bution of repeated measurements of the same quantity 
compared very favorably with the distribution expected 
from a consideration of the counting statistics of a 
single measurement. 

The electronic magnetic moment was measured 
immediately before and after each irradiation. The 
nuclear polarization varied slightly from run to run. 
For the 0.20°K measurements, the variations occurred 
during the irradiations because of the ~100 erg/min 
heat leak to the sample, and from day to day because 
of small variations in the initial and final fields and 
initial temperatures used. Variations in the field and 
temperature used for the 1.20°K measurements were 
extremely small. The calculated nuclear polarization 
for all 0.20°K runs fell in the range fy=0.16+0.01, 
and the 1.20°K runs in the range fy =0.0265+0.0009. 
Each of the sample to monitor activity ratios given in 
Table I required one day of work in preparation and 
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measurement. The time order of the runs is given by 
the run numbers in the second column. Runs in groups 
I and II were made on alternate days insofar as possible, 
as were those of III and IV. The 1.20°K runs of III and 
IV took place after run number 18 of II, after which 4 
runs (34-37), again at 0.20°K were performed. The 
purpose of this time order was to check on any possible 
changes with time of the sample. No changes are ap- 
parent, however. All of the runs of Table I were taken 
with a single sample 

The weight of the sample was recorded after each 
run to check on possible changes due to dehydration, 
exchange of hydrogen for deuterium, and mechanical 
losses. Over the period of the two months during which 
the data were taken the sample weight changed by 
about 0.6 percent, and the deuteration decreased less 
than one percent. 


TRANSMISSION EXPERIMENTS 


The statistical analysis of the activation data suggests 
very strongly that the change in activity of the Mn as 
a function of relative orientation of neutrons and nuclei 
is real. The question can be raised as to whether or not 
the change in activity is correctly attributed to a change 
in the capture cross section of Mn. If, for some reason, 
there were a change of average path length through 
the sample of the scattered neutrons in going from the 
parallel to the antiparallel arrangement, the result 
would be a change in the activity of the sample, or an 
apparent change in capture cross section. 

In order to determine if a change of total cross section 
accompanied the change of activity of the sample, a 
a series of transmission measurements for polarized 
incident neutrons were taken with the sample under 
the conditions described in Table III. The neutron 
polarizer magnetic field and the sample field were parallel 
for runs 2 and 4. The neutron detector slit, 1 inch wide 
and 2 inches high, was located about six feet behind 
the sample for the transmission measurements. 

Comparison of the transmission in runs 1 and 2 should 
show the effect on the total cross section of the magnetic 
scattering due to electron polarization. Comparison 
of runs 3 and 4 should show the effect of nuclear 
polarization on the transmission. Comparison of runs 
1 and 3 should show the effect of a change in sample 
temperature from 1.2°K to 0.2°K upon the trans- 
mission. 


Tasce III. Conditions of sample during transmission 
measurements. 








Temperat ure, Magnetic field, 
K 





Run oersteds 
1 1.20 0 
2 1.20 16 400 
3 0.12 0 
4 0.20 2350 
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same for all of the conditions listed in Table III, within 
the statistical error of the transmission measurements, 
which was +0.2 percent showing that any changes in 
transmission due to the above mentioned causes were 
quite negligible compared to the observed change of 
3.38 percent in sample activity with relative orientation 
of neutrons and nuclei. The transmission experiments 
show that the number of transmitted neutrons (and 
the number of scattered neutrons) remained unchanged 
with change of electron and neutron polarization. Any 
possible change of average path length must, therefore, 
take place without change in the number of scattered 
neutrons. Such a change in angular distribution of 
scattered neutrons with electron or neutron polarization 
without a corresponding change in the total cross section 
seems difficult to understand. 

The transmission of the sample was 60.9 percent. 
This low value of the transmission is caused by scatter- 
ing from the many atoms other than Mn making up 
the MnSO,-: (ND,)2:SO,4-6D,0. Only about 2.5 percent 
of the neutrons incident upon the sample are captured 
by the Mn. A change of 3.38 percent in the number of 
neutrons captured by Mn would change the sample 
transmission by about 0.1 percent. Such a change is 
about equal to the statistical error of the transmission 
measurements and could not be detected. Any change 
in the scattering cross section of the Mn nucleus due 
to its polarization would be even less noticeable in the 
transmission measurements, since the nuclear scattering 
cross section of Mn is much smaller than its capture 
cross section for slow neutrons. 


DEPOLARIZATION OF THE NEUTRON BEAM 
BY COLLISIONS 


The polarization of the neutron beam can be reduced 
by scattering collisions of the neutrons, with those 
constituents of the Dewar flask walls, the monitor, 
the sample itself, and other materials in the path of the 
beam, which have nonzero nuclear spins. We have 
calculated an extreme upper limit to the extent of this 
depolarization by following the average polarization 
through several collisions of those neutrons passing 
through the sample, on the basis of very pessimistic 
assumptions. Of those neutrons scattered by materials 
other than the sample, we have assumed that fully 
one-half pass through the sample, and that the average 
path length in the sample of all scattered neutrons is the 
same as for the unscattered neutrons. In the case of 
isotopes for which the spin dependent amplitudes were 
not known, the assumption was made that all those 
neutrons scattered incoherently were depolarized. For 
the case of H and D the published values of the spin 
dependent scattering amplitudes were used to calculate 
an upper limit of the probability'* for the inversion of 
the spin during a scattering process. 


16 Q, Halpern, Phys. Rev. 88, 232 (1952). 


The transmission of the sample was found to be the 
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The most important factor in the depolarization is 
the initial scattering by the deuterons of the sample. 
Successive collisions with sample, monitor, and walls 
reduce the polarization an additional small amount. 
The result of the calculation is that the average polariza- 
tion of those neutrons captured by the sample is, at the 
very least, about 85 percent of the initial neutron 
polarization. 


INTERPRETATION OF THE DATA IN TERMS OF THE 
NUCLEAR PROPERTIES OF Mn 


The interpretation of our data will depend upon the 
sign of the hyperfine structure coupling constant, A, 
in the expression AI-S for the energy of interaction of 
the nuclear angular momentum of quantum number, /, 
and the angular momentum of the ionic electrons of 
quantum number, S. The sign of A has been found to be 
negative,” so that the nuclear spin and electronic spin 
of Mn are parallel in the energy levels of greatest 
population. The interpretation depends also on the 
direction of the spins of the neutrons emerging from the 
polarizing block of iron. The direction of the spins 
of the neutrons emerging from the polarizing iron is 
known from theory and experiment" to be antiparallel 
to the direction of the magnetic field applied to the 
polarizing block. The result of these two statements is 
that the spins of the incident neutrons and the bom- 
barded Mn nuclei are parallel when the magnetic fields 
applied to the neutron polarizing block and the sample 
are parallel. 

When this experiment was being planned, the com- 
pound nucleus, Mn**, was thought to have the resonance 
levels” with nuclear parameters” shown in Table IV. 
It was thought that the size of effect to be observed 
at thermal neutron energies would be determined 
largely by the 345 ev level for which J=3. On this 
basis, according to (3a) and (3b), the ratio, R,, R,, of 
the activity for magnetic fields (spins) parallel to the 
activity for fields (spins) antiparallel should be about 
1.068. Actually, this ratio of R,/R, was measured to be 
0.966, and becomes 0.96 when corrected for neutron 
flipping efficiency. 

If both the 345 ev and the 2400 ev levels influence the 
thermal capture cross section, then the cross section 
is given by the sum of the two expressions on the right 
side of relations (3a) and (3b), in which sum a, is the 
capture cross section due to the 345 ev level only, a» 
is the capture cross section due to the 2400 ev level 


Sherwood, Stephenson, Stanford, and Bernstein, Phys. Rev. 
94, 791 (1954). 

*” Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040. (Technical Information Service, Department of 
Commerce, Washington, D. C., 1952.) 

*t Harris, Hibdon, and Muehlhause, Phys. Rev. 80, 1014 (1950). 
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TABLE IV. Breit-Wigner parameters for nuclear levels of Mn**. 





J 


angular 
momentum 


20, Pa, ry, 

Neutron energy Neutron width, y-ray width, 

ev ev ev 

21.6 0.6 3 
about 1 ev 


345 
2400 


only. The ordinary cross section for no polarization is 
oo= 01+. a; and oz each obey the one level Breit- 
Wigner relation for the capture cross section. The upper 
level for which J=2 affects the spin dependence of 
the capture cross section in the opposite direction to 
the lower level. If one uses the sum of (3a) and (3b) 
with the Breit-Wigner expression and the level param- 
eters given in Table IV, considering [', of the upper 
level as the unknown to be determined by the data, 
then I’, must become unusually large in order that the 
upper level over-ride the effect of the lower and give 
the observed o/a)=0.96 at thermal energies. 

Recent measurements” of the total cross section of 
Mn have brought to light another resonance level at 
about 1000 ev. The Breit-Wigner parameters of this 
level are not known yet. There is also the possibility 
of an unknown resonance level at negative energy in- 
fluencing our results. It seems, then, that as of this 
date, there is not enough information available on the 
nuclear energy level system of Mn’** to state definitely 
whether or not the nuclear properties and the hyperfine 
structure magnetic resonance measurements are con- 
sistent with our observation that those thermal neutrons 
whose spins are antiparallel to the spins of Mn*® 
nuclei have a greater probability of being captured 
than those whose spins are parallel. 

Note added in proof.—Recent mechanical velocity 
selector measurements of Bollinger, Palmer, and Dahl- 
berg (Bulletin of the American Physical Society, Vol. 
29, No. 4, 1954, Washington meeting) show neutron 
resonances in Mn*® at 337, 1080, and 2360 ev, to which 
they assign the J values of 2, 3, and 3, respectively. 
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The study of the gamma radiation following the inelastic scattering of alpha particles in thin fluorine 
and lithium targets has led to the discovery of new levels in the compound nuclei Na® and B". The (a,p) 
and (a,n) reactions in F have led to the establishment of the 1.28-Mev level as first-excited state of Ne*, 
and the discovery of the first-excited state (T=1, J=0*) of Na, respectively. Coulomb excitation is 
believed to be responsible for the low-energy part of the excitation function of the 196-kev second-excited 
state in F*, whereas this effect is much weaker for the 113-kev first-excited state of F. No capture gamma 
rays exist above the known resonance at 0.958 Mev in the reaction Li’ (a,y)B". 





I, INTRODUCTION 


HE purpose of the present investigation was to 
examine the energies of the gamma radiation 
emitted from lithium and fluorine under alpha-particle 
bombardment and to study the yield of these gamma 
rays as a function of the incident alpha-particle energy. 
Fluorine-19 is known to have two low-lying excited 
states at about 110 and 190 kev, as found from a study 
of the alpha-particle groups in the reaction Ne* (d,a)F.! 
The gamma rays from these two levels have recently 
been observed by inelastic proton scattering on fluorine.” 
One expects to see these gamma rays by the inelastic 
scattering of alpha particles as well, via the formation of 
the compound nucleus Na™. Further gamma radiation 
is to be expected from the reactions F(a,p)Ne”* and 
F'*(a,n)Na”* when the residual nuclei are left in excited 
states. Proton groups from the former reaction have 
indicated levels in Ne” at 0.4 and 1.4 Mev.’ The latter 
reaction has a calculated ground-state threshold of 
2.325 Mev. 

Lithium-7 has its well-known first-excited state at 
478 kev, which has been observed in various ways: 
in the K-capture decay of Be’? (gamma ray), in the 
reaction Li®(d,p)Li’ (proton groups and gamma ray), 
in the reaction Li®(t,d)Li’ (deuteron groups), in the 
B"(n,a)Li’ reaction (alpha groups), in the Be*(d,a)Li’ 
reaction (alpha groups and gamma ray), as well as in the 
inelastic scattering of protons, deuterons, and 31-Mev 
alpha particles.‘ Alpha-particle capture gamma rays 
have also been observed from Li’, with resonances oc- 
curring in the thick target yield of these gamma rays at 
0.401, 0.819, and 0.958 Mev;;® the decay takes place pre- 
dominantly via the 4.46-Mev level in B". 


* Preliminary account presented at the American Physical 
Society New York meeting, Bull. Am. Phys. Soc. 29, No. 1, 11 
(1954). 

1C, Mileikowsky and W. Whaling, Phys. Rev. 88, 1254 (1952). 

2 Peterson, Barnes, Fowler, and Lauritsen, Phys. Rev. 93, 
951 (1954); R. F. Christy (private communication). 

5B. J. Jolley and F. C. Champion, Proc. Phys. Soc. (London) 
AG64, 88 (1951). 

4F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). 

§ Bennett, Roys, and Toppel, Phys. Rev. 82, 20 (1951). 
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Il. EXPERIMENTAL PROCEDURE 


The gamma rays were detected by NaI(TI) scintilla- 
tion crystals mounted on a Dumont 6292 photomulti- 
plier tube. We used either a 1-in.X1-in. or 1}-in. X2-in. 
crystal, depending on the energy of the gamma ray 
under study. The output pulses were amplified and fed 
through a single-channel pulse-height analyzer. The 
energy calibration of the over-all system was achieved 
by locating the photopeaks of gamma radiation from 
known radioactive sources, as follows: ionium (Th™), 
68 kev and 142 kev; In", 190 kev; Ba'®, 300 kev and 
357 kev;® Cs"*7, 662 kev; Na”, 511 kev (annihilation 
radiation) and 1.28 kev; Co, 1.17 and 1.33 Mev. We 
found the pulse height to be linear with energy. A 
1-volt channel width was used throughout. 

Thin targets were prepared by evaporating CaF; 
and Li,CO; on nickel backing. The targets were 
bombarded by singly ionized helium ions produced in 
the rf ion source of our pressurized electrostatic 
generator. The target and Nal crystal were surrounded 
by a one-inch layer of lead to reduce general background 
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Fic. 1. Experimenta] arrangement for gamma-ray observation. 


* Hayward, Hoppes, and Ernst, Phys. Rev. 93, 916 (1954). 
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radiation. A schematic of our experimental arrangement 
is shown in Fig. 1. It may be seen that our crystal 
subtended a solid angle approaching 27 in the forward 
direction. The neutrons from the reaction F'*(a,n)Na™ 
were detected with a BF; counter surrounded by 
paraffin (“long counter’’).? 


Ill. ALPHA-PARTICLE BOMBARDMENT OF FLUORINE 
A. F!*(a,a’y)F! 


We observed the gamma rays from the de-excitation 
of the first- and second-excited states of F" to have 
energies of 11342 kev and 196+2 kev, respectively. 
The photoelectric peaks for these gamma rays, taken 
at a bombarding energy of 2.55 Mev, are shown in 
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Fic. 2. Gamma-ray pulse-height distributions from alpha- 
particle reactions in fluorine. Circles refer to 2.55-Mev bombarding 
energy; squares refer to 3.28-Mev bombarding energy, showing 
the appearance of the 592-kev gamma ray from Na™*. See Fig. 7. 


Fig. 2. The gamma-ray yields as a function of alpha- 
particle energy for the 113-kev and 196-kev lines are 
shown in Figs. 3 and 4, respectively. They were obtained 
by setting the single-channel analyzer on the peak of 
the gamma ray in question. We made a search for a 
possible 83-kev gamma ray connecting the two levels 
by taking a pulse-height distribution at an alpha energy 
of 2.1 Mev, (Fig. 5), where the ratio of the 196-kev to 
the 113-kev line is large (6.6). We are able to set an 
upper limit of 2 percent for the frequency of occurrence 
of any 83-kev gamma ray compared to the 196-kev 
line. The apparent peak to the left of the 113-kev peak 


7 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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Fic. 3. Excitation curve of the 113-kev gamma ray from the 
first-excited state of F"*. Resonances correspond to levels in Na™, 
Note slow rise from 1.1 Mev to 2.4 Mev. Thin target. 


cannot be the cascade gamma ray, because sufficient 
amounts of absorber to cut the intensity of such a line 
by a factor of 10 merely reduced the intensity by about 
2. This was the reduction suffered by the 196-kev line. 
A check with the 190-kev gamma ray from an In! 
source revealed a peak at about the same pulse height. 
We conclude that it is produced by the 196-kev gamma 
ray in the crystal.f Hence, for all practical purposes our 
yield curve for the first-excited state is not contaminated 
by cascade from the upper state. A rather striking 
behavior is seen in the yield of the 196-kev line up to 
about 2.2 Mev. We shall have more to say on this 
interesting feature in the light of some recent additional 
evidence. It may be seen that most but not all resonances 
occur for both gamma rays. The resonance energies, 
the corresponding excitation energies of the compound 
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Fic. 4. Excitation curve of the 196-kev gamma ray from the 
second-excited staté of F, Resonances correspond to levels in 
Na*™, Dashed curve is theoretical expression for Coulomb excita- 
tion (Alder and Winther) normalized at 1.6 Mev. 7 = Z,Z.e7/hv=4. 
Note the general rise continuing under the resonances. Thin 
target. Note added in proof—Dashed (theoretical) curve incor- 
rectly plotted; correct £2 expression is in fair agreement with 
experiment. 


t Note added in proof —We have recently found this peak to be 
completely absent when using 49 geometry (target in well-type 
Nal crystal). 
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Fic. 5. Pulse-height distribution for low-energy gamma rays 
from fluorine taken at Ea=2.1 Mev. The first small peak was 
shown not to be an independent gamma ray but is produced in 
the crystal by the 196-kev line (see text). Arrow indicates where 
a possible 83-kev cascade between second- and first-excited states 
of F” would fall. Thin target. 


nucleus Na” and relative intensities are summarized in 
Table I. The rising portion in Fig. 9 was subtracted out 
for this purpose. No gamma rays were observed between 
196 kev and 1.28 Mev below the F"8(a,ny) threshold. 


B. F'*(a,py)Ne 


We found a 1.28-Mev gamma ray, whose thin target 
yield vs alpha energy is shown in Fig. 6. We were able 
to assign this gamma ray to the known 1.277-Mev level 





r'?(a,py)ne? 


1.28 MEV GAMMA Ray 


3 


+ 
\see KEV y 
F(a, ny)na22 


x 


GAMMA YIELO (RELATIVE 











at 





2.0 24 
ALPHA ENERGY (MEV) 


Fic. 6, Excitation curve for the 1.28-Mev gamma ray from the 
reaction F!(a,py)Ne™. Peaks correspond to levels in Na®*. Square 
points show yield of the 592-kev gamma ray from the first-excited 
state of Na™, with threshold around 3.05 Mev. Thin target. 


AND G. M. TEMMER 

in Ne” rather than to the third-excited state of F' at 
1.37 Mev by a careful comparison with the energy of 
the gamma ray from a Na” source which connects the 
same two states. Furthermore, the photopeaks from 
Co® at 1.17 and 1.33 Mev were found to bracket the 
gamma ray. No gamma radiation corresponding to a 
400-kev level in Ne” previously reported from a study of 
proton groups in this same reaction® was found. Recent 
observations on the Ne”(p,p’y)Ne” reaction also did 
not show this gamma line.* We can conclude that the 
1.28-Mev level is the first-excited state of Ne”. 


C. F'*(a,ny)Na”? 
For alpha-particle energies greater than about 3.05 
Mev, we noticed the appearance of a gamma ray which 


we could not detect at any lower energy. The energy of 
this line was measured to be 592+3 kev. Photographs of 


TABLE I. Energy levels in Na”. E, is the excitation energy of 
the compound nucleus Na*. Columns 3, 4, 5, and 6 are the relative 
resonant yields of the various competing outgoing channels. 
Each gamma-ray yield is independently normalized. 


Relative intensities of gamma rays 
113 kev 196 kev 592 kev 1.28 Mev 


la,a y) (a,a y) la,ny) (a, py) 


0.04 
0.02 
0.8 
0.4 
0.5 
2.8 
0.8 


E (lab) Ey 
(Mev) (Mev) 
1.49 11.73 
1.70 11.91 
1.91 12.08 
2.00 12.15 
12.24 
12.32 
12.40 
12.47 tee re a 
12.55 4 tee .8 
12.60 y tee 1 
12.68 re of 
12.78 . tee $2 
12.85 ee vee vee 1 
12.99 tee 1 
13.00 tee 
13.03 ' thresh 
13.13 3.5 22 
13.26 a 13 20 


the oscilloscope traces for equal exposures taken at alpha 
energies of 3.00 Mev and 3.33 Mev, respectively, are 
shown in Figs. 7(a) and (b). The pulse-height distribu- 
tions at 2.55 Mev and 3.28 Mev are shown in Fig. 2. 
The yield curve for the 592-kev gamma ray is shown in 
Fig. 6. Our suspicion that this gamma ray might come 
from the hitherto unreported first-excited state of Na” 
was confirmed by the behavior of the neutron yield 
for the F'%(a,n)Na” reaction. The yield curves for 
both thick and moderately thin CaF, targets are given 
in Fig. 8. The absolute neutron threshold is seen to 
occur at about the calculated value of 2.325 Mev. It 
must be remembered that such a threshold determina- 
tion is obscured by (a) Coulomb barrier penetration for 
the incident alpha particles, (b) the presence of fairly 
well-defined resonances of the compound nucleus Na”, 
and (c) the fact that the ground-state spin of Na” is 


8 Cox, vanLoef, and Lind, Phys. Rev. 93, 925 (1954). 
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3*, inhibiting emission of threshold (s-wave) neutrons. 
Nevertheless, the agreement of observed and calculated 
values is quite good. A rather pronounced additional rise 
in neutron yield can be seen around 3.05 Mev, probably 
corresponding to a new neutron group leading to the 
first-excited state of Na” and corresponding closely to 
the “threshold” for the 592-kev gamma radiation. 
Since this level has presumably spin 0+ (see following) 
threshold neutrons can emerge quite easily. The 
calculated gamma-ray threshold for the 592-kev 
radiation turns out to be at 3.04 Mev, in excellent 
agreement with our observations. A crude check on the 
angular distribution of the 592-kev gamma ray is not 
inconsistent with isotropy. The lifetime of the transition 
could be seen to be less than ~0.1 second. A measure- 
ment of this lifetime is in progress.f 


(b) 

Fic. 7. Photograph of oscilloscope pulses produced by gamma 
radiation from fluorine in a 1}-in.X2-in. NaI(TI) crystal. (a) 
Eq=3.00 Mev, showing 1.28-Mev line from F(a,py)Ne”; 
(b) Ea=3.33 Mev, showing appearance of the 592-kev gamma ray 
from the first-excited state of Na®. 


IV. ALPHA PARTICLE BOMBARDMENT OF LITHIUM 
A. Li’ (a,e@’y)Li’ 


The thin target yield curve for alpha-particle excita- 
tion of the 478-kev level in Li’ is shown in Fig. 9. 
Three prominent resonances at 1.91, 2.46, and 3.06 
Mev are present, corresponding to excitation energies 
in B" at 9.88, 10.24, and 10.62 Mev. Some evidence of 
weak resonances at 2.60 and 2.70 Mev may also be 
discerned. This curve is in quite good agreement with 
some later work at the California Institute of Tech- 
nology carried up to 2.8 Mev.® 


B. Li?(a,y)B" 


We also investigated the high-energy gamma rays 
resulting from alpha-particle capture in a thin Li,CO; 


t Note added in proof.—From a motion picture record of the 
counting rate after beam was stopped we conclude that the life- 
time is <0.01 second. 

*C. W. Li (private communication). 
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Fic. 8. Neutron yield for the reaction F"(a,n) Na™ as a function 
of alpha-particle energy. Circles are for thick target; squares are 
for moderately thin target. Arrows indicate calculated thresholds 
for ground state and first-excited state neutrons (assuming 
592-kev level separation). 


target. The integral bias on our scintillation detector 
was set so as to accept gamma rays above 4.4 Mev, 
since it is known that the capture resonances lead to 
levels in B" decaying via the 4.46-Mev state in that 
nucleus.® The thin target yield for the 0.82-Mev and 
0.96-Mev resonances are shown in the insert of Fig. 9. 
Their widths were found to be about 4 kev and 7 kev 
in the center-of-mass system, respectiveiy. No further 
capture resonances were detected up to 2.5 Mev, the 
yield remaining essentially at background level. 


V. DISCUSSION OF RESULTS 
A. Energy Levels of F'’ 


We undertook this study of gamma rays from fluorine 
during our survey of Coulomb excitation of many 
nuclei by alpha particles," so that we surmised 
immediately” that the peculiar linear rise in the yield 
curve (Fig. 4) for the 196-kev gamma ray might be 
Coulomb excitation without compound nucleus forma- 
tion. The near absence of a similar effect in the yield of 
the 113-kev line (Fig. 2) was quite striking. Now the 
simple semiclassical theory of Coulomb excitation by 
electric quadrupole excitation given by Alder and 
Winther” is not expected to hold for this extremely 
light nucleus. The dotted line in Fig. 4 represents the 


 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
(1954). 

N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
(1954). 

2K. Alder and A, Winther, Phys. Rev. 91, 1578 (1953). 
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Fic. 9. Excitation curve for the inelastic excitation of the 
478-kev gamma ray from Li’, Resonances are excited states in B". 
Insert shows yield of capture gamma rays (E,>4.5 Mev). No 
further capture resonances observed up to 2.5 Mev. Thin target. 


theoretical curve, normalized to the data at 1.5 Mev. 
The experimental yield is seen to rise considerably more 
rapidly. Some of this discrepancy may be blamed 
on a small amount of compound nucleus formation 
which contributes to the yield.§ From the yield for the 
F(a,py)Ne™ reaction (Fig. 5), we know that there 
are levels of Na® below 2.2-Mev bombarding energy. 
The Coulomb barrier of fluorine for alpha particles is 
about 5 Mev, so that one might expect the bombarding 
particle to get closer than is considered in the semi- 
classical treatment, and hence to produce more excita- 
tion than predicted. We have evidence for a similar 
effect in Na™, where the deviations from the theoretical 
prediction are considerably smaller. The general trend 
of the rise up to 2.2 Mev in F"® can be seen to continue 
under the compound nucleus resonances to higher 
energies. This trend is very much weaker in the 113-kev 
excitation. Since the ground state of F' has spin }*, a 
simple explanation of the smallness of this effect for 
the lowest level would be a 4 assignment, since a 
quadrupole transition could not connect these two 
states. A spin of 3+ or $* would be indicated for the 
196-kev level. We have just been informed of some 
important work on these levels using proton bombard- 
ment” and a recently reported method" for measuring 
lifetimes of excited states, yielding values of ~10~7 
second for the 196-kev level and ~10~ for the 113-kev 
state. These authors assign spins of $+ and 4~ to these 
states on the basis of the lifetime values, their failure 
to observe any cascade gamma ray connecting the two 
levels, and an isotropic angular distribution of the 
113-kev gamma ray. Our results thus find a very satis- 
factory explanation. It is interesting to note that this 
Coulomb excitation effect in light nuclei could not be 
clearly observed with protons because of the lower 


§ Note added in proof.—See, note added in proof, caption of 
Fig. 4. 

18 R, W. Peterson and R. F. Christy (private communications). 
We are grateful to Professor Christy for informative discussion. 

4 J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 


barrier of the nuclei and the consequent presence of 
strong compound nucleus resonances extending to 
practically zero bombarding energy. 

The first-excited state of F'’ possibly constitutes the 
only clearcut example among the 72 nuclei we have 
studied where a low-lying level is accessible only by an 
electric dipole transition. 


B. Energy Levels of Ne” 


Since we do not find any evidence for any gamma ray 
of energy less than 1.28 Mev, (except for the 113-kev 
and 196-kev levels of F'®), we confirm the fact that the 
latter gamma ray comes from the first-excited state of 
the even-even nucleus Ne”. In accordance with the 
systematics of these nuclei'® this should be the level 
having spin 2 and even parity. 


C. Energy Levels of Na”? 


In view of the evidence presented in Sec. III (C), we 
believe to have found the first-excited state of the 
odd-odd nucleus Na”. In a recent survey of striking 
regularities in the isotopic spin singlets and triplets 
of odd-odd nuclei, extending from H? to K*, 
Staehelin'*"” predicted a level in Na” located between 
600 and 700 kev (7=1, 7=0*), a prediction which is 
now believed to be confirmed. The Coulomb energy 
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Fic. 10. Composite level diagram illustrating the various 
reactions investigated by observing gamma radiation from fluorine 
targets bombarded by alpha particles. 


6 G, Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
16 P, Staehelin, Helv. Phys. Acta 26, 691 (1953). 
17 P, Staehelin, Phys. Rev. 92, 1076 (1953). 
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difference between this 0+ level and the ground state 
(0+) of Ne* leads to a value ro>=1.4010-" cm, in 
good agreement with those obtained from the other 
members of this series.!” 

The 592-kev transition connecting the 0+ state with 
the J=3* ground state of Na” (pure M3) has an 
expected lifetime!* of 0.06 second. The internal conver- 
sion coefficient gives a negligible correction to this 
value.'* Our upper limit of ~0.1 second is consistent 
with this prediction.!! Considering the direct positron 
decay from the 592-kev state in Na® to the ground 
state of Ne”(0t-0*), a lifetime of ~15 seconds is 
calculated on the basis of log/t= 3.44.'* We see therefore 


18M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
Pre Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
1). 
\| Note added in proof.—See, however, note added in proof, 
galley 8. 
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that a theoretical branching ratio of about 190+1 in 
favor of the electromagnetic transition should obtain. 
Another missing level in this series occurs in P®. 
Our attempts to detect this level in the reaction 
Al? (a,n)P®* have not been conclusive to date, although 
we were able to detect the 2.5-minute positron activity 


from the ground state. These experiments are continuing. 


D. Energy Levels of Na** and B"' 


The energy levels in the compound nucleus Na™ are 
listed in Table I. A level diagram illustrating all 
states reached in the alpha-particle bombardment of 
F'® is shown in Fig. 10. No levels in this region of 
excitation in Na™ have been previously reported. 
New excited states in B" at 9.88, 10.24, and 10.62 Mev 
have been found by the inelastic scattering of alpha 
particles in lithium, as discussed in Sec. IV (A). 
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Many-Particle Configurations in a Central Field* 


C. Scuwartzf AND A. DE-SHALITY 
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Closed formulas are obtained for the fractional parentage coefficients of j-7 coupled configurations of 
three and four equivalent particles. In states of low seniority, these formulas can be used to simplify the 
calculation of familiar types of matrix elements. Some extension is made to the study of more complex con- 
figurations. In particular, it is shown that near the ground state the energy level spectrum of an even-even 
nucleus should be independent of the number of particles in the unfilled shell. 


INTRODUCTION 


HERE are two well-known ways of describing an 
antisymmetric configuration of several equivalent 
particles bound in a central field. The first! is the per- 
mutational construction in which the wave functions 
of the several particles with the several sets of quantum 
numbers are arrayed in a Slater determinant to give 
directly an antisymmetric form. However, this structure 
proves to be quite unwieldy when one tries to calculate 
matrix elements of various operators, since a great 
many cross terms come into the expression. 

The second? * is the method of fractional parentage 
in which one considers just one particle of the configura- 
tion separated from all the others. The antisymmetry 
requirement is satisfied by leaving unspecified all the 
quantum numbers pertaining to the combination of the 


* This work was assisted in part by the joint program of the 
U. S. Office of Naval Research and the U. S. Atomic Energy Com- 


mission. 
¢ Gulf Oil Corporation Fellow. 
t Now at the Weizmann Institute of Science, Rehovoth, Israel. 
1E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), p. 162 


et seq. 
2S. Goudsmit and R. F. Bacher, Phys. Rev. 46, 948 (1934). 


3G. Racah, Phys. Rev. 63, 367 (1943). 


“other” particles and coupling the angular momentum 
of the one separated particle to some particular linear 
combination of all the allowed states of the “others.” 
The fractional parentage coefficients which determine 
this particular linear combination for some given con- 
figuration are usually found as the solutions to a set of 
simultaneous algebraic equations and are tabulated for 
any particular problem. 

However, it is clear that a direct (though formal) 
determination of the coefficients can be achieved by 
equating the wave function as written in the fractional 
parentage way to the permutational form mentioned 
first. The solution generally gives the fractional parent- 
age coefficient in terms of the transformations which 
interrelate all the different vector coupling schemes of 
the several angular momenta. Using the techniques of 
Racah,‘ we have obtained formulas for the fractional 
parentage coefficients for configurations of three and 
four particles. 

Using recursion relations, first derived by Racah* and 
extended in our Appendix, which are developed around 
the seniority concept, we can deduce formulas for the 
fractional parentage coefficients for some states of con- 


4G. Racah, Phys. Rev. 62, 438 (1942). 
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figurations of any number of particles. In particular, we 
consider states of low seniority number, which are 
presumed according to the shell model to describe the 
low-lying levels of nuclei. 

With the fractional parentage coefficients thus sim- 
plified, we are able in many cases to carry out explicitly 
the sums involved in calculating matrix elements of one- 
and two-particle operators. Considering a short-range 
attractive two-body interaction with an arbitrary 
mixture of ordinary and spin-exchange forces, we find 
that to first order the energy difference between the 
ground state of spin zero and the states of spin 2, 4, etc. 
with seniority number 2 is independent of the (even) 
number of particles in the last unfilled shell. 

In addition for the shell j= 7/2, it is found that this 
same conclusion about the level structure for 2 and 4 
particles holds for any two-body interaction what- 
soever. 


ANTISYMMETRIC WAVE FUNCTIONS 


It is well known that an antisymmetric wave function 

for two particles can be written in the form 

¥i2=N[Oix2—goxr], (1) 
where the subscripts denote the particles described, and 
the normalization factor N is 1/v2 if @ and x are 
orthogonal functions. 

In describing the bound states in a central field, we 
say that two particles are equivalent if the wave func- 
tions @ and x are identical in their radial dependence. 
If we wish to describe the state in which two equivalent 
particles, each of spin j,° are coupled so that the only 
good magnetic quantum number is that belonging to 
their total angular momentum J, we would write 


Vi2( PJM) = ¥ (jmijme| jjJM)N 


mim? 


X [1 (jmi)obo( jme) —2(jm)oi(jmz) ]. (2) 


However, due to the symmetry of the Clebsch-Gordon 
coefficient, 


(jm jome| jrjoJM) 
= (1)! (jemejim| j2j:JM), (3) 


we can rename m, and m, (which are only summation 
variables) in the second term of (2) and reduce (2) to 


Vie( PJM) =N[1—(—1)***7] 
x L (jm jms! jj JM )oi(jmi)o2( jm). 
mime 

Here is the familiar result that the only allowed states 
for two equivalent particles of half-integral 7 are those 
with an even total spin J. 

For any number of particles an antisymmetric wave 
function can be written in the form! 


N ¥p(—1)"orb2'bs""- +» = Qdrde'ds” +>, (4) 


5 We will work here in the j-7 coupling scheme for simplicity of 
notation. 
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where the sum extends over all the permutations of the 
arguments of the functions ¢, and (—1)? is the parity 
of each permutation. If 1, 2, 3, ---, m are all equivalent 
particles coupled to a resultant spin J, at least half of 
the m! terms in the sum (4) are redundant because of 
(3), and in general some values of J may not be allowed. 
The expansion (4) allows the specification of all the 
intermediate resultant spins of the coupling sequence 
in an arbitrary way. However, these intermediate spins 
may not be good quantum numbers in a given problem, 
and a sum of several wave functions of the type (4) may 
be necessary to describe an eigenstate. 


THE METHOD OF FRACTIONAL PARENTAGES 


An alternative procedure for describing the anti- 
symmetrically vector-coupled state of m equivalent 
particles is the method of fractional parentage.?* In 
this approach it is not the identity of the particles which 
is used as the basis of an expansion as in (4), but instead 
one couples the mth particle to some linear combination 
of all the allowed states of the n—1 other particles. 

Thus, for example, with three equivalent particles 
one would write 


irs (79M) = PU ISVS) 


ae 


mimoam3M’ 


X (jm, jms| jjJ'M’)(J'M’ jms| J’ 7M). 


p1(jm)b2(jm2)s3 (jms) 
(5) 


The coefficients of fractional parentage (j?(J’) jJ }/8J) 
are, of course, zero for odd values of J’, and they are 
usually normalized according to 


* (PS) IJIPD) P= (6) 
Now since the evenness of J’ assures the antisymmetry 
of (5) with respect to interchange of particles 1 and 2, 
we need only require that (5) be also antisymmetric 
under an interchange of particles 2 and 3. 

Thus we must have 


LPU VIVID 2X 


my’ me’ m3’ M’ 


1( jy’ )bo( jm’ bs ( jms’) 
X (jmy' jme’| jjJ'M’)(J'M’ jms’ | J'j JM) 
=—LRI WD 2 
rz 


m'’me’’ m3’! M’! 


1 (jmy"’)b2(jme"") 
Xo3( jms") (jmy"jm3""| jjJ"”M”) (J"M"jmy!"|J"jIM). 
Multiplying by 


oi* (jm )oa* (jma)gs* (jms) (jm jme| jj” M"”") 
« (J'"M"" jms | J'’jJM)); 


integrating over the coordinates of the three particles, 
and summing over the m’s, we have from the ortho- 
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gonality of the ¢’s and the Clebsch-Gordon coefficients : 


(PI) IIIF)= EGU II l*) 
ae * jjiI'M’)(jmyjms| 7j7J"M") 


mimom3M’ M’’ 


X (J'M' jms| J’ 7 JM) (JM jme| J" GI M). 


im, jm 


This sum over four Clebsch-Gordon coefficients has 
been defined by Racah*‘ in terms of his W coefficient. So, 
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For convenience we shall use Wigner’s form® of the 
Racah coefficient 
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The coefficients (j?(J’)j/}j*J) are thus given as the 
solution to the system of Eqs. (8). However, this solu- 
tion is rather involved, a more direct formula would be 
much desired. 

We can write an antisymmetric wave function for 
the three particles in the form (4) [remembering that 
only half of the 3! terms are necessary since the even- 
ness of Jy leaves all pairs differing only in the permuta- 
tation of particles 1 and 2 equivalent according to (3) ] 
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We can compare this expression with the expansion (5) 
to solve directly for the coefficients (/*(J’) jJ} J). 
One gets then§ 
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and in accordance with (6), 


jjJo\ J 
CU)=+| Gi) GII)+62Ir+1)| me | » (11) 
JI F0 


§ This formula has also been derived recently by P. J. Redmond 
of Birmingham. 
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where the phases may be chosen to agree with the con- 
ventions of Racah.’ The symbols (jjJo) and (j/Jo) are 


“triangular delta functions,” 


if a, b, c cannot form a triangle 
if a, b, c can form a triangle. 


(abc) = {9 


This solution can also be easily verified by direct 
substitution in (8) with the help of the following well- 
known relations*® of the Racah coefficients$ 
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The triangular conditions are also implied in the 
Racah coefficient ; and although they will not always be 
written expressly, they will always be understood as a 
selection on the permissible values of the parameter J». 

It remains to interpret the role of Jo in Eq. (10). 
Equation (9) for all the different allowed values of Jo 
yields the totality of wave functions which can be con- 
structed for three particles which are antisymmetric in 
all three particles and which are eigenfunctions of 7;’, 
i?, i? (i= j2=jr=J), J? and J,. It is seen that (9) 
can be written in the symbolic form: 


Vi2s( PIM) = N[OCj1j2(Jo) js M)—( ji js(Jo) joJ M) 
—(jsj2(Jo)jiJM)J, (12) 


which can be interpreted as describing a state in which 
there is always a pair of angular momenta coupled to Jo. 
To say that the definite pair (12) is coupled to Jo would 
be inconsistent with the symmetry requirement among 
all three, but the statement that a pair is coupled to Jy 
is sensible and may serve as an additional labeling of 
the state. 

Since the different ¢’s in (12) are not necessarily 
orthogonal, one cannot say whether different choices of 
J will lead to different y’s or not. The y’s defined by 
(9) will thus constitute generally a redundant basis for 
all the permissible states. For 7<9/2 one knows that 
there is no further degeneracy in the states ¥(j*JM); 
thus different choices of Jo should lead to identical sets 
of coefficients (10, 11). This implies a number of iden- 
tities among the Racah coefficients with four half- 
integers (three of them identical) and two even integers. 

In general we may consider the symmetric matrix, 
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~ 6A, de-Shalit, Phys. Rev. 91, 1479 (1953). 
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which satisfies the eigenvalue equation 
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and so the coefficients (13) can describe at most m 
independent states, if the matrix, 


(J’, J” even 
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has m eigenvalues +1. 
It should be noted that if we take a linear combina- 
tion of sets of coefficients (10) (given by different J’s), 
the normalization (11) is not correct. 


THE SENIORITY NUMBER 


An additional quantum number which is useful in 
classifying the states of a number of equivalent par- 
ticles, and one which is very practical in nuclear spec- 
troscopy, is the seniority number.’ The seniority 
number » for the configuration j"vJ is given by’ 


4(n—v)(2j+3—n—v)=Q(n,»), (14) 


where ()(n,v) is the eigenvalue of the operator ><; 9s, 


and 
(PI' | ges| PI) = (274+1)6(",0). (15) 


For three particles the seniority number » is one if 
(7?(0)j/}7*/) #0 (therefore J = 7) and three otherwise. 
There is never more than one state with »=1, though 
with larger values of j the multiplicity of other states 
may increase. 

We shall now show that Jo>=0 and J=7 in Eq. (10), 
with the normalization (11), always represents just this 
state with seniority v= 1. 

Using the relation, 


jj0 (2j+1) 
we have from (10) and (11) with Jo=0: 
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Calculating the eigenvalue Q(3,v) we have [see reference 


7 All the formulas of Racah (see reference 3) on fractional 
parentage and seniority can be translated from the LS scheme to 
the j-j scheme by replacing 4/+-2 with 2j+-1 everywhere except 
in Eq. (15) above. 
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3, Eq. (42) ] 
4(3—v)(2j—v) =3(2j+1)|(7O)jI1FI)|’, 
or using the above value (17), 
4(3—v)(2j—»)= (2j—1), 
which is satisfied by v=1 only [v can never be greater 
than 4(2j+1) ]. 

Using the general recursion relations first derived by 
Racah*® [his Eqs. (58) here translated into the j-j 
scheme], we can calculate explicitly the fractional 
parentage coefficients for the seniority one configuration 
of any (odd) number of particles 
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MATRIX ELEMENTS IN STATES OF SENIORITY ONE 


The reduced matrix element of an operator of the 
type F=>°;f;, where f; is a tensor operator of rank r, 
can be written 34 
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) , J’ even only. 


With the configurations j"aJ, j"a’J’, both of seniority 

v=v=1 (J=J’=j). Substituting (18) in (19) and 

using the relations 
iJ’ 

Ef" laven=t, 

ee 
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which is identical with Racah’s equations (69).* 


r=() 





MANY-PARTICLE CONFIGURATIONS IN CENTRAL FIELD 


The matrix element of the two-particle scalar 
operator G= >"; gi; in the state j*’aJ is given by 


(FaJ|G| ja) =3 yy (P(a’S")jI VFaJ)|* 
x (FI | gail PI’). 
So for the state of seniority v= 1 using (17), we have 
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el seq. | 
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the interaction in the filled shell. 
For the configuration j"v=1J=j we have, using 
Eq. (A8) 
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THE CASE OF SENIORITY THREE 


To calculate fractional parentage coefficients from 
Eq. (10) for states of seniority three when the state is 
not uniquely determined by the value of J alone, we 
must take some linear combination of states described 
by different values of Jo. There are, for example, two 
states of the configuration (9/2)* with total spin J = 9/2. 
The one of seniority »=1 is described by (17). With 
Jo=2 in (10), we get the values (not normalized): 


(FH =0/G| P*-=0) 





(fo=1 J=j|G| fv=1 J=j). 
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and with Jp=8 
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1 
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10 11/5 


55-1 
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26: 224/17 
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—_—(J’=6), 
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The desired set of coefficients is that belonging to the 
state »=3, which should have (7°(0)j/J}/*v=3/J)=0. 
So subtracting the two above sets and normalizing, we 


get 
7/5 
ed), 


J/13 
0(J’=0), ———(J'=2), 
6/11 2/14: 


——(J'’=6 
6/55 
identical with the results of Flowers.* 

In general, if two different values of Jo, say Jo and 
Jo’, give two independent sets of coefficients (10), the 
state described by the linear combination of these with 
the coefficient for J’=Jo equal to zero is orthogonal to 
the state described by Jo alone. 

To see this, consider one matrix (Jo! #*J|J’) of the 
type defined in (13) and any other F(J’) formed from 
a linear combination of terms (Jo’| *J|J’). We then 
get for the cross sum 
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3/17 
ip ae J'=8 ’ 
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=(1+(- Dy] FUd+Ee F(J’)(2Jo+ 1)! 
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but this second sum can be performed by the defining 
Eq. (8) 
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_{IIF" 
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since (—1)7 F(J’)=F(J’). So, 
Lr (Fo| PI | I’) F J’) = 31+ (—1)"°]F (Jo), 


which is zero if the linear combination F has the coef- 
ficient for J’= J» equal to zero. 

Looking for more complicated configurations, we 
find that for (11/2)? J/=9/2 there are two independent 
states, both of seniority »=3. For Jo=2 we get the 
(normalized) values 


I: 0.687(J’=2), 0.352(J’=4), 0.282(J’=6), 
—0.105(J’=8), —0.560(J’= 10). 
With Jo=10 we get another set of values, and taking 
the linear combination of these two described above, we 
get the orthogonal (normalized) set: 
II: O(J’=2), —0.500(J’=4), 0.726(J’=6), 
—0.452(J’=8), 0.141(J’=10). 
In contrast with the convenient characterization of 
nuclear states afforded by the usual concept of seniority, 
* B. H. Flowers, Proc. Roy. Soc. (London) A215, 398 (1952). 
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this division of the two states of the configuration 
(11/2)*s/2 does not appear to be very practical. That is, 
if we consider the effect of a perturbing short-range 
attractive force between all pairs of particles, the state 
of lowest energy in this configuration is not described 
by I alone or II alone, but by a mixture of both. 


MORE THAN THREE EQUIVALENT PARTICLES 


In the fractional parentage description of a state of 
equivalent particles, the wave function is written 


V(j"and nM») => (j" (ay, Jn JT nh iran n) 
p Pe 
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x (j" *(an J 2)JIn -1 hi" lay J n-1)° ae: 
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If the fractional parentage coefficients for 3, 4, 

--n—1 particles are known from earlier work, we can 
get the coefficients for m particles by comparing (22) 
with (4). The antisymmetrization (4) can be inter- 
preted as a series of changes in the coupling order of 
the several angular momenta. Thus, it is seen that the 
general coefficient (j""'(a’J’) j]J}j"aJ) is given as sums 
over products of all the fractional parentage coefficients 
for less than n particles and coefficients for all the 
transformations in the coupling scheme of nm angular 
momenta. These transformation coefficients can always 
be expressed as sums of products of Racah coefficients. 
There will be n—2 arbitrary parameters analogous to 
Jo used before and these will help to describe the state. 

For n=4 we compare the two developments 
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where the permutations have been written out sym- 
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bolically. Then 


(FI) IIViAD= LGHITPU") jJ'X(J"), (25) 


where X(J’’) is a series of sums of products of six 
Clebsch-Gordon coefficients. This can be evaluated in 
terms of Racah coefficients and 9-- 7 symbols® 
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Now substituting (10) and (27) in (25) and summing 


over J” we obtain 
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Here J» is equivalent to the earlier Jo, and J; is a new 
parameter of similar character. In general, to describe 
some particular state a linear combination of coefficients 
(28) given by different values of J2, J; may be needed. 

While the above method of breaking off a single 
particle is what one needs for calculating matrix 
elements of one-particle (F-type) operators, the two- 
particle operators (G-type) are best handled with the 
following description (for four particles). 


VGIM)= LD (Pix) PVs) VI) Lo bi (jms) 
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x (jms jm | JITssM is) (Si2Mi2Ja4M | JixJssJM), (29) 


where the particles are grouped in pairs. With Ji2, Js 
even, this description is antisymmetric in the pairs of 
particles (1,2) and (3,4). To determine the coefficients 
(7? (Siz) 7? (J24)J } 47) we shall exchange particles two 
and three and require the wave function to be —1 
times (29) 
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Comparing (29) and (30), we have the requirement 


; B (7P.(Si3) P Se) VAD C (2S s+ 1) (2S x4+ 1) 


Sisto 


JIS 12 
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SEW 

=—(P(Ji2)P?Js)J VI), (12, Jae even only). (31) 


This is the 4-particle analog of Eq. (7). 
By comparing (29) with (24), we could solve for the 
coefficient directly; but with the help of the relations, 
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it is easy to show that a general solution to (31) is 


(PJ)? (Sas)J 4) 
=C(K,L) | 6(Ji2,K)8(Jga,L) + (— 1)75 (Jie, L) 6 (Ja, K) 


—(1+ (—1)7" 01+ (—1)7* JC (2Sia+ 1) 
jIIx2 
X (2S e+ 1)(2K+1)(2L+1) 4 GjJaap}, (33) 
KLJ 
where K, L are two (even) parameters similar to Jo 
used before. The six triangular conditions implied in 
the 9— 7 symbols are understood to apply to the entire 
expression (33) although not written out expressly. 
Equation (33) takes on a simple form when we set 
one of the parameters, say L, equal to zero; then, by 
the triangular conditions, we must have K=J (even), 
and we get 


(PSidP Ja Vi) 
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Testing these values (34), (35) in Eqs. (14) and (15), 
we have 
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So that the fractional parentage coefficient (34), (35) 
describes the state of 7* with seniority zero or two as J 
is zero or greater. Using the recursion relations (A;), 
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we have then for » particles of seniority two: 
(jr? (0 = 0S) P (I) J jv = 2S) 
2(2j+1—n)(2j7+3—n)}) 
-|- nae eninioesenemneanin | 6(J’,0)6(J",J), 
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ai Sy 
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(2I'+1)48(2I" + 1)8( IT 
——_—_—_—__; |. | (36) 
(2j+1)! j3) 


To calculate the matrix element of an operator of the 
type G in a configuration of four equivalent particles 
with seniority two, we have 
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and we can sum (37) and get 


(74, v= 2, J|G| 7*, v= 2, J) 
= —4F (2j7+1)+ (PJ gis] PJ). 


Using Eq. (A8), we have for j"»=2: 


(j*, v= 2, J|G| j", »=2, J) 
’ = — $F o(2j+1)(n—2)/2+ (PJ [gus] PI). 


(39) 


SCHWARTZ AND A. DE-SHALIT 


Also for states of seniority »=0, J=0: 
(j", v= 0, J=0|G| j", »=0, J=0)= — $F o(2j+1)n/2. 


Hence, for tke configuration j", the energy level 
separation from the state »=J=0 to the state »=2, 
J is given by 


Mos = (77, v= 2, J | gi;|,7?, v= 2, J) +4F o(2j+1) 

=Aoy®. (40) 
Thus one would expect the 0—2—4--- energy level 
differences from the ground states of even-even nuclei 
to be independent of the number of particles in the 
unfilled outer shell. This conclusion may also be drawn 
from the more general analysis of Racah and Talmi.° 


THE 7/2 SHELL 


The configuration (7/2)* is the simplest (i.e., lowest 
j) instance where the seniority number is needed to 
classify the states. There are two states each of spin 
J=2 and J=4; in each pair one state has seniority 
number v= 2 and the other has »=4. We shall now show 
that in this case the seniority number 2 is always a 
good quantum number. Consider any two-body sym- 
metric interaction 

G=> gi, (41) 


i<j 


where, according to Racah, the angular and spin parts 
of gi; can be written as a sum of scalar products of 
tensor operators which act on each particle separately: 


Biss Lee TH TH". 
G is now conveniently written in the following form 
G=D Adri Li tf - Li tir] 

=D ali T?-Li ri-7i7), 


where 7’=})°;7,". Taking the matrix element of G 
between two states of the configuration 7" with dif- 
ferent seniorities, we have from the first term 
(j-oJ||T"- Tj’ D= De (2J+1)-*(-1)2-4" 

J 


ttyl? 
. 


(42) 


x (jrvJ || Tel] jv" IT") (gro "||T "|| jv’). (43) 
Racah has shown that the matrix elements of 7” for 
odd r are diagonal in the seniority; since v~v', every 
term in (43) has v’ #v or v’ #v’ so all these matrix 
elements vanish. 

For the even values of r we can use Racah’s equation 
(74)* modified according to his discussions (76)* and 
(65).* For the half-shell, n= (2j+1)/2, the formula is 


(jreJ || T"l| jv" J”) 
= (= 1th (jmyJ|| Tl] jr" J"). 


*G. Racah and I. Talmi, Physica 18, 1097 (1952). 


(44) 
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MANY-PARTICLE CONFIGURATIONS IN CENTRAL FIELD 


except for r=0. Hence, for even r(+0), these matrix 
elements vanish for Av=0. In our case of j=7/2, the 
four particles constitute just half a shell, »—v’ is 2, 
and the general selection rule for these matrix elements 
is |yv—v’’| =0, 2. Thus, for every term in (43), either 
|v—v""| or |v’—v”| is 0 and all these terms vanish. All 
that is left of (42) are the terms 7° and 7,’-7,’, both of 
which are scalars, i.e., independent of all angle and spin 
coordinates. Since, then, wave functions for states of 
different seniorities are orthogonal, the entire matrix 
element of G is zero and the seniority remains a good 
quantum number. 

We shall now calculate the diagonal energy matrix 
element of G in the state (7/2) v=2 J=2, which in 
nuclear spectroscopy is expected to be the first excited 
state of this configuration. This matrix element is 
given by (37): 


((7/2)*, v= 2, J=2|G| (7/2), o= 2, J=2) 
= La ZI\((7/2)I'|G| (7/2)°J'). 


Equation (38) for Z(J’) contains the term 


(45) 


ce 
(2y'-41[14+(- wy : . 


This will be recognized as the major term in the formula 
for the fractional parentage coefficient for the con- 
figuration j* J=j, where J (which is even) plays the 
role of Jo. Since we know that for (7/2)' J=7/2 there 
is only one state, and that one is of seniority »=1, we 
can use (17) and write directly 


ie 
(2J’+1)[1+ (—1)/ i i 
jj 


(2J’+1) 
aK DC 8U.)-— 


——(+(-1)")} (46) 
2j+1 


and setting J’=0 we have C=—2/(2j—1). Substi- 
tuting (46) into (38) we have 


5(J’,0) 





Z(J')=6(J',J)+ 
eer (2j—1)(2j—3) 


(2)’+1)[1+(—1)7"], (47) 





4 
(2j+1)(2j—1) 

or 
((7/2)422|G| (7/2)*22) 

= ((7/2)*2|G| (7/2)?2)+ 4((7/2)90| G| (7/2)*0) 

+5 Dy (2I’+ 11+ (— 1)" ((7/2)*I" |G | (7/2)*J’). 
For the state (7/2)! »=0 J=0, we get, using (A8), the 
matrix element 
((7/2)400| G | (7/2)00) = (4/3)((7/2)°0|G (7/2)90)+ 4D, 


but 
D=} Yr (2I’+ 1+ (— (PI G| PI’). 
Finally, for the 0O—2 energy difference we have 
((7/2)400|G| (7/2)400)—((7/2)*22|G| (7/2)22) 
= ((7/2)?0|G| (7/2)°0)—((7/2)?2|G| (7/2)?2). 


Here we have the general result that for any two-body 
interaction the excitation energy from the ground to the 
first excited state is the same for two as for four par- 
ticles in the 7=7/2 shell. 

An example of this result can be seen in the results of 
the explicit calculations of Kurath.” 

The clearest data on this subject involves the pair of 
isotopes Ca® and Ca“, Both nuclei have a magic 
number, 20, of protons, hence we can well ignore the 
effect of a mixing of neutron and proton configurations, 
The nuclei have, respectively, two and four neutrons 
in the f7/2 shell. This shell is supposedly well isolated 
between the magic numbers 20 and 28 so that con- 
tributions from a second-order calculation would be 
very small. 

The energy of the first excited state in these two 
nuclei are! 


(48) 


(49) 


Ca®—1.51 Mev, 
Ca“—1.16 Mev. 


The large discrepancy between these two measured 
values indicates very strongly the limitations to which 
an individual-particle shell model for the nucleus must 
be restricted. 


APPENDIX 


As was mentioned earlier, for work with G-type 
operators it is most convenient to describe a wave 
function for m equivalent particles in the form: 


vrad)= FGI PU a) 
XW *(@"I") PVD). 


These two-particle fractional parentage coefficients are 
related to the one-particle coefficients by 


(jr? a" I") PI) IV j"aJ) 
= SS (27'+1)8(2I" + 1)8(— 1) st 


af’t"gt 
ji’ 
Js"jy" 


(Al) 


artery ia yirta"s” 


KG al") jI}j"aJ), (A2) 


and in terms of seniority they obey the selection rule 
Av=0, +2. Putting Racah’s recursion relations [refer- 
ence 3, Eq. (58) ] for the one-particle coefficients into 
(A2) we can get recursion relations for the two-particle 


”T). Kurath, Phys. Rev. 91, 1430 (1953). ; 
" G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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coefficients 
C770 I) PI) IV jrJ) 
v(v—1)(27+3—n— 2) (2j7+5—n—v)}8 
-[- eterrrerre yt a 
KG? (o— 2") PT) I Yj) (0" = 0— 2) 
(v+ 1) (0+2)(n—v)(2j+3—n —?) 
-| 2n(n—1)(2j+1— 22) "| 
KG (oI) PSI) VIS) 0" = 
(v+3)(v+4) (n—v)(n—v—2)} 
-| 8n(n—1) “) | 
Xj 2I")PU) ILI )\0"=0+2). (A3) 


We shall take matrix elements of the symmetric 
scalar operator G=>-;.; gi; with the wave function 
(A1) as follows: 

(j*0J |G| j"0’J) 
n(n—1) 9 yf *9 yf 
= DL (PI |gisl PI’) 
2 J gtt a! 
K (jr jr? 0"), PJ) 
x(jr? ("I"), PU) I} inv’J). (AA) 
We shall also need the relation 
(j™-"aJ |G| j"-"a'J) 
2j7+1-—2n 
= (j"aJ|G| j"a Fn Shera (AS) 
2j+1 


where m= 2j+1; and 


D= (j, v=0, J=0|G| j*, »=0, J=0) 
= hm(m—1) Da (jn?(J'), PJ )0}jn0)? 
x (75 gis) PI"). 
From a simple generalization of Racah’s equation 


(19),* we have 


Gin *(J’), P()0} 50 


2 
_ —(2J'+1)(7°0), PII NPI, 


m(m— 1) 


so 
, 


1+(—1)J 
D=E(2'+1)(—— YP" gal 72) 
J’ 


“ 


In (A4) the selection rule is v—v’=0, +2, +4. For 
v’=v—4, there is only one term in the sum over v”, 
namely v’’=»—2; then using Eq. (A3), we can separate 
out the n-dependence of the matrix element and get 


(j0J |G| jv—4J) 
(2j+3—n—»)(2j+5—n—0) )(n—v+2)(n—v+4) 
- 8(2j+3—20)(2j+5—20) | 
X (j*vJ |G| j*%v—4J). (A6) 


For v'=v—2 there are two terms in the sum (A4), 
v’=v, v—2. Thus this matrix element for n particles 
can be expressed in terms of that for v particles and one 
other configuration. We take the other to be 27+1—v 
particles and use (A5) to get 


(2j+3—n—1)(n—0+ 2) 
(jd |G] jo—29)=|- we ] 
2(2j7+3— 22) 


(n—v) 
| Gre G| 7" ito deste | (A7) 
2j+1 


For v'=v we shall use the three configurations of 2, 
2j+1—v, and v+2 particles to account for the three 
terms in the sum (A4). Substitution of the relations 
(A3) gives an expression which finally reduces to the 
earlier quoted result 


(n—0)(2j-+1—n—») 
(j*vJ |G! j*0J) =-——— 
2(2j-1 — 2v) 


lt? 2)(2j- 1—n—1) 
x (j2*0J |G| 7°) -—— 
2(2j- 1— 2») 


(n—v) )(n—v— 2) 
X (j%J |G) jvJ)+— mceenaesotil 
(2j—1—20)(2j+1) 


These reduction equations play the same role in the 
study of two-particle operators as Eqs. (67) and (69) 
of Racah’ for one-particle operators. 
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Angular Distribution of Neutrons Scattered from Cadmium, Tin, and Bismuth* 
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The differential cross sections for the scattering of 3.7-Mev neutrons from cadmium, tin, and bismuth 
have been measured over an angular range between 13 degrees and 140 degrees with an angular resolution 
of about +10 degrees. The effects due to higher-order scattering have been removed at each measured 
angle by extrapolation. Previous measurements of the differential cross sections of aluminum, iron, and 
lead gave a uniform shift of the position of the first minima in the curve with atomic weight. In the present 
measurements, the curves for cadmium and tin, while quite similar, do not fall uniformly between those of 
iron and lead. The curve for bismuth, however, is again quite similar to that for lead. Possible explanations 
of this behavior are discussed in light of the continuum theory of nuclear reactions. 


INTRODUCTION 


HE measurement of the differential cross sections 
for the scattering of 3.7-Mev neutrons from 
cadmium, tin, and bismuth represents an extension of 
similar measurements! on aluminum, iron, and lead in 
order to establish the pattern of variation with atomic 
weight. In addition, the recent continuum theory of 
nuclear reactions given by Feshbach, Porter, and Weiss- 
kopf® has been used with a plausible extension to calcu- 
late the angular distribution of 3.7-Mev neutrons 
scattered from nuclei of atomic weight 115 and 209. 
This should be of value in assessing the possibilities of 
using the continuum theory in this energy range to give 
detailed information about neutron scattering. 


EXPERIMENTAL 


In general, the arrangement used in this experiment 
is exactly the same as that used in our previous experi- 
ment.' Neutrons of about 3.7 Mev were produced by 
bombarding a deuterium gas chamber with 10 ya of 
deuterons of 0.65-Mev mean energy. A ring geometry 
was employed in which the angle of scattering was 
varied both by using different size rings and by an 
axial movement of each ring. 

The previous experiments demonstrated that cor- 
rections of considerable magnitude must be made to 
allow for the higher-order scattering in order to obtain 
the correct differential cross sections from the apparent 
differential cross sections observed with a ring of finite 
thickness. They further demonstrated that, within the 
experimental accuracy, a linear extrapolation of the 
apparent differential cross section to zero axial thick- 
ness of the scatterer most probably gave the correct 
differential cross section. The present measurements, 

* Assisted by the joint program of the U. S. Atomic Energy 
Commission and the U. S. Office cf Naval Research. 


¢ Present address: North Carolina State College, Raleigh, 
North Carolina. 

1W. D. Whitehead and S. C. Snowdon, Phys. Rev. 92, 114 
(1953). 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953); 
U. S. Atomic Energy Commission Reports NYO 3076, NDA 
Report 15B-4 (unpublished); Massachusetts Institute of Tech- 
nology (Laboratory for Nuclear Science) Technical Report No. 62, 
1953 (unpublished). 


therefore, were carried out using only two ring thick- 
nesses. However, unlike the previous experiments in 
which only a few selected angles were chosen to deter- 
mine the higher-order scattering correction, in these 
experiments each ring thickness was used at all the 
angles of measurement. The result gives the apparent 
differential cross section as a function of angle for each 
of the two ring thicknesses used. The true differential 
cross section now can be found at each angle by a 
linear extrapolation of the apparent differential cross 
section to zero ring thickness. ' 

Finally, the neutron flux monitor was changed from 
that previously used, a butane-filled proportional 
counter, to a Lucite-zinc sulfide scintillator detector’ 
identical with that used in detecting the scattered 
neutrons. In the previous experiments! some difficulty 
was experienced in maintaining a constant 0°/90° 
neutron flux ratio. Changing the monitor detector im- 
proved this situation somewhat. 


DATA 


Figure 1 shows the experimental points of the ap- 
parent differential cross section for the scattering of 
3.7-Mev neutrons incident on the #-inch and 1-inch 
thick rings of cadmium. A point by point linear ex- 
trapolation to zero ring thickness gives the true differ- 
ential cross section o(@). Figures 2 and 3 present similar 
information with regard to tin and bismuth. At every 
angle the apparent differential cross section for the 
l-inch rings is larger than the apparent differential 
cross section for the 3-inch rings, thus demonstrating 
that at each angle the higher-order scattering adds a 
positive contribution to the apparent differential cross 
section.{ The total cross sections corresponding to o(@) 
have been calculated and are presented together with 


3 W. F. Hornyak, Rev. Sci. Instr. 23, 264 (1952). The authors 
are indebted to Dr. Hornyak for supplying them with Lucite- 
zinc sulfide molded buttons. 

t Note added in proof.—This positive contribution of the mul- 
tiple scattering depends upon the definition of the apparent 
differential cross section used. It is possible to change the defini- 
tion of the apparent differential cross section in such a way that 
multiple scattering does not add any contribution on the average. 
In this case there will be negative as well as positive contributions 
to the apparent scattering, depending on the angle. 
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Fic, 1. Angular distribution of 3.7-Mev neutrons scattered from 
cadmium: (A) apparent differential cross section using 1-in. axial 
thickness ring scatterers; (B) apparent differential cross sections 
using f-in. axial thickness ring scatterers; (C) true differential 
cross sections for elastic scattering obtained by a point-by-point 
linear extrapolation of curves (A) and (B) to zero-thickness 
scatterer. Ordinates are for curve (C) and are in units of barns/ 
steradian. Curve (B) ordinate should be reduced by a factor 
of 10. Curve (A) ordinate should be reduced by a factor of 100. 





the measured total cross sections in Table I. The 
measured total cross sections in each case are about 8-10 
percent higher than those previously measured at an 
energy close to 3.7 Mev.‘ However, since both the 
differential and total cross sections were measured with 
the same experimental setup, at worst all measurements 
are systematically from 8-10 percent high which is 
within our over-all uncertainties of about 15 percent. 
As was discussed previously,’ the integrated cross 
section corresponding to o(@) does not accurately 
measure the total elastic cross section, since the neutron 
detector does not discriminate adequately against in- 
elastically scattered neutrons. However, to within about 
20 percent, it may be considered to represent this 
elastic cross section. Subject to this reservation, the 
difference between the measured total cross section and 
the integrated cross section corresponding to o(@) may 
be considered to equal the total inelastic cross section. 
Table I presents a summary of these calculations. 


THEORY 


Since the neutron energy resolution in this experi- 
ment is about 200 kev, the angular distribution of 
scattered neutrons may be discussed in terms of a 
theory that averages the differential cross section over 
an energy interval of this magnitude. Generally, in our 
energy range there will be many resonance levels within 
this 200-kev energy interval, hence we may average the 
differential cross section over many resonance levels. 
«Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (U. S. Office of Technical Services, rtment of 


Commerce, Washington, D. C., 1952); N. Nereson and S. Darden, 
Phys. Rev. 89, 775 (1953). 
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Feshbach and Weisskopf* and Feshbach, Porter, and 
Weisskopf? have provided two distinct theories that 
discuss total neutron cross sections averaged in this 
manner. The total neutron cross-section measurements 
of Barschall ef al.* generally show agreement with the 
theory of Feshbach, Porter, and Weisskopf? and are 
definitely at variance with the theory of Feshbach and 
Weisskopf.’ Therefore, we will compare our measure- 
ments with the theory of Feshbach, Porter, and Weiss- 
kopf suitably formulated to exhibit the angular dis- 
tribution of neutrons elastically scattered from nuclei. 

The theory first will be formulated, assuming that 
there are no reaction products (i.e., no inelastic scat- 
tering, etc.). In genera!, the differential cross section 
for elastic scattering is given by’ 


O40(0) = tX? x LX (2/+-1)(2m+1)(1—m) 


X (1—1m*) P1(cos0) Pm(cos#), (1) 


where X is the deBroglie wavelength of the neutron, 
divided by 27, 7; is the phase constant, and P;(cos@) is 
the Legendre polynomial. The relation between the 
phase constant », and the corresponding logarithmic 
derivative f; is given by’ 

m= exp(2ié:) ‘[Ui— Artisi)/(fi-— Ai— is) ], (2) 
where £; is the phase determining the potential scatter- 


ing, and A;-+is; is the logarithmic derivative of the 
outgoing wave in the entrance channel. 
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Fic. 2. Angular distribution of 3.7-Mev neutrons scattered from 
tin: ( A) apparent differential cross section using 1-in. axial 


thickness ring scatterers; (B) apparent differential cross section 
using {-in, axial thickness ring scatterers; (C) true differential 
cross section for elastic scattering obtained by a point-by-poi 

linear extrapolation of curves (A) and (B) to zero-thickness 
scatterer. Remarks concerning ordinates are the same as in Fig. 1, 


5H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (10); 
Feld, Feshbach, Goldberger, Goldstein, and Weisskop f, S. 
Atomic Energy Commission Report NYO-636, 1951 (un pied. 
*H. H. Barschall, Phys. Rev. 86, 431 (1952); Miller, Adai 
Bockelman, and Darden, Phys. Rev. 88, 83 (1952). 
vy. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 


















ANGULAR DISTRIBUTION 


We now average Eq. (1) over an energy interval that 
includes many resonance levels; 


Cac (0) = 3X? 2 DL (2/-+1) (2m+ 1)[ (1— hu) (1— fin®) 
+ ((nitm*)— Hitim*) }P1(cos8) Pm (cos), (3) 


where all quantities such as X, &, s;, and A; that only 
vary slowly with the energy are treated as constants. 
The distribution obtained from the term (1—%,) 
X(1—jm*) is called the “shape elastic” scattering and 
the distribution obtained from the term ((qmm*)w 
— fiiim*) is called the “compound elastic” scattering.” 

In order to calculate m, first it is necessary to choose 
a model that will provide a logarithmic derivative 
which includes a description of resonances. Feshbach, 
Porter, and Weisskopf introduce a simplified version of 
a nuclear reaction. The zero-order approximate problem 
is described by a Hamiltonian, 


H®=Hr+H,, (4) 


where Hr is the Hamiltonian describing the complicated 
internal motions of the target nucleus, and H, describes 
the relative motion of the neutron and the target and 
is given by 

H,= — (h?/2m)V+V(r), (5) 


where m is the reduced mass, V? is the Laplacian in the 
relative coordinate of the neutron and the target system. 
V(r) is given by 


V(r)=—Voforr<R; Oforr>R, (6) 


where R is the nuclear radius. 

The formation of the compound nucleus is described 
in the next approximation by adding an interaction 
operator H’ to give for the total Hamiltonian, 


H=Hrt+H,+H’. (7) 


For a convenient choice of the matrix elements of H’ 
in the basis determined by the eigenfunctions of Hr, 
the value of the logarithmic derivative may be found. 
It is shown then that this rather complicated expression 
for the logarithmic derivative may be approximated by 


fi=wutwz cotz;(e), (8) 
where w,; and wz are slowly varying functions of the 
energy ¢ of the neutron. The phase z;(e) is taken as 
proportional to the energy. If this expression for the 


logarithmic derivative is inserted into Eq. (2) and 
averaged over many resonances, the result is 


f= exp (2ié:) -[(wu—twa— Artis) / 
(wu- iwe:— 4i—is)) }. (9) 


TABLE I. Total cross sections. The value of {(0)dQ, subject to 
’. the reservations in the text, is the total elastic cross section. 








ewe in barns 
Ref. 4 Theory barns 


Cadmium 4.5 ~4.0 5.6 2.5 
Tin 4.6 ~4,2 , 2.5 
Bismuth 8.3 7.6 7.7 6.9 


Sa(@)dQ 
Element This exp. 
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Fic, 3. Angular distribution of 3.7-Mev neutrons scattered from 
bismuth: (A) apparent differential cross section using 1-in. axial 
thickness ring scatterers; (B) apparent differential cross section 
using j-in. axial thickness ring scatterers; (C) true differential 
cross section for elastic scattering obtained by a point-to-point 
linear extrapolation of curves (A) and (B) to zero-thickness 
scatterer. Remarks concerning the ordinates are the same as 
in Fig, 1. 


Thus the averaging results in replacing the cots; in 
Eq. (8) by —i. The expressions obtained for wy, and wz 
in the perturbation calculation are such that they may 
be approximated by the real and imaginary parts 
of the logarithmic derivative of the following non- . 
Hermitean problem in the relative coordinates of the 
neutron and the target: 


H=— (h?/2m)V°+ V(r), 


where 


V(r) = —Vo(1+it) forr<R; Oforr>R. (10) 


Thus all quantities in Eq. (3) are provided for except 
(nm*)w. To obtain this, we assume in Eq. (8) that 2(¢) 
is a linear function of the energy, 


2.= we/dit+Bi, (11) 


where d; is the average level separation. The product 
ntmm* is then averaged with respect to ¢ as in the case 
of m:. In particular the result will depend on the un- 
known parameters §;. Since we are only interested in 
statistical results, the average of nm,* with respect to « 
is again averaged with respect to §;. The result is then 


(ninm®) w= Hifim® for lm; 
=1 


Thus the average phase constant in Eq. (9) completely 
defines an angular distribution of the elastic scattering 
averaged over many resonances. The non-Hermitean 
problem defined by Eq. (10), which is used to provide 
an approximate expression for the average phase, may 
be solved by a method due to Lax and Feshbach.* We 

§ M. Lax and H. Feshbach, J. Acoust. Soc. Am. 20, 108 (1948) ; 
Morse, Lowan, Feshbach, and Lax, “Scattering and Radiation 
from Circular Cylinders and Spheres” (Reprinted by U. S. Navy 


Department e of Research and Inventions, Washington, 
D. C., 1946). 


12 
for l=m. (12) 
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* Fic. 4. Comparison of the experimental differential cross section 
for elastic scattering of 3.7-Mev neutrons from cadmium with 
the predictions of the continuum model for a nuclear radius of 
7,1 10" cm and a complex potential constant of —19(1+-0. 05i) 
Mev: (A) experimental results from Fig. 1(C) ; (B) ‘ ‘shape elastic” 

differential cross section; (C) “compound elastic” plus “sha 

elastic’”’ differential cross section using Eq. (12) to determine the 
“compound elastic” scattering. Solid triangle is o..(0) from first 
version of the continuum theory. 


have used for the potential within the nucleus, 
V =—19(1+0.05i) Mev; (13) 


and for the nuclear radius, 
R=1,45X10-%A! (cm). (14) 


These values give good agreement with the total cross- 
section measurements of Barschall.” 

In the preceding theory, it was assumed that no 
reaction products were present in the decay of the 
compound nucleus. This restriction may be removed by 
realizing that the effect of these reaction products upon 
the entrance channel can be accounted for approxi- 
mately by introducing an imaginary part to the energy. 
Thus Eq. (11) is changed to 

i= (w/di) (e+4iT-) +61, (15) 
where I’, is the reaction width.?,* When this is done, 
it will be found that Eq. (9) for the average phase 7; is 
unchanged, and that Eq. (12) for the average phase 
product (nmm*)w is unchanged for 1#m, but that for 

TABLE IT. oy is the integrated “shape elastic” cross section. 
&, is the average cross section for the formation of the compound 
nucleus. Fo is the total neutron cross section. The “compound 
elastic” cross section plus the average reaction cross section add 
up to 6. 








(barns) 





Ri 10 8 om) Ou (barns) Gtor (barns) 
eer) 1 « ‘d, Sn) 4.0 1.6 5.6 
8.6 endl 6.1 1.6 7.7 





8 ) Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 
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Fic, 5, Comparison of the experimental differential cross section 
for the elastic scattering of 3.7-Mev neutrons from tin with the 
predictions of the continuum model for a nuclear radius of 7.1 
10-3 cm and a complex potential constant of —19(1+-0.05%) 
Mev; (A) experimental results from Fig. 2(C); (B) “shape 
elastic” differential cross section; (C) “compound elastic” plus 
“shape elastic’”’ differential cross section using Eq. (12) to deter- 
mine the “compound elastic” scattering. Solid triangle is o+-(0) 
from first version of the continuum theory. 






l=m: 
(ninm*) = 1—[Lexp(2aT',/d)) —1] 
i~ mini” 
——__—_— -, (16) 
exp(2zT, (D / /d )— Fai 

Hence the preceding formulation may be used through- 
out except for this one change. Table II and Figs. 4-6 
present the chief numerical results of the above theory. 
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Fic. 6. Comparison of the experimental differential cross section 
for the elastic scattering of 3.7-Mev neutrons from bismuth with 
the predictions of the continuum model for a nuclear radius of 
8.6X 10-8 cm and a complex potential constant of —19(1+-0.057) 
Mev: (A) experimental results from Fig. 3(C); (C) “shape elastic”’ 
differential cross section; (B) “compound elastic” plus “shape 
elastic” differential cross section using Eq. (12) to determine the 
“compound elastic” scattering. Solid triangle is o,-(0) from first 
version of the continuum theory. 
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DISCUSSION 


A comparison in Figs. 4-6 of the experimental differ- 
ential cross section for the elastic scattering of 3.7-Mev 
neutrons from cadmium, tin, and, bismuth with the 
theoretical predictions of the continuum model shows 
that the main features of the experimental curves are 
reproduced by the theory. In general, the theoretical 
results give a better fit with bismuth than with cadmium 
or tin. If one were to use Eq. (16) in the determination 
of the “compound elastic” scattering, there is no choice 
of the ratio of reaction width to level separation 
r',/d,; that would make the fit much better. The 
addition of “compound elastic” scattering, however, 
does adjust the “shape elastic” scattering to a distribu- 
tion that more nearly resembles the experimental curve 
than does the “shape elastic’’ scattering alone. In par- 
ticular, this “compound elastic” scattering shifts the 
position of the first minima in the “shape elastic” 
scattering. Since different nuclei have different amounts 
of ‘compound elastic” scattering, this may account for 
the lack of a uniform shift in the position of the first 
minima in the experimental elastic scattering distribu- 
tions as one proceeds from iron to bismuth. 

Since the largest discrepancy between theory and 
experiment occurs in the differential cross section for 
forward scattering, o,,(0), it is of interest to consider 
possible adjustments of o,.(0) in the theory. The mini- 
mum theoretical value of ¢,.(0) is given by a theory 
that does not include “compound elastic” scattering 
and has the maximum possible cross section for the 
formation of the compound nucleus. These conditions 
are met in the first version of the continuum theory.® 
The values of o,.(0) from this theory agree with the 
experimental value of ¢,,(0) in the case of bismuth but 
are too high in the case of cadmium and tin. In the case 
of bismuth, however, the subsequent form of o,,(0) does 
not offer any possibility of giving a detailed fit. There- 
fore, it is not possible to obtain a useful value of o,,(0) 
that agrees with experiment by adjusting only the 
value of € in Eq. (10) and the value of I',“/d, in 
Eq. (16). It can be argued that the double average 
used to obtain (nmmn*)w in Eq. (12), strictly speaking, 
is not a necessary feature of the continuum theory and 
that one should insert some function of / for the param- 
eter 6; in Eq. (11). To get some idea of the restriction 
introduced by this average over 8), the value of nmn* 
was averaged with respect to « with the value of 8; set 
equal to zero. For bismuth the difference between this 
method and the double-average method was quite 
small. For cadmium and tin the difference was some- 
what larger but still not large enough to alter appreci- 
ably the results of the double average method. Hence, 
it is not likely that significantly better fits between 
theory and experiment would be obtained if 8; were 
known as a function of /. 

Since the theoretical value of o,.(0) can be made to 
agree with experiment by adjusting the nuclear radius, 
it is of interest to estimate the magnitude of the change 
necessary to bring about this agreement. The nuclear 
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radius used for bismuth [A= 209 in Eq. (14) ] would 
have to be lowered by about 6 percent since o,,(0) 
varies approximately as the fourth power of the radius. 
This also would move the first theoretical minima closer 
to the first experimental minima. Since this change in 
radius would lower the total cross section by approxi- 
mately 15 percent and since the total cross section is in 
fair agreement with experiment, it would be necessary 
to raise the imaginary part of the potential in Eq. (13) 
by about 15 percent in order to maintain agreement of 
the theoretical and experimental total cross section. 
Furthermore, a lowering of the nuclear radius by about 
6 percent would be in agreement with the measure- 
ments of Coon, Graves, and Barschall,'® in which they 
find for 14-Mev neutrons and for elements above barium 
that the nuclear radius as measured by (o%o./2m)! falls 
below the value predicted by R=1.5X10~"A! cm. 

In order to adjust the theory to the experimental 
value of ¢,-(0) for cadmium and tin it would be neces- 
sary to lower the nuclear radius chosen [A=115 in 
Eq. (14) ] by about 30 percent. Corresponding to this, 
it would be necessary to increase the parameter & by a 
large amount to give a sufficiently large total cross 
section if, indeed, a large change in & is capable of ad- 
justing the total cross section by a correspondingly large 
amount. This large adjustment of the nuclear radius is 
not very palatable in view of the general experimental 
agreement of the nuclear radius with the formula in 
Eq. (14) for 14-Mev neutrons and for values of A 
near 115.'° It is conceivable that the theory as it stands 
would give better agreement if it were applied to an 
ellipsoidal-shaped target nucleus. However, since only 
20-25 percent of the cadmium and tin isotopes have odd 
neutron numbers and since nuclear eccentricities in the 
region of A=115 are only about 6 percent," it is not 
likely that the use of an ellipsoidal target nucleus can 
produce the desired change. Hence, we are reduced to 
the necessity of a modification of the theory as the 
only means by which a sufficiently large adjustment 
can be accomplished. Within the general framework 
of the theory, it might be possible to choose the matrix 
elements of H’ in Eq. (7) to be a function of the relative 
coordinate r, or to let the potential in Eq. (6) be a 
function of the spins of the neutron and the target 
nucleus.” In any case, however, it would be necessary 
that these changes introduce little effect on the present 
results in the neighborhood of A = 209.§ 


” Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 

“J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 29, 776. 

2 N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 

§ Note added in proof.—Although the computations of the angu- 
lar distributions were stated to be found using R= 1.45 10~"A"4 
cm, the nuclear radius was inadvertently chosen using R= 1.50 
X10~“A"% cm. Since both of these formulas for the nuclear 
radius have been used in the arguments presented in the discus- 
sion, and since the accuracy of the data limits the comparison of 
the data with theory to within 4 percent in the nuclear radius, it 
was not considered necessary to change the computations to cor- 
respond to a nuclear radius of R= 1.45X10~"A"* cm. All of the 
arguments stated in the discussion are essentially valid despite 
the interchangable use of the two formulas for nuclear radius. 
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In summary then, it may be said that the continuum 
theory may be brought into rather detailed agreement 
with the measured angular distribution of 3.7-Mev 
neutrons scattered from bismuth. The theory in the 
case of cadmium and tin exhibits only the general 
features of the experimental results and possibly demon- 
strates a need for a revision of the theory. 
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In the theoretical part of this paper we consider the time dependence of the slowing-down process for 
certain simple cases: (1) For free nuclei at rest an approximate expression is found for the velocity distri- 


bution. (2) The existence of a bond in one direction while the motion is unhindered in other directions is 
found to have little influence on the slowing-down process. (3) The slowing-down process in a monatomic 
gas is discussed quantitatively on the assumption of a Maxwellian neutron velocity distribution. The 
experimental part of the paper reports measurements with a pulsed neutron source and a time analyzer, 
in which the variations of the neutron velocity spectrum with time were studied by transmission measure- 
ments. Measurements on water show that the neutrons approach thermal equilibrium with the moderator 
at a rate which is in agreement with the theoretical predictions. The equilibrium temperature of the neutrons 
is found to agree with the moderator temperature over a wide temperature range. At low temperatures 
evidence is found for the effect of the lattice forces on the slowing-down process. Measurements on the 
initial slowing-down process for neutrons in heavy water indicate satisfactory agreement with the theory 
for slowing down by free deuterons at rest. The various factors which determine the rate of decay of the 
neutron intensity in a moderator are discussed, and the feasibility of using measurements of the decay 
rate to determine the diffusion and absorption properties of the moderating material as well as the geo- 
metrical buckling of complicated moderating systems is considered. In an appendix tables are given for 


ODERATING materials are used for the pro- 
duction of thermal] neutrons from a fast neutron 
source, and are required to slow down neutrons to 
thermal energies in a time which is small compared to 
the lifetime of the neutrons. The slowing-down time is 
therefore of considerable practical interest. Since the 
slowing-down times are of the order of 10 or 100 usec, 
the process can be readily studied by the technique of 
the pulsed neutron source and detector developed 
mainly for neutron time-of-flight spectroscopy.' It is 
the purpose of the present article to discuss briefly a 
number of experiments performed with this method, 
and their theoretical interpretation. A more detailed 
account of the subject is given in the author’s thesis, 
published elsewhere.” 


PART I. THEORY 
A. General 


We consider the case of neutrons produced with the 
initial velocity vj, in an infinite uniform moderator 
during an infinitely short time interval. The subsequent 


1 Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65 
) 


(1947). 
2G. F. von Dardel, Trans. Roy. Inst. Technol. Stockholm 


No. 75 (1954). 


the absorption of thermal neutrons in 1/2 absorbers. 











slowing-down process is in principle uniquely defined 
by the probability g(vo,v)dv per unit path for a neutron 
to suffer a collision in which the velocity is changed 
from % to the velocity interval dv at v. The velocity 
distribution f(v,/) at the time ¢ after the production of 
neutrons is given by the space- and angle-independent 
Boltzmann equation 


8 f (v,t) vf (v,t) 
- cat f vof (vos)g (00,0) de» 


+6(vin—v)5(4), (1) 








where /(v) is the total mean free path including ab- 
sorption of the neutrons in the moderator. In the case 
when the absorption cross sections are inversely propor- 
tional to the relative neutron velocity, the velocity 
distribution at a given time is the same as for no 
absorption, since neutrons of all energies are absorbed 
at the same rate. Since we will in the following consider 
only this case, we may consider /(v) to be the mean 
free path for scattering alone. 

Except for the problem of solving the integro- 
differential equation (1) for an arbitrary slowing-down 
kernel g(vo,v), the main difficulty lies in the fact that for 
moderators of practical interest, where in general 


































INTERACTION 


account has to be taken of the chemical bonds and 
thermal excitation in the substance, the expression for 
the kernel becomes exceedingly complicated. For the 
theoretical interpretation of the present measurements, 
the actual moderating substance was therefore replaced 
by simple idealized structures for which the theory 
leads to manageable expressions for the slowing-down 
kernel. 

As long as the neutron energy is much higher than 
the thermal excitation and binding energy of the atoms 
in the substance, the problem is reduced to the rela- 
tively simple case of slowing down against free nuclei 
at rest, which will be discussed in Sec. B. As the neutron 
energy decreases, the forces which keep the nuclei 
together in molecules begin to make themselves notice- 
able, and the slowing down process will proceed more 
slowly. Fermi* has studied the case of nuclei bound by 
an isotropic oscillator potential. In this case the energy 
loss occurs in multiples of the oscillator quanta. In 
practice the quantum energies of the various degrees of 
freedom of the molecule may well differ considerably 
from each other, so that the case of an anisotropic 
binding is of some interest and will be discussed in 
Sec. C, neglecting thermal motion. 

When the neutron energy has dropped below the 
value necessary to excite the vibrational and rotational 
degrees of freedom of polyatomic molecules, the subse- 
quent slowing-down process will occur by energy 
transfer to the translational degrees of freedom of the 
molecule as a whole, if the bonds between the molecules 
can be neglected as is the case in gases and, approxi- 
mately, in liquids and solids for temperatures above the 
Debye temperature. A monatomic gas of nuclei having 
the mass of the molecules should be a good substitute 
for the actual substance. This case will be discussed in 
Sec. D. 

When the temperature of the moderator is lower 
than the Debye temperature of the substance, the 
model of a gas is no longer a good approximation. 
Kleinman‘ has derived expressions for the differential 
cross section of a Debye crystal which in principle makes 
it possible to calculate the slowing-down process. 


B. Moderator Containing Free Nuclei at Rest 


The time-dependent velocity distribution for this 
case has been studied by Marshak® and Walen.® If the 
initial energy of the neutrons is very high, their velocity 
distribution can, for dimensional reasons, be written in 


the form 
S(0,)dv= o(x)dx, (2) 


which depends only on the dimensionless parameter 
x=vt/Io. bo is the mean free path in the moderator, 
which we assume to be independent of the neutron 


+E. Fermi, Ricerca sci. 7, 13 (1936). 

4D. A. Kleinman, Phys. Rev. 90, 355 (1953). 

5 R. E. Marshak, Revs. Modern Phys. 19, 185 (1947). 

*R. Walen, “Recueil de travaux de institut de recherches sur 
la structure de la matiére,” Belgrad, July 1952 (unpublished). 
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velocity. It is shown in reference 2 that the velocity 
distribution at time ¢, g(x), is related to the time 
distribution of neutrons with the velocity », F(x), as 
introduced by Marshak,® by the relation 


g 
F(x)= rs (x), (3) 


where §=1+([+r?/(1—r*)] logr® is the average loga- 
rithmic energy loss per collision, and r is the ratio 
(M—m)/(M-+m), m and M being the masses of the 
neutron and the scattering nucleus, respectively. 

Introducing (2) and the proper kernel into (1), it is 
easy to obtain expressions for the mth positive and 
negative moments of g(x), 


air 2(1—r"*) 4 
ri | (vt-2)(1—r) 1” 
2(r?-"—1) 


(x+")= (4) 


nl 
x") = =" 
“ IT; (v—2)(1—r*) 


(5) 


As in Marshak’s® treatment, it has been attempted 
to find an approximate expression for g(x) of the form 


g(x) = Axl it 1g—2—b/ 2, (6) 


As is shown in Fig. 1, quite good agreement was 
obtained between the moments of this function and the 
required moments, Eqs. (4) and (5), with the values 
for A and b given in Table I. For nuclei of unit mass, 
Eq. (6) is the exact solution. 

The form of the function (6) for best fit in the cases 
M/m=2, 9, and 15 is shown in Fig. 2 and compared 
to curves derived from Marshak’s® article. 


C. Incompletely Bound Nuclei 


As a simple example of the incompletely bound 
nucleus, we consider the case of a nucleus which is 
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RATIO OF APPROAIMATE TO EXACT a2 TH MOMENT 


Fic. 1. Ratio of the moments of the trial function (6) to the 
, moments (4) and (5) of the time dependent neutron 
vaeaiay distribution in the case of free nuclei at rest. 
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bound to a plane by a harmonic restoring force but is 
free to move parallel to the plane. The angular fre- 
quency of the harmonic motion perpendicular to the 
plane is w. 

By integration, over the proper volume in momentum 
space and over the orientations of the plane, of the 
matrix element’ for the energy transfer nhw to the 
motion perpendicular to the plane and Afw to the 
unquantized motion parallel to the plane, we obtain 
the differential scattering cross section for the energy 
loss Ey— E= (n+A)hw 


1 1 os coté’’ 
f (Af)* 
n! 1—7? Eo cote’ 


exp(— AP) (1+F)- Mt. 


on(Eo, FE) == 


(7) 


a, is the scattering cross section of the free nucleus 
at rest. The limits of integration are given by 
sind’ = (Ahw-M/m)*/(Eo'— E'); 


(8a,b) 
sin” = (Ahw: M/m)*/(Eo!+ E'). 





The expression (7) has been calculated numerically for 
initial neutron energies up to 2.2X/w and for a number 
of masses M of the nuclei. Figure 3 shows the result 
for M=4m. 

The effect of the incomplete bond on the slowing- 
down process was studied by the Monte-Carlo process 
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APPROXIMATE VELOCITY DISTRIBUTION 
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NEUTRON VELOCITY IN UNITS OF ‘/* 


Fic. 2. Approximate neutron velocity distribution as a function 
of the parameter x=vt//) as given by Eq. (6) and as derived 
from the curves in reference 5. 


7G. Placzek, Phys. Rev. 86, 377 (1952). 
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TABLE I. Optimum parameters in the trial function (6) for best 
fit to the required moments (4) and (5). 


2.618 9 


2 15 
2/(1—r*) exact 2.00 2.25 2.50 5.5556 8.533 
approx. 2.00 2.25 2.50 5.500 8.500 
y=2V/b 0 1.9 2.8 12.0 20.5 
b 0 1.903 1.96 36.0 105.1 
A 1.000 1.528 1.929 0.681 


3.610 
and gives a rather insignificant decrease in the speed 
of the process. In consequence, we may neglect the 
effects of the bonds to a first approximation until the 


neutron energy is below the quantum energy of the 
weakest bond. 


D. The Slowing Down of Neutrons in a 
Monatomic Gas 


The differential cross section per molecule of a 
monatomic gas of temperature 7 for a collision which 
changes the neutron energy from Eo=wo’?kT to dE at 
E=«kT is given by Wigner and Wilkins,® 


o(Eo,E) = —{exp (wo?—w) Erf (bay — aw) 


(1—r?) Ey \/e 
— Erf (awo— bw) — | exp (wo? —w) Erf (bw + aw) 
-- Erf (awo+bw) |}, 
a=}[(M/m)'— (m/M)‘}; 
b=4[(M/m)!+ (m/M)*}. 


(9) 


where 


(10a,b) 


A derivation of this formula is also given in reference 2. 
It is of interest to calculate the total cross section, 





1 
o.(E) =o,——{B exp(—6*)+ (26°+1) Erfg], (11) 
B/m 


and the mean energy loss per collision, 
4kT 2kT 


(Eo— E) w= — 


o [8°+ (5/2)8 ] exp(—6*)+ (26'+-66"+ §) Erig 


B exp(—*)+ (28°+-1) Erfs 


where B= (ME o/mk7T)!. 
derived by Tait.’ 

Since the integral equation (1) cannot be solved 
explicitly for the kernel corresponding to (9), we have 
recourse to the following approximate treatment. We 
assume the neutron velocity spectrum to be Max- 
wellian at all times, characterized by a single parameter, 
the neutron temperature 7,,, which we expect to de- 


? 








Expression (11) was. first 


SE. P. Wigner and J. F. Wilkins, U. S. Atomic Energy Com- 
mission Report AECD-2275 (unpublished). 
*P. G. Tait, Trans. Roy. Soc. (Edinburgh) 33, 74 (1886). 
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DIFFERENTIAL CROSS SECTION 
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FRACTIONAL ENERGY LOSS (£-£//E, 


Fic. 3. Average differential cross section as a function of the 
fractional energy loss for an incompletely bound nucleus of mass 
M=4 m in units of the value for the free nucleus. Parameter: 
Initial neutron energy in units of the quanta hw of the bond. 
Upper curves: elastic collisions (n=0). Lower curves: collisions 
exciting the nucleus to the first excited state (n= 1). 


crease during the slowing-down process and eventually 
to approach the temperature 7 of the moderator. 

From (11) and (12) we find for the average rate of 
energy transfer from the neutrons to the moderating 
gas the equation: 


dE, 8 (2kT/m)' (M/m)3!2 


dt Vr ly (M/m-+-1)'? 


T,—T 
x[14+—— 
T (1+m/M) 


} 
| k(T,—T), (13) 


where /, is the mean free path if the nuclei were rigidly 
bound. In analogy to heat transfer problems, we define 
as the (asymptotic) heat transfer coefficient between 
the neutrons and the moderator gas 


8 (2kT/m)' (M/m)*? 


ag=-— — a 
ely (M/m+1)°8 


(14) 


Since the average neutron energy F,, for a Maxwellian 
spectrum is $k7,,, Eq. (13) is a differential equation 
for T,, with the solution 


T.-T 


T  cosh(c+ad/§k)—1 


2(1+m/M) 


(15) 


If we require the solution to describe correctly the 
fact that at zero time the neutron energy is infinite, we 
have to put the integration constant c=0. 

The result of this simplified argument will be in error 
if the true velocity distribution during the slowing-down 
process is markedly different from a Maxwellian spec- 
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trum. For neutron energies large compared to thermal 
energies the velocity distribution is approximately 
given by Eq. (6), which is definitely not Maxwellian. 
It is reasonable to assume that the shape of the velocity 
distribution becomes more and more Maxwellian as the 
neutrons approach thermal equilibrium with the gas. 
An upper limit on the errors committed in the simplified 
theory will therefore be obtained if we compare the 
time dependence of the average neutron energy as 
derived from Eq. (15) and, for free nuclei at rest, from 
Eq. (4). The result is that for energies large compared 
to kT, Eq. (15) predicts a time scale for the slowing- 
down process, which in the case of a proton gas is too 
slow by a factor of 1.3 and for very heavy nuclei too 
fast by a factor of 0.8, whereas for nuclei of mass four 
the two models agree. The best picture for the variation 
of the average neutron energy with time is probably 
obtained if we use Eq. (4) for the slowing-down process 
down to an energy where we expect the thermal motion 
to become of importance, say 5&7, and join a curve of 
the form (15) at this point by a proper choice of the 
constant of integration c. 

In order to further check the simplified theory, an 
approximate solution of the integral equation (1) with 
the kernel corresponding to the differential cross section 
(9) has been evaluated for the case M=m, by the 
Monte-Carlo method. From the result the time vari- 
ation of the mean neutron energy is calculated and 
compared with the approximate expression (15) in 
Fig. 4. This comparison confirms the expectation that 
the initial rate of energy loss predicted by Eq. (15) is 
too slow but that the subsequent approach to equi- 
librium with the moderating gas is quite accurately 
described. 
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NEUTRON EXCESS ENERGY IN UNITS OF KT 
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Fic. 4. Average excess energy over the equilibrium value 47 
of neutrons slowing down in a proton gas of temperature T as a 
function of time. Curve A: smoothed result of Monte-Carlo 
calculation. Curve B: caiculated neglecting the thermal motion 
of the protons [Eq. (4)]. Curve C: calculated on the assumption 
of a Maxwellian neutron velocity distribution [Eq. (15)]. 
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Fic. 5. Experimental arrangement. 


E. Effect of the Finite Size of the Moderator 


In a finite geometry the time dependence at position 
r of the neutron density due to a burst of neutrons at 
time ‘= 0 can be written” 


n(r,t) = Zo(r) exp( xe f Div-1/0) 


+> Z,(r) exp(—0# f Dir 1/6), (16) 


ee | 


where D(t) is the diffusion coefficient of the neutrons at 
time /, xo? and x,’ are the eigenvalues (geometrical 
buckling) corresponding to the eigenfunctions Zo(r) 
and Z,(r) for the fundamental and harmonic modes of 
the boundary problem, and @ is the mean life for 
absorption. 

The integral /Ddi is identical”to the Fermi age’ 
which during the slowing-down process increases from 
zero to the value L,’, L, being the slowing-down length. 
After the neutrons have become thermal the age 
increases linearly with time. 

If the dimensions of the geometry are of the same 
order as the slowing-down length, the harmonic modes 
will decay almost completely during the initial phase 
of the slowing-down process, and only the fundamental 
mode will subsist for the remaining process. We then 
have for the logarithmic slope of the decay curve at 
any point in the moderator 


(17) 


0 
_ —(logn (r,t) |=xo?D(t)+1/0. 
t 


For a 1/v absorber the mean life for absorption @ is a 
constant, independent of the shape of the neutron 
spectrum and thus of time. The diffusion coefficient, 
on the other hand, decreases rapidly with time during 
the slowing-down process and approaches a constant 
value when the neutrons become thermal. 

The velocity spectrum of the neutrons in a finite 


”S, Glasstone and M. C. Edlund, The Elements of Nuclear 
rrr Theory (D. Van Nostrand Company, Inc., New York, 
1952). 
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geometry is not the same as in the case of an infinite 
moderator studied in the previous sections, since the 
leakage probability per unit time depends on the 
neutron velocity, being larger for neutrons with high 
velocities. There will thus be a larger drain on the 
high-energy portion of the neutron spectrum in the 
moderator, and at a given time the average velocity of 
the neutrons remaining in the moderator will be lower 
than if the moderator were infinite. The slowing-down 
process will thus appear to be somewhat more rapid in 
a finite moderator, and in the equilibrium state the 
temperature of the neutrons will be lower than the 
temperature of the moderator. A quantitative treat- 
ment assuming that the neutrons have a Maxwellian 
velocity distribution indicates that the absolute equi- 
librium neutron temperature is lower than the temper- 
ature of the moderator by a factor of (1+ 4xo?Dk/ao)™. 
Here xo?D is the leakage probability per unit time, & is 
Boltzmann’s constant, and ap is the heat transfer 
coefficient between the neutrons and the moderator 
which in the case of a moderating monatomic gas is 
given by Eq. (14). The effect will be quite important 
if the amount of moderator is small. 


PART II. EXPERIMENT 
A. Apparatus 


The experimental arrangement is shown in Fig. 5. 
The moderator is contained in a cubical tank of about 
19-cm side, and is surrounded by a double-walled 
plywood box, the interspace between the walls being 
filled with boric acid for protection against stray 
neutrons from outside. For experiments at temperatures 
other than room temperature, the moderator can be 
surrounded by a 5-cm thick heat-insulating layer. The 
moderator is screened against neutrons diffusing in this 
layer by 0.05-cm cadmium sheets, except at one face of 
the tank where there is an empty space lined with boron 
carbide bricks. At this face is positioned a small BF; 
chamber (sensitive volume about 1 cm*) which measures 
the flux from the surface. The spectrum of the flux can 
be investigated by interposing absorbers between the 
emitting surface and the detector. A list of the boron 
absorbers used in the experiment is given in Table II. 
The value ko of a boron absorber is defined as the 
neutron velocity for which the transmission for perpen- 
dicular incidence is 1/e. In the last column is given the 
corresponding neutron temperature 7,= mko?/2k. Meas- 
urements were also made with a 0.05-cm cadmium 
absorber. The measurements were monitored with a 
monitoring chamber placed in a position where the 
flux is not influenced by the absorbers, usually in a 
central channel through the tank. 

A block diagram of the apparatus is given in Fig. 6. 

A 40-channel time-analyzer described in a separate 
publication" is used for the analysis of the time distri- 


4G. F. von Dardel, Appl. Sci. Research B3, 209 (1953). 
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bution of the pulses from the detector. The time- 
analyzer also emits a reference pulse which is trans- 
mitted to the high-voltage side of a small 150-kv 
accelerator” by a radio-frequency transmission link" 
and modulates the ion source of the accelerator. A 
burst of neutrons is produced by deuteron bombard- 
ment of a heavy ice target which is submerged in the 
moderator to be studied. 


B. Methods of Measurement and Treatment 
of Data 


A measurement with the equipment is characterized 
by the width, cyusec, of the detecting channels, the 
length, ic usec, of the pulses which modulate the ion 
source, and the repetition time, Rc usec, between pulses. 
In the following these parameters will be given in the 
convenient code (i/R)-c usec. The repetition time was 
usually 20 channel widths. The shortest channel width 
of the time analyzer is 2 usec. 

For intensity reasons it is not economical to choose 
the repetition time so long that all neutrons from the 
preceding pulse have disappeared before the next is 
applied. A certain overlap between cycles must be 
tolerated, and an overlap correction is easily obtained 
by extrapolation of the measured time distribution 
exponentially into the next cycle (see Fig. 8). 

The procedure in treating the data is to refer the 
number of counts measured with and without absorbers 
to a constant number of monitor counts, plot the time 
distribution on a semilogarithmic plot, determine and 
apply the overlap correction, and from the corrected 
values calculate the transmission curves as a function 
of time after the neutron burst. 

The transmission measurements were not sufficiently 
accurate and extensive to allow the neutron velocity 
spectrum to be determined by a direct analysis of the 
transmission curve, as indicated by Eckart." Instead 
certain assumptions were made concerning the shape of 
the spectrum, and the calculated transmission compared 
with the experimental values. 

During the first interval of time, which we define as 
the epicadmium period, the energies of most neutrons 


TaBLe II. Boron absorbers. 











ko*® cm/sec 


0.97 X 105 


Material g B/cm? 


Boron carbide 0.0110 
“Hysil” glass 0.0244 2.12 105 
“Hysil” glass 0.0248 2.16 105 
0.0354 3.09 105 
0.0492 4.28 105 











*On the basis of on =710 K10~-" cm? for a neutron velocity of 2.2 K10* 
cm/sec. 
( 2 E. Blomsjé and G. F. Von Dardel, Appl. Sci. Research B4, 1 

1954). 

8 von Dardel, Hellstrand, and Taylor, Appl. Sci. Research B3, 
35 (1953). 

4 C, Eckart, Phys. Rev. 45, 851 (1934). 
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are above the cadmium absorption limit. The velocity 
distribution should be approximately given by the 
function (6) derived for slowing down against free 
nuclei at rest, since the chemical bonds and the thermal 
motion can be neglected. During the subsequent 
jransition period to thermal equilibrium, the shape of 
the velocity distribution is assumed to be Maxwellian, 
this being the basis for the theory discussed in Part I, 
Sec. D. In both cases the angular distribution of the 
neutrons emitted from a surface element is assumed to 
be proportional to (cosi?4-v3 cos*?) as predicted by 
Fermi.’ With this law the angular distribution of the 
neutron flux at the detector would be proportional to 
(1+-3 cos?) if the emitting surface were infinite and 
the flux density uniform. Under the conditions of the 
experiment some deviations from this angular distri- 
bution are expected for neutrons arriving at very 
oblique angles, which originate near the edge of the 
surface of the moderator where the neutron flux is 
lower. These deviations, which will at most result in an 
increase of the transmission by 6 percent, will, however, 
be neglected in the treatment. 

In order to facilitate the interpretation of the trans- 
mission values, tables aie given in the appendix for the 
transmission through 1/» absorbers of monoenergetic 
and Maxwellian neutrons. In the case of the Max- 
wellian spectrum the transmission is given in terms of 
the parameter x= (7,/7,,)4, where 7, is the character- 
istic temperature of the absorber as defined above and 
T, the neutron temperature. Using these tables, one 
can interpret a transmission measurement in terms of 
an effective neutron temperature. For the interpretation 
of the transmission data through the cadmium absorber, 
the complicated true energy dependence of the cad- 
mium-absorption cross section was approximated with 
a constant cross section of 2300 barns below a certain 
cutoff velocity and a zero cross section above this 
velocity. In interpreting data for the epicadmium period 
the cutoff velocity chosen is 9.7 10° cm/sec, for which 
the transmission is 50 percent. In the transition period, 
where the transmission is low, a lower value 7.5 10° 
cm/sec is used. The measured cadmium transmission , 
values can also be transformed to effective neutron 
temperatures. 
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A serious difficulty for the interpretation of the 
experimental! results is the distortion of the velocity 
spectrum during the time of flight of the neutrons from 
the emitting surface to the detector. In order to mini- 
mize these effects, the volume of the detector was made 
as small as intensity requirements would allow and 
positioned as close to the emitting surface as possible. 
The center of the detector is about 1 cm from the 
moderator surface, and even over this small distance an 
appreciable time-of-flight distortion of the spectrum 
will occur during those time intervals when the emitted 
spectrum is changing rapidly. The effect is serious 
chiefly for hydrogenous substances. The flux from a 
light water moderator measured with the detector at 
various distances from the surface, the parameters 
being (1/20)11 ywsec in our notation, is given in 
Fig. 7, which shows that time-of-flight effects are 
appreciable only during the first 10-20 usec of the 
slowing-down process. If the velocity spectrum is known 
it is possible to calculate the expected time-of-flight 
delay of the various parts of the spectrum, and the 
apparent transmission. The velocity distribution of 
neutrons emitted by a hydrogenous moderator has pre- 
viously been studied by Rainwater and Havens!’ by 
the time-of-flight method. Whereas this method gives 
the average distribution over the whole neutron life- 
time, the present measurements allow the changes in 
the velocity distribution during the lifetime to be 
studied. 

C. Measurements on Light Water 


Due to the high proton scattering cross section and 
the large energy loss per collision, the slowing-down 
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Fic. 7. Neutron flux from light water moderator at room 
temperature with the detector 0.5, 1.0, and 1.6 cm from the 
moderator surface. 


6 J, J. Rainwater and W. W. Havens, Jr., Phys. Rev. 70, 136 
(1946). 
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Fic. 8. Neutron flux from ordinary water with 20 g/liter boric acid 


process in light water will be very rapid, and it is 
necessary to use the highest available resolution. 

In Fig. 8 are reported the results of 2 usec channel- 
width measurements of the neutron flux from the tank 
filled with water at room temperature, and in Fig. 9 the 
corresponding transmission curves. In order to avoid 
excessive overlap between periods, about 20 grams of 
boric acid per liter were dissolved in the water so that 
the period of the exponer.tial decay was decreased from 
about 70 usec to 23 usec. Measurements could then be 
repeated with 40 usec intervals. 

When the neutron energy is high and absorption 
negligible, the transmission is near unity for all curves. 
During the slowing down process the transmission 
decreases with neutron energy, and finally approaches 
a constant value when the neutrons have become 
thermal. 

For the initial, epicadmium, part of the process the 
experimental curves of Fig. 9 for the cadmium absorber 
and the boron absorber B2 should be compared with 
the theoretical curves I and III, respectively, which are 
calculated for the velocity distribution given by Eq. (6). 
The agreement is not very good, mainly due to the 
time-of-flight distortion of the spectrum. In curves II 
and IV this effect has been taken into account, and we 
obtain satisfactory agreement with the initial part of 
the experimental curves. 

During the transition period to thermal equilibrium 
the neutron energy is too low to excite the vibrations 
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Fic. 9. Transmission of neutrons slowing down in ordinary 
water with 20 g/liter boric acid. Full curves: experimental 
transmission through the boron absorbers of Table IT and through 
0.438 g/cm? cadmium. Broken curves: Calculated transmission 
through cadmium and through absorber B2, neglecting time-of- 
flight distortion (I and IIT) and taking time of flight into account 
(II and IV). 


within the water molecule at 0.45, 0.46, and 0.20 ev'® 
and the water molecules may therefore be regarded as 
rigid structures. The neutron will soon also lose ability 
to excite the hindered rotations of the water molecules 
with quantum energies of about 0.10 ev,'? and the 
main energy transfer is then to the Debye waves in 
which the water molecules move as rigid units. Since, 
on the other hand, at room temperature the temperature 
of the liquid is not small compared to the Debye 
temperature, which is about 300°K,'’ we may expect 
the model of a monatomic gas of nuclei having the 
weight of the water molecules to be a fair approxima- 
tion. As described in Sec. B, the transmission data of 
Fig. 9 for the various absorbers were transformed, by 
means of Table VIII, to the effective neutron tempera- 
ture values shown in Fig. 10. Except for the thinnest 
1/v absorber B1, the neutron temperature values ob- 
tained from measurements with different absorbers are 
scattered around a single curve, which indicates that 
the neutron velocity distribution is indeed Maxwellian 
within the admittedly large experimental uncertainty 
limits. The time dependence of the experimentally 
determined temperature variations has the same char- 
acter as the predicted theoretical curve for a monatomic 
gas of nuclei of mass 18. The discrepancy is adequately 
accounted for by the effect of the experimental resolu- 


6G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1947). 

17N. Bjerrum, Kgl. Danske Videnskab Selskab, Mat.-fys. 
Medd. 27, 1 (1951). 
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tion, time-of-flight effects, and the fact that for water 
molecules Eq. (15) predicts an initial slowing-down 
process which is too fast. 

The failure of the data for the thin absorber B1 to 
conform to the rest of the data would indicate that the 
true spectrum coniains less slow neutrons than a 
Maxwellian distribution. As is shown by other measure- 
ments, this abnormal behavior of the thin absorber 
data persists even after the neutrons have become 
thermal. Since thermal neutrons should certainly have 
a Maxwellian distribution, we attribute the anomaly to 
some systematic errors in the method to which the thin 
absorber data would be particularly sensitive, such as 
departures from the angular distribution (1+ 3 cos#) 
and errors in the composition of the absorber. 

A number of measurements were also made on the 
effect of temperature on the slowing-down process. 
Figure 11 shows the transmission through the 1/v 
absorber B2 of the neutron flux from an ice moderator 
kept at 98°K and 273°K and from water heated to 
354°K. We expect the temperature of the moderator 
not to influence the initial slowing-down process appre- 
ciably when the energy of the neutrons is large com- 
pared to thermal energies. The curves for 98°K and 
273°K coincide indeed during the initial part, and the 
failure of that for 354°K to do so can be attributed to 
an observed erratic behavior of the monitoring chamber 
at this temperature. We correct for this monitoring 
error by shifting the curve so that the initial part 
coincides with the 98°K and 273°K curve (broken 
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Fic. 10. Effective neutron temperature. Broken curves: theo- 
retical (Eq. (15)]. Full curve drawn through points, calculated 
from the transmission measurements of Fig. 9. 








1280 G. F. VON 
curve C’). The curves A, B, and C’ should be compared 
with the theoretical curves D, E, and F, calculated from 
Eq. (15). For the higher temperatures the resolution is 
not high enough to resolve the approach to the asymp- 
totic value, but the data are consistent with the conclu- 
sion from Fig. 9, that the slowing-down process at room 
temperature proceeds as if the moderator were a mona- 
tomic gas of nuclei of mass 18. The experimental results 
for 98°K, however, indicate an approach which is 
substantially slower than what would be predicted for 
a monatomic gas. This is a strong indication that the 
model of a monatomic gas is a poor approximation to 
actual conditions for temperatures which are low 
compared to the Debye temperature. 

The asymptotic transnission values approached after 
the conclusion of the slowing-down process are in close 
agreement with the values expected for thermal neu- 
trons in temperature equilibrium with the moderator, 
and having the angular distribution (1+V3 cosd). A 
special investigation was made of the variation of the 
asymptotic transmission with the moderator tempera- 
ture over the entire temperature range from 98°K to 
354°K. The results are reproduced in Fig. 12 and com- 
pared with the curve expected for thermal neutrons in 
temperature equilibrium with the moderator. The 
agreement is essentially within the experimental errors. 

Manley, Haworth, and Luebke'* calculated the mean 
life for absorption @ from decay measurements. In the 
small geometries, used in the present measurements 
only the fundamental mode of the neutron distribution 
will be present, since the harmonics decay during the 
slowing down process. The logarithmic decay rate is 
then related to the geometrical buckling of the geom- 
etry, the diffusion coefficient, and the mean life for 
absorption by Eq. (17), so that if two of these are known 
the third can be determined. Since the mean life for ab- 
sorption is given by the accurately known absorp- 
tion cross section and (at least for simple geometries) the 
geometrical buckling can be calculated from the dimen- 





| BORON ABSORBER B2 
H20; 


| RESOLUTION |(//20)41 PSEC 
J. ———+— 


T 
——t MEASURED 
~=+ THEORY 





NEUTRON 
TEMPERATURE 


22 psec’ 





wb 
2? 
= 





a) 
°o 
* 





ss 
& 3 
a > 

















150 
TIME IN SEC 
Fic. 11 Transmission through absorber B2, Table II, of neu- 
trons slowing down in ice of 98°K and 273°K, and in water of 
354°K. Curve C’ is the 354° K measurement corrected for a sus- 
pete normalization error. Curves D, E, and F are calculated by 
reo ll 15 


1 Manley, Manley, Haworth, and Luebke, Phys. Rev. 61, 152 (1941). 
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sions of the moderator and an approximate knowledge 
of the extrapolation distance, the method is probably 
best suited for the determination of the diffusion 
coefficient which is not easily determined directly by 
other methods. The experimental conditions of the 
present measurements were, however, not chosen with 
this application in mind, and neither the mean life for 
absorption nor the geometrical bucking of the moder- 
ating system is readily calculated. Only qualitative 
conclusions can therefore be drawn from the decay-rate 
data. The measured asymptotic decay rate due to 
leakage and absorption of neutrons increases markedly 
with moderator temperature in the range from 98°K to 
354°K. Since the mean life for absorption is independent 
of the temperature of the neutrons and depends only 
slightly on the temperature of the moderator, the 
leakage term H,’D in Eq. (17) must be responsible for 
this increase. An attempt was made to estimate the 
magnitude of the diffusion coefficient at room tempera- 
ture from the measured decay rate, using rough esti- 
mates of the mean life for absorption and geometrical 
buckling of the moderating geometries. The value ob- 
tained was larger by almost a factor of two than the 
value derived from the diffusion length’® and the mean 
life for absorption,” but in view of the uncertainty of 
the estimates this discrepancy may not be significant. 
Note added in proof—In later more accurate measurements 


good agreement was found with the expected value for the diffu- 
sion correction. 


D. Measurements on Heavy Water at Room 
Temperature 


Measurements were made on a quantity of 6.2 liters 
of heavy water, 99.7 percent pure, in a cubical alumi- 
num vessel with a central cavity. In this small volume 
only a small fraction of the neutrons will reach low 

” E. Fermi, Atomic Energy Commission Report AECD-2664 
(unpublished). 

( 989). F. von Dardel and A. W. Waltner, Phys. Rev. 91, 1284 
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energies in the heavy water and the intensity of the 
neutron flux will be much lower than in the case of the 
light-water measurements. In Fig. 13 is shown the 
result of measurements on the decay of the neutron flux 
from the heavy-water moderator, measured with the 
highest available resolution (channel-width 2 ysec). 
There is a gap in the curve for times 25-65 usec, since 
for greater reliability the 40 channels of the time 
analyzer were arranged to duplicate 20 time intervals 
in the most interesting part of the cycle, leaving 20 time 
intervals unmeasured. It is, however, possible to inter- 
polate the curve in this gap quite accurately, using the 
fact obtained in another measurement that the con- 
tinued decay of the neutron intensity is exponential 
with a period of 84 usec. A smooth curve through the 
experimental points is corrected for overlap, whose 
determination is shown in Fig. 13, and the slope of the 
corrected curve is plotted in Fig. 14. The theoretical 
curve is calculated from Eq. (17), using for the diffusion 
coefficient values calculated from the mean free path 
and average neutron velocity, obtained from the theory 
for slowing down by free nuclei at rest. The two curves 
agree surprisingly well over the initial part of the 
slowing-down process, where the theory for free nuclei 
at rest is expected to describe the process well. In the 
subsequent process the experimental curve approaches 
a value due to absorption and leakage of thermal 
neutrons, whereas the theoretical decay constant goes 
towards a very small value due to absorption alone. 
An attempt was made to determine the diffusion 
coefficient for thermal neutrons in heavy water by a 
measurement of the asymptotic decay rate. The cavity 
in the container was filled with heavy water in order to 
make the moderating geometry more regular, and the 
target was positioned outside the container, so as not 
to influence the decay of the neutron distribution in 
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Fic. 13. Neutron flux from heavy water. 
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Fic. 14. Theoretical and experimental decay rate of the flux 
from the heavy water moderator. 


the heavy water. The measured decay rate, 10 300+ 150 
sec', corrected for an estimated absorption rate of 90 
sec~', and combined with the geometrical buckling, 
calculated for the volume of the heavy water extended 
by the extrapolation length of Auger, Munn, and 
Pontecorvo,” yields for the diffusion coefficient of 
thermal neutrons in 99.7 percent heavy water the value 
1.52- 10° cm?/sec. If we combine this value with Auger’s 
et al.*! value for the transport mean free path we find a 
mean neutron velocity of about 2000 m/sec, corre- 
sponding to a neutron temperature about 100°K below 
room temperature. This estimate is rather uncertain 
since the transport mean free path is energy dependent 
and the value which relates the diffusion coefficient to 
the mean neutron velocity may not be the same as the 
value which results from the measurements of Auger 
et al. The theoretical arguments of Sec. E, Part I, 
predict that the equilibrium neutron temperature 
should be about 50°K below the moderator temperature 
which at least is of the same order of magnitude as the 
rough experimental value. 

It is also possible to measure the neutron temperature 
by transmission measurements with boron absorbers, 
as for light water. The result of such measurements 
while not inconsistent with the above results, were 
inconclusive due to the presence under the experimental 
conditions of these measurements of a strong back- 
ground, which made the interpretation uncertain. 

The result of other transmission measurements with 
cadmium are given in Fig. 15. The solid curve is 
theoretical, calculated from the velocity distribution 
Eq. (6) for the slowing down against free deuterons at 
rest and with the schematic energy dependence of the 
cadmium absorption cross section discussed in Part II, 
Sec. B. The experimental points have to be corrected 
for the effect of resolution, time-of-flight delay, and for 
the effect of the oxygen atoms. These corrections are 
small and compensate each other. The agreement be- 
tween experiment and theory is essentially within the 
statistical accuracy of the experimental points, indi- 
cating that the neutron spectrum above 0.4 ev and its 
time dependence are not appreciably influenced by the 
thermal motion and chemical bonds. 


( owe Munn, and Pontecorvo, Can. J. Research A25, 143 
1 ’ 
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Fic. 15. Transmission through cadmium as a function of time 
for neutrons slowing down in heavy water. Experimental points 
normalized to unity for first point. Theoretical curve derived for 
free deuterons at rest. 


CONCLUSION 


The pulsed neutron source technique used in the 
present investigation seems to be capable of giving 
interesting information concerning the slowing-down 
process for neutrons in a moderator. The present 
investigation has mainly been concerned with a rapid 
survey of the possibilities and limitations of this tech- 
nique and the accuracy of the experimental results can 
undoubtedly be improved upon considerably. With a 
maximum resolution of 2 usec, the slowing-down process 
from initial energies to the cadmium absorption limit 
will not be very well resolved, at least not for hydrog- 
enous materials, and the results will further be invali- 
dated by time-of-flight distortion of the spectrum. For 
improved measurements designed to study this phase 
of the slowing-down process, the time scale for the 
process can be increased by dilution of the moderating 
substance with a nonmoderating substance and the 
time-of-flight effects reduced by the use of a thin 
neutron detector, e.g., of the type described by Al- 
burger.” It would, however, appear that more refined 
measurements in the energy range above the cadmium 
absorption limit have little of interest to offer for the 
understanding of the slowing-down process since in this 
energy range, where the thermal motion and chemical 
bonds have little effect, the theory is fairly complete. 
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Below the cadmium absorption limit, on the contrary, 
the complications introduced by the chemical bonds 
and the thermal motion make a satisfactory theoretical 
treatment exceedingly difficult, and an experimental 
study of the slowing-down process in this range by the 
present method is of considerable interest. A comparison 
of the slowing-down processes in different hydrogenous 
substances, as for example the various types of hydro- 
carbons, may contribute to the understanding of the 
effect of the chemical bond. Other substances of interest 
would be crystalline materials of well-defined structure, 
e.g., beryllium, for which Kleinman‘ has calculated the 
necessary data to predict theoretically the slowing-down 
process and approach to thermal equilibrium. 

A sufficiently long time after the neutron burst, the 
neutron spectrum has reached a well-defined equi- 
librium state which can be studied by transmission 
measurements. The temperature of these neutrons will 
depend somewhat on the size of the moderator, but for 
reasonably large amounts of material the neutron 
temperature is very close to the moderator temperature 
and the neutrons are thus thermal neutrons in the true 
sense of the word. 

The diffusion coefficient of these thermal neutrons in 
the moderator can be determined from the decay rate 
of the neutron intensity as shown in this investigation, 
and thermal neutron absorption cross sections can be 
determined for strong absorbers either by transmission 
measurements in bad geometry, or by mixing the 
absorber intimately with the moderator and measuring 
the increase in decay rate. 

The author wishes to thank Dr. G. Placzek for 
stimulating advice and Dr. S. Eklund for active 
support. 

APPENDIX 


The transmission of neutrons with the angular 
distribution (1+3 cos’) through an absorber with the 
absorption cross section 2 cm? per cm? area is given by 
the formula 
T (2) =([1— (2v3—3)z Je* 

—Fi(—2)[— (4—2v3)E+ (2v3—3)E?], (18) 


where Ei(—.x) is the logarithmic integral. The expres- 
sion (18) is tabulated in Table II. 


Tasce IIT. Transmission of monoenergetic neutrons having an angular distribution proportional to (1+-v3 cos) as a function of the 
macroscopic cross section 2 cm?/cm? of the absorber. 


z 0 1 2 3 4 


0.0 1.0000 0.9640 0.9358 0.9106 0.8875 

0. 1.0000 0.7736 0.6344 0.5299 0.4475 
0.1814 0,1577 0.1375 0.1200 0.1049 
0.0481 0.0424 0.0374 0.0330 0.0291 
0.0140 0.0124 0.6110 0.00977 0.00867 
0.00427 0.00381 0.00336 0.00302 0.00269 
0.00135 0.00120 0.00108 0.00096 0.00086 


5 6 7 


0.8659 0.8456 0.8263 
0.3807 0.3258 0.2800 
0.0918 0.0805 0.0707 
0.0257 0.0228 0.0201 
0.00770 0.00684 0.00608 
0.00239 0.00214 0.00190 
0.00076 0.00068 0.00061 


0.8080 
0.2416 
0.0621 
0.0178 
0.00540 
0.00169 
0.00055 


2D. E. Alburger, Rev. Sci. Instr. 23, 769 (1952). 








INTERACTION OF NEUTRONS 


TABLE IV. Transmission of thermal neutrons through a 1/v absorber. Case I: Detector of constant efficiency. 


Isotropic angular distribution. The values for 


x >3.3 were determined by extrapolation. 








1 2 3 


0.7395 0.6476 
0.2399 0.2176 
0.0968 0.0890 
0.0435 0.0400 

0.0192 


0.0206 


0.8527 
0.2649 
0.1054 
0.0469 
0.0222 


5 6 7 8 


0.5064 0.4509 0.4031 0.3615 
0.1800 0.1641 0.1499 0.1370 
0.0754 0.0695 0.0641 0.0592 
0.0343 0.0318 0.0297 0.0277 
0.0167 0.0156 0.0145 








TABLE V. Transmission of thermal neutrons through a 1/v absorber. Case II: 1/v detector. Perpendicular incidence. 


0 1 2 3 4 


1.0000 0.8959 0.8063 0.7281 0.6596 
0.3802 0.3488 0.3204 0.2946 0.2711 
0.1682 0.1558 0.1444 0.1340 0.1243 
0.0804 0.0751 0.0603 


0.0697 0.0651 
0.0403 0.0375 0.0352 0.0330 0.0310 








The values for x > 4.0 were determined by extrapolation. 





6 7 


0.4969 

0.2128 

0.0985 
0.0529 0.0491 
0.0272 0.0256 


0.5450 
0.2304 
0.1073 


0.4151 
0.1817 
0.0862 
0.0431 
0.0225 





TABLE VI. Transmission of thermal neutrons through a 1/v absorber. Case III: Detector of constant efficiency. 
Perpendicular incidence. The values for x > 3.9 were determined by extrapolation. 


4 
0.7114 
0.3290 
0.1633 
0.0849 
0.0455 


1.0000 
0.4432 
0.2146 
0.1097 
0.0585 





5 6 7 8 


0.6557 0.6051 0.5591 0.5168 
0.3058 0.2847 0.2650 0.2469 
0.1527 0.1428 0.1336 0.1251 
0.0796 0.0747 0.0700 0.0656 
0.0429 0.0403 0.0380 0.0357 


TABLE VII. Transmission of thermal neutrons through a 1/v absorber. Case IV: Detector of constant efficiency. 
Angular distribution (1+3 cos’). The values for x > 3.9 were determined by extrapolation. 





4 


0.6724 0.5974 
0.2370 0.2159 
0.0991 0.0914 
0.0569 0.0490 0.0455 0.0420 
0.0275 0.0240 0.0223 0.0209 


~ 1.0000 
0.3160 
0.1269 


0.2604 
0.1076 





5 6 8 


0.5299 0.4775 0.3866 
0.1972 0.1802 0.1511 
0.0843 0.0778 0.0665 
0.0393 0.0364 0.0315 
0.0195 0.0183 0.0159 





0.3491 
0.1386 
0.0615 
0.0294 
0.0149 








TABLE VIII. Transmission of thermal neutrons through a 1/» absorber. Case V: 1/v detector. Angular distribution: (1+-v3 cosé). 





s 6 7 8 9 





0.7652 
0.1807 
0.0639 
0.0261 
0.0117 


0.2292 
0.0774 


0.2595 
0.0856 
0.0338 
0.0148 
0.0069 


0.3886 0.3376 0.2952 
0.1163 0.1048 0.0946 
0.0441 0.0403 0.0369 
0.0188 0.0173 0.0160 
0.0086 0.0074 





The transmission of thermal neutrons through a 1/v 
absorber is a function of the dimensionless quantity 
x= (T,/T,)', where 7, is the characteristic temperature 
of the absorber as defined in Part II, Sec. B, and 7, is 
the neutron temperature. The problem has been studied 
by Zahn™ who has given an expansion of the trans- 
mission in terms of x, which is useful up to x=1, and 
by Laporte* who has given an asymptotic expansion 
valid for large values of x. In order to fill the gap 

%C.T. Zahn, Phys. Rev. 52, 67 (1937). 

% (©. Laporte, Phys. Rev. 52, 72 (1937). 


between these two expressions, the author has extended 
the use of Zahn’s power series, which converges for all 
values of x, to about x=4 by including more terms and 
recalculating the coefficients with higher accuracy. 
Laporte’s results are then used for extrapolating to 
larger values of x. The results of the calculations for the 
5 cases discussed by Zahn are given in Tables IV-VIII. 
For the highest values of x the results may be in error 
by a few units in the last decimal. 
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First-Forbidden Matrix Elements in 3 Decay* 


R. W. Kino, National Research Council, Washington, D. C. 
AND 


D. C. PEAsLeE, Columbia University, New York, New York 
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An assumed form for the linear combination in 8 decay (S—T+ApP), is used as a tool to explore the 
features of nuclear structure revealed by first-forbidden matrix elements. The assumptions made are suffi- 
cient to account for the observed fact that most first-forbidden transitions have logft values centering 
around 6.5, 7.5, and 8.5, according as AJ =0, 1, or 2. The squared matrix elements are reduced by an order 
of magnitude (i) when configuration mixing occurs, as in the usual, “unfavored” transitions, in contrast 
to the “favored” transitions around A = 208; (ii) when the single-particle spin change Aj predicted by the 
shell model exceeds the nuclear spin change AJ. From (i) and (ii) it is concluded that the elementary form 
of the shell model specifies individual particle orbitals with good accuracy but that configuration mixing 
is also of major importance, although it is not encompassed by the simple shell model. The 2~—>2* transi- 
tions can be classified under (ii); their apparently straight spectra should average on the order of 10 percent 
a type. The only consistent interpretation of the RaE decay is as a 1~—>0* transition; it is possible to pre- 
dict that this kind of spectrum is unlikely to occur at any other mass number A. Evidence for the presence 
of the pseudoscalar interaction P in the linear combination is then provided by the low ft values of AJ=0 


transitions. 


1, INTRODUCTION AND SUMMARY 


F the linear combination of interactions in 8 decay 

is known, we can use it as a tool in surveying ob- 
served ft values to obtain information about the nu- 
clear matrix elements. The present study analyzes 
first-forbidden transitions in this way. The linear com- 
bination (S—7+ApP) is assumed for this purpose. 
Included in the formulation are parameters to allow 
for the effect of pseudoscalar-coupled nuclear forces. 

The nuclear matrix elements with correct statistical 
factors are most readily computed for single-particle 
transitions in the j;—j shell model. Failure of the ex- 
treme one-particle model is represented by introducing 
a factor of reduction in the matrix element to account 
for configuration mixing. For “favored”’ first-forbidden 
transitions near the closed shells at A = 208, the squared 
nuclear matrix elements are an order of magnitude 
larger than for the “unfavored” transitions throughout 
the rest of the periodic table. For comparable un- 
favored transitions the reduction factors are the same 
for even-A and odd-A nuclei. 

The distinction between “favored” and “unfavored”’ 
transitions is, as in the allowed case, qualitative and 
empirical. It signifies a difference of degree rather than 
of kind. The favored transitions are those with excep- 
tionally low ft values or hence good overlap of the 
nuclear wave functions; presumably this implies little 
mixing of configurations. For the unfavored transitions 
the configuration mixing is considerable; nevertheless, 
the individual orbitals in the configuration are specified 
with about 90 percent accuracy by the shell model. 
This conclusion results from the analysis of 2-—>2+ 
transitions. 


* Work partly supported by the research program of the U. S. 
Atomic Energy Commission. 


These conclusions about 6-decay matrix elements 
illustrate both the virtues and limitations of the simple 
shell model. On the one hand, the shell model specifica- 
tion of individual orbitals is accurate to a high degree; 
on the other hand, an important role is played by the 
mixing of configurations, about which the elementary 
shell model has nothing to say. 

A survey of the unfavored transitions shows that the 
logft values group around 6.5, 7.5, and 8.5 for AJ=0, 
1 and 2, respectively (the ft value is corrected for the 
unique spectrum shape when AJ = 2). This difference is 
ascribed to several factors: the AJ=0,1 transitions 
contain factors of (aZ/2R)*, which make them faster 
than the AJ=2 transitions. The difference between 
Al=0 and A/=1 arises from partial cancellation of 
these large factors for AJ=1, and the presence of a 
substantial contribution from the pseudoscalar terms 
for AJ=0. Both of these effects require the presence of 
pseudoscalar-coupled forces in the nucleus, and the 
Al=0 enhancement implies the presence of P in the 
linear combination. The various nuclear parameters 
obtained in this way have values consistent with those 
obtained from analysis of second forbidden spectral 
shapes. 

The 2-—+2+ transitions to the first excited states of 
even-even nuclei are surveyed as a special class. Corre- 
lation is found between the matrix element for this 
transition and that of the corresponding 2-—0* ground- 
state transition in a given nucleus. Although these are 
A/=0 transitions, their average log/t value is around 
7.5, suggesting that the shell model specification of 
individual orbitals is 90 percent valid. These 2-—>2+ 
spectra should contain an average of about 10 percent 
a-type spectrum and might show deviations from al- 
lowed shape under careful observation. 

The “favored” first-forbidden transitions show a 
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quite uniform value of the radial matrix element 
(squared) about 10 times larger than the average of 
the unfavored transitions. The information obtained 
about matrix elements can be summarized as follows, 
with AJ the spin change of the whole nucleus, Aj the 
single-particle change indicated by the shell model: 


(i) for any region in the periodic table the matrix 
elements for transitions with AJ=Aj are the 
same order of magnitude for AJ =0, 1, 2; 

(ii) the matrix elements (squared) for AJ <Aj are 

an order of magnitude smaller than those with 

Al = Aj in this same region; 

the matrix elements (squared) are an order of 

magnitude smaller for “unfavored” than for 

“favored” transitions. 


(iii) 


The only interpretation of the RaE spectrum con- 
sistent with this analysis requires the ground-state 
spin of RaE to be J=1~-. The peculiar shape then 
appears to result from a confluence of favorable condi- 
tions not likely to be repeated for any other value of A. 

This interpretation of RaE would remove the direct 
evidence for the pseudoscalar interaction P in the 
linear combination in 8 decay. Statistically sounder 
indirect evidence for P is provided, however, by the low 
ft values for AJ =0 transitions. 


2. FIRST-FORBIDDEN ft FORMULAS 


First-forbidden 8 transitions involve a change of 
nuclear parity and A/=0, 1, 2; The A/=2 transitions 
have a unique (a-type) shape and have markedly 
larger ft values than the other first forbidden transi- 
tions. The A/=0, 1 transitions jall have allowed shapes 
with perhaps a few exceptions like RaE. An allowed 
shape for AJ=0, 1 (yes) indicates the dominance of a 
few selected terms'? in the spectrum shape formula. 
By retaining only these dominant terms, we can write a 
simple expression for the ft; values of first-forbidden 
transitions. This approximation should be as valid for 
fitting the absolute ft, values as for fitting the ap- 
parently allowed shapes; and since we compare only 
log ft values, any errors in the approximation should be 
of no consequence. Taking the linear combination for 
B- decay to be (S—T+ApP),? we have: 


(fh) "=o Bul? win+(‘ 


2 
fos a]. (1) 


The nuclear matrix elements B;,, fr, /o-r have the 
usual definitions; they involve a change of nuclear 


aZ 
[(A— Ay’)t+ Ai P+ 4 


( 1H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
1952). 
2D. C. Peaslee, Phys. Rev. 91, 1447 (1953). 
3E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
). 


(1941 
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parity and the removal of a total angular momentum 
J=2, 1, and 0, respectively, by the light particles. The 
quantity | B,;|?(/i/f) is considerably smaller than the 
other terms in Eq. (1); we therefore neglect it except 
when it is the only nonvanishing term (A/=2, yes). 
The factor (f:/f) accounts for the unique spectrum: 
shape associated with By;. 

The factors (aZ/2R)* in Eq. (1) are characteristic of 
the dominant terms (in low-Z approximation) that 
cause the first-forbidden transitions to have allowed 
shapes. The remaining factors arise from expressing 
certain nuclear matrix elements in terms of others with 
identical selection rules: e.g., {Ba and /eXr in 
terms of fr, and /Bys in terms of fo-r. They there- 
fore depend on the linear combination of interactions 
responsible for 8 decay. Using the notation and results 
of reference 2 and Appendix I below, we have: 


A= x/B, 

4,=Aé6,—1, 
=Aé,’—1, 

Ao=ApAdo—1. 


It is expected‘ that A= 1—2 with some fluctuation from 
one nucleus to the next. The 6 are factors to account for 
the influence of pseudoscalar-coupled nuclear forces on 
the nuclear matrix elements. These quantities are 
difficult to estimate, and we cannot even be sure that 
they are the same for both matrix elements; hence the 
distinction of 6; and 49. The meager empirical evidence 
from second-forbidden spectrum shapes suggests Aé~1 
to 2. The quantity ¢ in Eq. (1) is defined as ¢= (1/h) 
<[(e-L),;—(@-L),;}. The choice of (S—T+ApP) for 
mirror-image transitions leads to a decay constant of 
log (Ao!) = 3.7. 

It is not possible to say anything about the ratios 
of nuclear matrix elements with different selection rules 
(By, rt, fe-r) without having recourse to a specific 
nuclear model. We shall attempt to use the j—j 
coupling shell model with some modification for the 
many-particle character of the wave function in me- 
dium and heavy nuclei. For the extreme odd-A model 
of a single particle outside a spinless core, the angular 
and statistical factors of the nuclear matrix elements 
are evaluated explicitly in Appendix IT. For the more 
general case we regard the initial and final nucleus wave 
functions as linear combinations of products of single- 
particle 7—j orbitals: 


v=> a(l’ ire, 

Vr=> a(F’ fre”. 
Here ¢‘”, gy” refer to the nucleon making the transi- 
tion; even though the 8-decay operator involves a sum 


over all nucleons in the nucleus, O=>_,0,, the matrix 
element of O can always be written as a sum of matrix 


(2) 


(3) 


*T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952); D. L. 
Pursey, Phil. Mag. 42, 1193 (1951). 
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elements like that generated by Eq. (3). In Eq. (3) the 
“core” wave functions are also expansible as sums of 
products : 
W=>, A(is,°+ ins) ei +++ glia; 
vr=> a(fi,° . fn de l)- ° - gf), 


This means that in general, with random phasing of the 
coefficients, 


(3a) 


f ver <1, (4) 


even though the spins F’ and J’ are identical. For the 
case of a constant core spin J’ the matrix element M;p 
of an operator is related to the single-particle matrix 
element by :* 


| Mre(J)|?= (2F+1) (2i+1) 
xKW2(ifIF; JJ’)|Mis(J)|2, (5) 


where J is the total angular momentum of the electron- 
neutrino field, and the coefficient W represents® a sum 
over Clebsch-Gordan coefficients. 

By arguments of this sort we can write the matrix 
element in the most general form: 


\Mrp(J)|2=|aMi(J)+a'Myy(J)+-+-|% (6) 


The coefficients a contain sums over many coefficients : 
with assumed random phasing, conditions like Eq. (4) 
obtain, so that we may generally expect |a|*<1. This 
corresponds to “unfavored” transitions. In order to 
make Eq. (6) tractable, we assume the j7—j shell model 
to be sufficiently good so that only one term is domi- 
nant on the right-hand side. The assignments of i and 
f in this dominant Mj, are just those indicated by the 
shell model. This procedure receives some justification 
from the analysis in Sec. 4; it is not identical with 
assuming a single-particle model, since |a|? can account 
for a number of equivalent particles in i and f orbits.’ 

In addition to “unfavored” first-forbidden transitions, 
there fortunately exist a few “favored” ones. Over a 
limited region near A= 208, where both neutrons and 
protons form closed shells of opposite parity, we may 
expect one-particle wave functions to be a good ap- 
proximation, so that |a|* approaches unity. Indeed, 
some log /t values around 5.0 to 5.5 appear in this region 
for what must be parity change transitions. These /t 
values are at least an order of magnitude smaller than 
the usual /¢ for first-forbidden transitions,* presumably 
reflecting exceptionally large | a|* values. 


3. “UNFAVORED” TRANSITIONS 


Except in the region of closed shells, the mixture of 
configurations in Eq. (6) is expected to be considerable, 


5H. Brysk, Phys. Rev. 90, 365 (1953). 

*G. Racah, Phys. Rev. 62, 438 (1942). 

7A more extensive discussion of this model is given by A. de- 
Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). These 
authors have independently observed the existence of “favored” 
first-forbidden transitions. 

* King, Dismuke, and Way, Oak Ridge National Laboratory 
Report ORNL-1450, 1952 (unpublished). 
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with corresponding |a|*<«1. These are the “unfavored” 
first-forbidden transitions. Because of the presumed 
high complexity of the wave functions involved, we 
cannot hope to compute accurate, detailed values of 
the coefficients. We therefore make a simple statistical 
survey to determine average matrix elements for these 
unfavored cases. 

The survey comprises only transitions with A < 200, 
in order to exclude the “favored” cases. Only cases 
where the decay scheme and the shell model permit 
fairly definite assignments have been included.® For 
Al=0 and 1 this effectively limits the sample to odd-A 
nuclei; for AJ=2, the unique shape and exceptionally 
large first-forbidden ft are identifying features, so that 
both even- and odd-A transitions are included. Table I 
gives the mean values of log ft for AJ=0, 1 (yes) transi- 
tions, and the mean values of log/,t for the AJ=2 (yes) 
cases, where /; takes into account the special shape of 
these spectra. The errors given are the standard devia- 
tions of the mean vaiues, computed by the usual sta- 
tistical procedure; the figures in parentheses are the 
total number of transitions involved in each group. 
These transitions are catalogued in Table IT. 

Table I shows the remarkable feature®!® that the 
AI=0, 1, and 2 transitions fall into well-defined groups 
with matrix elements separated by an order of mag- 
nitude. 

We apply the values in Table I to extract informa- 
tion about the radial matrix elements. For this purpose 
write Eq. (1) in the form: 


(fs)! =do($aZ)*{ (f/f) (1/B)*S2| Je|? 
+FS,|Js|0(A—Ay t+ Ac P+F|Jo|2Ac}. (7) 


Here B=(aZ/2R) is the Coulomb barrier height in 
Mev, and F is a correction to allew for the finite charge 
distribution in the nucleus," which has an appreciable 
effect for heavy elements. The quantity F is roughly 
the reduction factor in the 8-spectrum coefficient? Mo, 
or the square of the reduction factor in the coefficient 
No. The value computed for Z=83 is F~}, with 
F—1 as Z—0. The quantity |J|?=|a|?| fr/R|? is a 
radial matrix element. The factor {r/R is supposed 
to represent the average one-particle integral, while 


TaBLeE I. First-forbidden log/t values (unfavored). 





Al =0 SI =1 Al =2 





7.540.3 
(13) 


8.4+0.4 
(19) 

8.50.5 
(17) 


6.5+0.4 
(12) 
Even A soe 


Odd A 








*A certain exceptional class of even-A, Al =0 transitions is excluded 
here and discussed separately in Sec. 4. 


*R. W. King, thesis, Washington University, 1952 (unpub- 
lished). 

” R. King and E. Feenberg, Phys. Rev. 87, 218 (1952). 

1M. E. Rose and D. K. Holms, Oak Ridge National Laborator 
Report ORNL-1022 (unpublished) and Phys. Rev. 83, 190 (1951). 
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|a|* accounts for the many-particle character of the 
wave function. 

The statistical factors S for one-particle transitions 
are given in Appendix II; their average values are: 


At e1 
G+I)G+I+2) 
 Q'+1) 
* 2j+'+1) 


1 
—_—— Aj=0. 


S=—— ; 
(27) (2j+2) 

The dispersions of the S about their mean values will 

be small in comparison with the dispersions in Table I 


and are therefore neglected. 
For the cases included in Table I, a survey shows that: 


(logF (aZ/2)*)4= —1.540.2, Al=0; 
=—1.6+0.2, Al=1; (9) 
(log (aZ/2B)*),= —3.6+0.1, Al=2, 


S= 4, Aj=2; 


Aj=1; (8) 


wi 
te 


where the errors are again the statistical standard devia- 
tions. The values for AJ = 2 are to this precision identical 
for even and for odd A. 

The quantity ¢ in (7) is +(2j+1) for a 4j=0 transi- 
tion. For a A4j=1 transition, the one-particle values of 


tis +1, although this may be modified by contributions 
from other configurations. The list of Aj=1 transitions 
shows no significant difference between ‘=+1 and 
t= —1 cases; but the sample is small and consists pre- 
dominantly of = —1 transitions. 

Combining the values of Table I with (8)-(9), we 
obtain: 


log{ | J1|*L(A— Ay’) +41 P/ (2)) (27+-2)+ | Jo|*Ac?} 
=—1340.5, Aj=Al=0; 

log{ | Ji|?L(A—Ay’)t+A1 P} 

=—1.940.5, Aj=Al=1; 

=—18+40.5, Aj=Al=2. 


(10) 


log{ | J2|*} 
If we assume the average |J|? to be all the same, (10) 
is consistent with: 
| J|?=0.02, 
Aw=1~A;'=|Ajl, 
Ac’ = 3. 


(11) 


These are only crude averages, possibly subject to 
appreciable fluctuations. 

We conclude from this survey that A~1 for these 
mixed configurations, as predicted by a statistical 
model.‘ Both correction factors A appear to be positive 
and of average order 1, which is consistent with the 
second-forbidden transitions.? The difference between 
log ft values for AJ=0 and A/=1 transitions, although 
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not outside statistical error, is interpreted as a real 
effect. It arises from the substantial contribution of the 
A terms, the statistical factor of 4 in S;, and the 
tendency for A and A,’ to cancel. The tendency to can- 
cellation suggests that AJ=1 transitions are more 
likely to show deviations from the allowed shape than 
Al =0 transitions. It also explains why no difference 
is found between ‘=+1 and ‘=—1 for AJ=Aj=1 
transitions. 


4. THE 2~-2+ TRANSITIONS 


The even-A, A/=2 transitions of Table I are gener- 
ally to the ground states of even-even nuclei, coming 
from a 2~ ground state of an odd-odd nucleus. Since 
the first excited state of practically all these even-even 
nuclei is 2+, a number of these decay schemes also show 
a 2-—»2+ branch to the first excited state. These could 
have been included as even-A, AJ=0 transitions in 
Table I; but they appear to be exceptional and are 
therefore better discussed separately. 

Thirteen cases of this type listed in Table ITI give the 
average result: 


log ft’ =7.55+0.47. (12) 


This is an order of magnitude larger than the usual ft 
value for AJ=0, but is still an order of magnitude 
smaller than that for AJ=2. We may therefore neglect 
the AJ=2 matrix elements to a first approximation 
and write: 


logl | Ji’ |*Sil (A— Ar’)t+4y P+ | Jo! |*Ao?) 


=—2.2+0.4. (13) 


It is not very clear what the value of the first term in 
(13) should be for this case; but taking both terms to 
be about the same order of magnitude, we have: 


|Jy']?, | Jo’ |? 10-*. 


The |J’|? values in (14) are an order of magnitude 
smaller than the unfavored |J|* in (11). For all these 
cases, however, the orbitals indicated for the transition 
by the shell model have A4j=+2. Hence if the shell 
model were strictly valid, we should have |J,'|? 
= | Jo’|?=0. The order-of-magnitude reduction in | J,’|? 
and |Jo’|? from their normal “unfavored” values sug- 
gests that the (squared) deviations from the shell 
model orbitals amount to about 10 percent. In spite of 
this, the Jo’, J;’ matrix elements account for about 90 
percent of the 8-transition rate, so that the spectrum 
shape appears to a high degree allowed. Some of these 
transitions may by fluctuation have an especially large 
ratio of | J2’|? to | Jo’|* and | J;’|*, in which case devia- 
tions of the spectrum from an allowed shape could be 
observed. A possibility of this type is As”*. 

It is of interest to consider the correlation of the 
matrix elements |J|? and |J’|? for the respective 
transitions to the ground and first excited states of a 
given even-even nucleus. Define x=log/t’, y=log/it, 


(14) 
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z=log(ft’'/f,t); then, for the thirteen cases considered : 


#=7.55+0.47, 
(15) 
z= —0.9640.33. 


The figures given are the average and the standard 
deviation ¢, found by summing the quantities x and 
(x— 2)’, etc., over the distribution of thirteen cases in 
the usual statistical fashion. Defining the correlation 
coefficient p of x and y by 


of=07+0/7—2pcny, (16) 


we have, from (15): 


p=0.75. (17) 
This apparent high degree of correlation between | J |? 
and |J’|? for transitions to a given final nucleus leads 


us to write: 


la’|?=|a|?/b|*, |b|*=0.1. (18) 
Here, | a|* is a reduction factor for configuration mixing 
when the individual orbitals in the transition are those 
allowed by the shell model, and |6|? is an additional 
reduction factor when the orbitals involved are not in 
accord with the shell model. The value (17) suggests 
that to a zero approximation |a|* and |b|? can be 
treated as independent. The value of ||? in (18) sug- 
gests that the shell model specification of orbitals is 
about 90 percent valid. We therefore expect condition 
(18) to hold whenever the single-particle spin change 
Aj exceeds the total nuclear spin change A/. 


5. “FAVORED” FIRST-FORBIDDEN TRANSITIONS 


For the “favored” transitions around A = 208 we try 
to extract an estimate of |/|* for comparison with the 
unfavored cases. The spin and parity assignments used 
for even-A decay schemes in this region are discussed 
in Appendix IV. No a-type spectra are considered, so 
the term in |J,!|* will be dropped from (7). We use the 
results of section three that the AJ=Aj=0 transitions 
have the lowest ft, values by an order of magnitude as 
a means of assigning quantum numbers in some 
transitions. 

(i) O-++0* transitions. These include Pb*—Bi?!* 
(RaD), Pb*’—Bi?"*, and Tl®*—Pb™®. The log ft; values 
range from 5.2 to 5.4. Equation (7) becomes 

(fts)“'=Ao(}aZ)*F | Jo|*Ac?. (19) 
Substituting numerical values, we get 
| Jo? | =0.6/Ac?=0.2, (20) 


using Ao’= 3, as indicated by (11). 
(ii) Aj=A/=0, not O—0. These include Hg™—>T], 
TI’"—>Pb*’, Pb®™—Bi™, with log/ft; values ranging 
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from 5.2 to 5.5. In Eq. (19) we make the replacement 


| Jo|*Ac*—[ | Ji |? (A—A1’)t-+44}?/ 
(27) (27+2)+ | Jo|?Ac? ]~ | Jo|*Ac’, 
so that these cases again lead to the result (20). 
(iii) O+—+1-—0+. The shape and large ft value of 
the RaE decay indicate cancellation of the first order 
terms included in Eq. (1). If we interpret RaE as a 
0-—0* transition, this implies Ao?~0, in considerable 
contrast to (11) and (19)-(21). On the other hand, if 
RaE is 1-—0+, cancellation means that 


(A—Aj’)t+4,~0, 
Az A)'—A,/t=Ay, 


(21) 


(22) 


since here /=—10. This is in complete accord with 
(11). The ft; value will be reduced from that in (19) 
by a factor of order (2/;+1)Ao?(aZ/2R)?= 10°. The cor- 
responding log /t,~ 8, as observed. 

The O+-—1-—0+ ground-state decay scheme of 
Pb?” B?"—Po*”, with log ft values of 6.8 and 7.2 for 
the successive decays should and does exhibit some- 
what similar behavior to the RaE transition. That is, 
the large f/ values in the region of favored first-forbidden 
transitions speak for the tendency of (22) to hold. The 
fact that the ff values are somewhat reduced from that 
of RaE indicates that the cancellation is not perfect. 
This may arise from a moderate configuration admix- 
ture of A4j=A/=1 or a very modest variation in A 
and/or 6. Equation (22) represents a very delicate 
balance, and the Pb””—>Bi*” transitions can be fit with 
minor fluctuations in any of the three nuclear pa- 
rameters ¢, A, or 6. Thus, A=212 fits well into the 
general scheme; the larger ft for the Bi? decay is con- 
sistent with the extra statistical factor of 1/(27,;+-1). 

From (20) it appears that the difference between 
“favored” and “unfavored” transitions is about one 
order of magnitude in |J|*. It does not seem particu- 
larly surprising that | /|*<1 even for the most favored 
transitions. There may be some configuration mixing 
even here (the magnetic moments show bad deviations 
from the Schmidt limits in this region), and the overlap 
of one-particle radial functions associated with orbits 
of different parity should not be perfect. 


6. RARITY OF RaE-TYPE SHAPES 


Further, if indirect evidence in favor of the 1-—0+ 
assignment for RaE is provided by the observed scarcity 
of such spectra. If RaE were 0-0", it would be diffi- 
cult to construct an explicit argument to show why 
none of the other known 0~<>0* transitions display a 
similar tendency to cancellation. For a 1-—>0* assign- 
ment, however, we can immediately see why such per- 
fect cancellation is unlikely to be found in any other 
first-forbidden transition (except perhaps the identical 
ground-state transition of RaD). The conditions for 
cancellation are that ¢ be large and that the Ay? term be 
absent ; these conditions are satisfied only if: (a) Aj=0, 
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Al=1; (b) j is large; and (c) the configuration admix- 
ture is small. If the requirement (c) is not satisfied, a 
moderate admixture of Aj = AJ = 1 transition may occur, 
producing a straight-line spectrum. The only region 
where all these conditions (24) can be satisfied is for A 
slightly larger than 208; i.e., at A= 210. 

The assignment of 1~ as the ground state of RaE is 
bolstered slightly by the observations on its a decay.” 
If the transition is predominantly to the ground state 
of Tl*, the Q value for a decay would be Q.=5.06 
Mev. The observed partial half-life is most consistent 
with the energy-lifetime relationships for the Bi 
emitters” if Q. is about 0.2-0.3 less than this value. 
This suggests that the a decay proceeds to an excited 
state in Tl”®, although no direct observation has been 
made. If RaE had /=0~ in its ground state, the transi- 
tion to the /=0~ ground state of TI* could proceed 
with s-wave a particles; but if 7=1~ for RaE, spin and 
parity cannot be conserved in an a-particle transition 
to a O state in Tl**. The a decay must then proceed 
to an excited state, as seems to be the case. 

The arguments against /=1~ for the ground state of 
RaE are not conclusive." 


7. THE LINEAR COMBINATION 


The assignment of /=1~ to RaE would remove what 
has been the sole evidence for the presence of the pseudo- 
scalar interaction P in the linear combination. Further- 
more, if first-order effects due to the P term can be 
observed, this implies strong corrections to the matrix 
element Sys because of pseudoscalar-coupled forces in 
the nucleus.'® For the sake of both the P term and the 
pseudoscalar force corrections, it is desirable to find 
other evidence for P to replace that of RaE. 

Indirect evidence of this sort is provided by the ob- 
servation that the A/J=0, yes, transitions have low /t 
values, which in turn must be ascribed to a large value 
of Ao. The most straightforward interpretation of this 
large Ao’ is in terms of Bys with pseudoscalar force cor- 
rections, as assumed above. This evidence for P has 
the advantage of being a statistic based on some 25 
cases, whereas the RaE interpretation place excessive 
weight on a single instance. Unfortunately, the evidence 
drawn from A,’ does not provide any information about 
the algebraic sign of Ap, although its magnitude appears 
to be of order unity. 

The authors wish to thank Dr. K. Way for helpful 
discussions of the experimental data. 


APPENDIX I 


The matrix element estimate (35) of reference 2 is 
revised here. The need for revision can be seen from the 


%E. Broda and N. Feather, Proc. Roy. Soc. (London) 190, 
20 (1947). 

8 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 

4 R. W. King and D. C. Peaslee, Phys. Rev. 74, 795 (1954). 

1M. Ruderman, Phys. Rev. 89, 1227 (1953). 
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following example: for a one-particle transition with 
Aj=0, the matrix element | fr|? is reduced from its 
value for Aj=1 by a statistical factor of order 
1/[_j(2j7+2)], which is much less than unity for moder- 
ate j. On the other hand, | /@Xr|? is about the same 
for A4j=0 as for Aj=1, because = +(2j+1) in first 
case, /=-t1 in the second. Thus the matrix element 
| fr|? is peculiar in suffering a substantial reduction 
for 4j=0 transitions. 

This effect is special to | fr|? and presumably does 
not occur for | fSa|*. In fact, the nonrelativistic 
approximation to fa without pseudoscalar force 
corrections is just proportional to f/oXr. The correc- 
tion term for pseudoscalar coupling of nuclear forces 
should also be more or less constant, independent of 
whether 4j=0 or 1. The approximations leading to 
(35) of reference 2 yielded a pseudoscalar correction 
term proportional only to fr. The discussion above 
makes it seem likely that the pseudoscalar correction 
should include a term proportional to fe X r. 

Such a term is not hard to find. If in reference 2 we 
omit the symmetrizing step in Eq. (31) and repeat the 
argument leading to (32) we obtain: 


be [o’- p’, of - FR, FU] 
kj 
= > [p’-v'+i(o’Xp’)-w'R,!, U*), (1.1) 
k#i 


whence 


(OBa:0R,)~ —i[t/n+6(1—t/n)] f QR», (1.2) 


with 6=p(myM/y*)f, (2.4B). Equation (1.2) differs from 
(35) of reference 2 by addition of the term —dét/n 
inside the brackets, which arises from the presence of a 
So Xr term in the pseudoscalar correction. 

The use of (I.2) instead of (35) makes no change in 
the conclusions of reference 2, except for a slight im- 
provement in consistency. Only Eqs. (49) and (51) of 
reference 2 have to be changed, becoming: 


a= —x[4t+5(1—4/) J, 


6=1-—2 Ci 
6=1-—-1.55 I-—Cs 


(49’) 
(51’) 


The apparent range of variations of 6 is thus reduced. 

In order not to relay too heavily upon the rather 
heuristic procedures used to obtain (1.2), we use for 
application in the text above the general phenomeno- 
logical form: 


(OBa-0R,)~ —i[t/n+6—6't/n] f OR, (1.3) 


where 6 and 6’ are not necessarily equal. The survey of 
experimental data resulting in (11) is in fact consistent 
with 6=d’, 
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APPENDIX II'* 
1. The Matrix Element | fo-r|? 
2 


2 2 
for = fi fend , 
| | | 
where o,=o-r/r. Here fr is a radial integral only, 


and | {dw|* involves all angular integrals and spin 
summations. Now, since a, is a pseudoscalar, 


ovi=VYir, 
where /’=2j—1; that is, the operator ¢, applied to any 
initial (angular) state can lead only to a single final 
(angular) state. We may therefore apply sum rules: 
(off = (ar)ighor) si => (o,)islor)si 
=(¢,*),,= 1. 


(1.1) 
(1.2) 


(11.3) 


Equation (11.3) holds for a fixed value of m,, the pro- 
jection of the initial spin, but includes a summation 
over all my. The average of (II.3) over all m; is 
(2j:+1) "35 m0=1. Therefore, 


for 


2. The Matrix Element | /r|? 


(11.4) 


9 


2 
=f m! iin “) iis fae 
m,m'M 


2 
? if (2j’41) (2041) (2/-+1) 
« V2(111' ; 000) W2(Ul’ 77’; 14); 


the coefficients V and W are defined in reference 6 and 
have been tabulated.'? Evaluation for l/—/=Al=+1 
yields: 


(21+-1) (214-1) V2 (111 ; 000) =1,, (11.6) © 


where /,, is the larger of /,/’. And with j’—j=Aj=0, 


+1, we have: 
{2 1 
Pisces 
| 27(2j+2) 


St- 
? 2j’+1 


4 ") 
| 27+ j'+1) 


0; 


Aj=+1. 





16 An extensive study has been made of these statistical factors: 
M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1326 (1954). 

7 L. C. Biedenharn, Oak Ridge National Laboratory Report 
ORNL.-1098, 1952 (unpublished). 
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3. The Matrix Element | B,,|? 


2 


Ef vem"*VM (oer , 


(2) +1) mm’ M 
=Cj? > V(j2j’;mM—*m’), 


mm’ M 


an 2 
=Cjz", 


>| Bal?= 


(IL.8) 


where Y,”(o,r) is a polarized solid harmonic.'* Since 
these harmonics transform like second-rank tensors, it is 
possible to separate out the m dependence by writing: 


f Wy™*V My m= (2741)'CyyV (j2j’; mM —m'). (IL9) 


We are interested only in the transition Aj= 7j’— j=+2, 
Al=1l'’—l/=+1 and can evaluate C;,;’ by considering a 
special case. Let Aj= —2, and take: 


= C5i(27+1)'V (927’; 7-2-7), 
=Cj;, 


: 8a ‘ Ps 
- frfar(=) Y 1 (¢,—ioy)Q/dw, 


. (39) of refer- 


(11.10) 


where the last relation follows from Eq 
2j’+1 


ence 18. In this case: 
) xp Yr” 
2N-+1 


1 } 
-( f ) xe Ve (11.11) 
2’+1 


The x are spin functions, so that (IT.10) becomes: 


8a! /2j’+1\! 
65) Gi) Joven 
3 2I'+1 
2j’+1\! 
a(—- ) [ (20+ 1) (2/+-1) }4 
241 
x V (IU ; 000) V (I1’; 1-1), 


Ga) (esp) 

2 “ 

2I’+-1 2l5+1 

This result is made to apply generally to Aj=+2 by 


recognizing the factor 2/’+1 as 2/<+1=2/,—1. Sub- 
stituting 1, =4(j+ 7’+1), we have: 
27+) G+s'+1) 
>| Bul?=4——- ——_—__—— 
G+ i) i+s'+2) 


«D. L. Falkoff and G. E. Uhlenbeck, Phys. Rev. 79 


j= xi Vi, 2 = ( 


Civ = 


(11.12) 


{2 
fr ,Aj=+2. (11.13) 


, 323 (1950). 
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TABLE II. The 8 transitions used for the surveys in Secs. 3 
and 4. While some of the assignments may prove to be in error, 
the groups as a whole should lend themselves to legitimate sta- 
tistical interpretation. m indicates a metastable state, the end 
point energy is given in Mev, and the sign of the 8 emission pre- 
cedes the end-point energy. Except where indicated, the classifi 
cation and values quoted are from references 8 and 9. 

Note added in proof.—The assignment of Ta'** now appears 
questionable, and Pr' should be deleted. Three other A/=+1 
transitions would be added, however (Sm, Hf"*!, and Os'™), 
with no significant change in the analysis. 


1, Odd A, Al =0 (yes). 


Energy log fot Parent log fot 


Int™ = =9-27 6.20 
—1.25 621 





Parent 
Agit r, 
Ag'3 P 9: Dy!#5 
Agts ’ Er'® —0.33 6.09 
Cd's . AS Tm!” —0.10 6.36 
In's™ 5 . Ta!® —1.7 6.26 
In'!™ ; . Au —0.25 6.16 


Energy 


. Odd A, SI = +1 (yes). 


Parent Energy log fot Parent Energy 


Ge” — 2.20 7.55 Pri —3.2 
Br*’ — 8.0 7.30 Pm —0.229 
Kr* — 3.63 7.31 Lu!” —0.475 
Ag"! —0.70 7.76 Lu” — 0.366 
Cet —0.581 7.72 wis? — 1.318 
Ces — 1.37 7.72 Au™ —0.46 
Pri# —0.932 7.61 


3. Odd A, AI = +2 (yes). 
Energy log fit Parent 





Energy 


—0.035 
—0.80 
— 1.42 
— 2.37 


Parent 


ad —4.3 7.68 Pda? 
ce — 2.96 7.86 Agi! 
A® 8.74 Sn 
A“ ; 8.72 Sn? 
Kr* : 8.24 Sb! —0.62 
Sr® : 8.33 ys —0.810 
Sr” é 8.24 ad —1.5 
¥y* ‘ 8.51 Ce —0.52 
Zr 5 8.93 Et — 1.49 
Te 65 7.84 


. Even A, Al = +2 (yes). 
Parent logfit Parent 


N's —10.5 8.23 Rb* 
Cr —4.81 Ak Sr® 
K® —3.58 a y” 
As” +3.38 ; Sb!” 
As™ +1.53 ¢ y'™ 
As” — 1.36 bd [26 
As’6 —2.98 i Pri 
Rb* +1.629 ; T™ 
Rb* — 1.760 





Energy 


—5.13 
—0.535 
—2.18 
—2.01 
+2.20 
— 1.24 
—2.15 
— 0.783 





5. Even A, (2—-)-+(2+) excited state transitions. (Each of the transi- 
tions listed here has a higher energy branch listed in the even A, Al =2 
(yes) table that goes to the 0+ ground state.) 


Energy log fot 


—0.670 = =7.53 
— 3.29 7.10 
— 1.45 7.66 
—0.73 ; 
+1.50 

—0.85 

—0.64 


Parent Energy log fot Parent 


Cr —2.77 \ Rb* 
ke — 2.05 AS Rb*® 
As” +2.50 
As™ +0.92 
As —0.69 
As’® —2.41 
Rb* +0.822 





8.63> 








*C. L. McGinnis (private comevnieation), 
> This value is based on the assumption K/8* ~2. 


APPENDIX III 


Figures 1, 2, and 3 illustrate the even-A decay schemes 
in the region A~208 and contain the proposed new 


210 
g2Pdi28 
22” o* 210 
0.018 839127 
log ft * 5.4 


Liv 
tog t,t + 8.0 


or 

206 
e224 

Fic. 1. Decay schemes and level assignments for 
A= 206 and A= 210. 


212 
Pdi 30 ee 
a . a 


0.331 —0.355 (63 %) 
log ft =5.2—5.4 
0.569—0,589 (12%) 
log (9 + 6.8 


2.25 (66 %) 
log f,t 7.2 


1.792 (~50%) 
log f,t~5.6 


Fic. 3. Decay schemes 
and level assignments for 
A=208. 
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spin and parity assignments in this region of “favored” 
first forbidden transitions. 


A=206 (Fig. 1) 


Logft=5.2 for Tl is indicative of AJ=0 or 1. 7=0 
(as opposed to J=1) is assigned to TI” in order to 
account for the absence of the 0.80-Mev y in the decay. 
Odd parity is assigned from the shell model, which 
offers (s;p,) as the most likely configuration. 


A=212 (Fig. 2) 


The spin of Bi*” is established from a-y correlation," 
and the shell model predicts odd parity for this state. 
The 0.239-Mev y is an M1 transition and the only 
assignment consistent with this and the B~ decay of 
Pb?” is 0 for the 0.239-Mev level. 


A=210 (Fig. 1) 


Log/t=5.4 for the Pb 8 decay appears to classify 
it with the Tl”* decay and the lower-energy 8~ of Pb??, 


~ J, Horton and R. Sherr, Phys. Rev. 90, 388 (1953). 
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both of which are 0-0, parity change transitions. 
Section 5 of the text argues for the 1~ assignment for 
the 5-day Bi* state, and the M1 character of the 47- 
kev ¥ is in complete accord. 


A=208 (Fig. 3) 


The decay of Tl”* and the recently determined” ex- 
cited states of Pb** appear to offer another example of 
a “favored” first-forbidden transition. An (sj,29/2) con- 
figuration is quite plausible for Tl*. This offers a 4+ 
or 5+ assignment. Because of the absence of a #- 
transition to the 3~ excited state, the 5+ assignment is 
preferred. Thus, another AJ=0 (yes) transition in the 
A= 208 range appears to yield an anomalously low ft 
value. This is completely consistent with the rest of 
the region if the 5~ state is formed by exciting the 82nd 
proton from an s; orbit to an 49,2 orbit, thus making 
the single particle transition g9/2—h9/2, as is found else- 
where in this region. 


” Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 
(1954). 
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Alpha-Emitting Isomer : Polonium-211 


Frep Nort Sptess* 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received November 9, 1953) 


The half-life of AcC’ (Po*") has been measured for the first time, and is 0.52 second rather than the 
1/200 seconds widely quoted in the literature. Three short-lived alpha emitters resulting from alpha- 
particle bombardment of lead have been studied. They have been identified as Bi?" (74=2.16 min) and 
two states of Po** (74=25 sec and 0.52 sec) by means of chemical separations, excitation functions, half- 
life measurements, and measurements of the energies of the emitted alpha particles. The energy measure- 
ments show that the 0.52-second state is an excited state of Po*', with an excitatioa energy of about 0.3 Mev. 
A group of alpha particles having about 9-Mev energy was observed but not identified. 


I. INTRODUCTION 


HE existence of the isotope Po*' as an alpha- 

emitting beta-decay daughter of actinium C was 
first reported by Marsden and Perkins! in 1914. In the 
same article the much quoted half-life of 1/200 second 
was assigned to this activity on the basis of a rough 
range measurement and the application of the Geiger- 
Nuttall law. This estimated value has persisted in the 
literature’ in spite of the fact that until this time no 
measurements of it have been made. Attempts to 
measure the range of these particles were made by 
Varder and Marsden in 1914, by Bates and Rogers in 
1924, and finally a very careful measurement was made 
~ * Now at the University of California Marine Physical Labora- 
tory of the Scripps Institution of Oceanography, San Diego, 
California, 

1. Marsden and P. B. Perkins, Phil. Mag. 27, 690 (1914). 


* Nuclear Data, National Bureau of Standards Circular No. 499 
(U. S. Government Printing Office, Washington, D. C., 1950). 





by Rutherford, Wynn-Williams, and Lewis’ in 1931. 
They obtained a mean range of 6.506 cm. This value 
was corrected by Holloway and Livingston‘ to a value 
of 6.555 cm. 

In 1940 Corson, MacKenzie, and Segré® found this 
same actinium C’ as the K-capture daughter of At?", 
The identification was made by observation of polonium 
x-rays having the same half-life as the At" (7.5 hours), 
and by the presence of an alpha group having 6.55 
cm range, in agreement with the measurements made 
by Lord Rutherford et al.’ 

The work reported here utilized Po*' as it occurs 
following At” decay as well as that produced directly 
from cyclotron bombardment of lead and bismuth. As a 


§ Rutherford, Wynn-Williams, and Lewis, Proc. Roy. Soc. 
(London) A133, 351 (1931). s 

‘*M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 18 
(1938). 

5 Corson, MacKenzie, and Segrt, Phys. Rev. 58, 672 (1940). 
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Fic. 1. Actinium C’ decay. 


result of these investigations the half-life of the 6.55-cm 
alphas was determined directly as 0.52 second. In addi- 
tion, it was found that when the AcC’ was formed from 
bombardment of lead or bismuth targets a second group 
of alphas appeared. These alphas had somewhat lower 
energy and a half-life of 25 seconds. Further work 
showed that this latter decay takes place from the 
ground state of Po”. It thus appears that, although the 
0.52-second state is the only one observed following the 
K-capture decay of At", it is nevertheless an excited 
state which decays almost entirely by direct alpha 
emission. 

This work falls naturally into several parts: first, 
the measurement of the half-life of AcC’ as it occurs 
following K-capture decay in At*!; second, the study 
of the production of the short-lived alpha groups by 
bombardment of lead and bismuth; third, the measure- 
ment of the energies of the observed alpha particles; 
and fourth, the chemical separation experiments used 
in identifying the longer-lived products of bombard- 
ment. 


Il. ACTINIUM C’ HALF-LIFE 


In facing the problem of measuring the half-life of 
AcC’ as it occurs in the At*' decay scheme two very 
different modes of approach presented themselves. If the 
half-life were actually about 1/200 second as quoted in 
the literature based on the Geiger-Nuttall law, then 
one should measure delayed coincidences between the 
Po" x-rays (following K-capture in At™) and the 
ensuing alpha emissicns. However, experiments re- 
ported below had indicated the possibility that the 
half-life was of the order of 0.5 second or more, in which 
case some chemical separation method might be 
applicable. A method for making such a separation 
was devised based on the observation by Ghiorso® that 
while polonium will stick to platinum at dull red heat, 
astatine evaporates off quite easily. 

One part of the experimental apparatus was a thin 
platinum strip (1.2 and 0.7 mils were both used) about 
one centimeter wide and five centimeters long. It was 
connected through a switch to a transformer in order 
that it could be brought rapidly to a dull red heat by 
the passage of a large current pulse. The strip was 


6 A. Ghiorso (private communication). 


mounted on a sliding holder in order that it could be 
positioned rapidly over the thin window of a methane 
flow proportional counter. The counter window was 
covered with three one-quarter mil sheets of aluminum 
which, combined with the air path and the window 
thickness, was sufficient to cut out the 5.9-Mev alphas 
from the At*"' decay. The counter output was amplified 
and fed to a scale of 64, from which output pulses were 
fed to a Brush recorder. 

The At®" was made by bombarding a thick bismuth 
target with 28-Mev alphas from the 60-inch cyclotron. 
The bismuth was then heated in a vacuum and the 
evaporating astatine was caught in a liquid air trap. 
The astatine in the trap was dissolved in nitric acid. 
For each run a few drops of this solution were put on 
the platinum filament and allowed to evaporate to 
dryness. The amount of astatine used was such as to 
give an initial counting rate of 20 000 to 40 000 counts 
per minute through the absorber. 

The procedure was to position the strip away from 
the counter, pass a single pulse of current through it to 
drive off the astatine and then slide it over the counter 
window in order to observe the decaying Po” activity 
which would be recorded on the tape of the Brush 
recorder. Two runs were made in inverse fashion by 
performing the evaporation over the counter window, 
catching the astatine on a thin silver foil placed over 
the counter window, and then removing the polonium 
laden filament in order to watch the activity grow into 
the astatine again with the appropriate half-life. 

The Brush recorder data were analyzed’ and the 
resulting half-life was determined to be 0.52 second. 
A section of the Brush recorder tape for a typical run 
is shown in Fig. 1. 

When the isomerism of the 25-second activity with 
the 0.52-second activity became apparent, additional 
runs were made in order to find out whether the 25- 
second period might be present in the Po” as it occurs 
upon decay of At*". The best such run showed a count- 
ing rate of 465000 AcC’ counts per minute prior to 
evaporating off the astatine. After separation, the half- 
second activity was allowed to die out and the steady 
background counting rate which resulted was 520 


7F. N. Spiess, University of California Radiation Laboratory 
Unclassified Report, UCRL-1494 (unpublished). 
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counts per minute, with no sign of decay over a period 
of several minutes. This would indicate that the 
maximum counting rate for the 25-second activity 
present before driving off the astatine was less than 
about 50 counts per minute, or about 10~ times the 
counting rate for the normally occurring activity. Both 
the 0.52-second and the 25-second activity, if any, 
would, prior to separation, be in equilibrium with the 
parent At". Thus, the ratio of 25-second to total Po”! 
activity at zero time would be approximately identical 
with the fraction of the At* K-captures going to the 
state having the 25-second half-life, plus the fraction 
going to the 0.52-second state and decaying by gamma 
emission to the lower state prior to alpha emission. 
The sum of these two is then less than one part in 10*. 

Some mention should be made here of the fact that 
the half-life of 0.52 second is considerably longer than 
the old estimated value. This is, however, to be ex- 
pected in view of recent studies of the systematics of 
alpha decay.** These show that the degree of prohibi- 
tion of alpha decay increases appreciably as one ap- 
proaches nuclei having Z near 82 and N near 126. 
Presumably the effect is in part related to an actual 
decrease in the radius of the daughter nucleus relative 
to the radius predicted from other alpha decay data 
(r= 1.57A'X10~" cm). In addition the high stability 
of the closed shell configurations may make very low 
the probability of formation of an alpha particle in a 
nucleus not having at least two neutrons and two 
protons beyond the closed shells. This would then 
multiply the probability of barrier penetration, for 
which detailed calculation can be made," by an addi- 
tional probability of alpha-particle formation, with con- 
sequent increase in half-life. 


III. PRODUCTION OF Po*! FROM ALPHA-PARTICLE 
BOMBARDMENT OF LEAD AND BISMUTH 


The experimental arrangements used in measuring 
the cross sections for production of these activities at 
various energies can be divided into three parts: beam 
collimating and measuring system, ionization chamber, 
and amplifiers and scalers. 

The beam collimating and measuring system is sub- 
stantially the same as that described by Kelly and 
Segré.” It consists of an evacuated tube down which 
the cyclotron beam can travel, a rotating absorber 
carriage and a Faraday cup. These are arranged so that 
the deflected cyclotron beam, upon emerging from the 
exit port passes through a slit at one end of a pipe about 
70 cm long and 7 cm in diameter. At the other end of 
the pipe there is a second collimating slit. Since the 
entire system is located in the fringing magnetic field 
of the cyclotron (about 2000 gauss), the pipe is fitted 


® Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 
* I. Perlman and T. J. Ypsilantis, Phys. Rev. 79, 30 (1950). 
“TJ. Kaplan, Phys. Rev. 81, 962 (1951). 

" M. A. Preston, Phys. Rev. 71, 865 (1947). 

#2 E. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 
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with three sylphon joints, one at each end and one at 
the middle to allow the slits and Faraday cup to be 
oriented properly to pick up the maximum current. The 
combination of slit system and magnetic field thus 
provides a velocity selection which insures a sufficiently 
monoenergetic beam for the purpose at hand. 

Behind the second slit is a wheel which can be rotated 
to place any one of twenty carefully made, aluminum 
absorbers in the beam path. The beam current was 
measured by collecting the current from a Faraday cup 
in which the beam was stopped. The dimensions of the 
cup were such that, in the fringing cyclotron field, no 
secondary electrons liberated at the back wall could 
escape collection. The entire system of pipe, foil wheel, 
and Faraday cup were connected to the cyclotron tank 
vacuum system. 

The ionization chamber used’ was basically a parallel 
plate chamber with Frisch grid. The spacing from 
sample to grid was about 2} inches, while the grid to 
collector spacing was } inch. The main difference be- 
tween this and other chambers previously used was 
that the sample holder was mounted on one end of a 
sliding rod which allowed the target to be placed either 
in the cyclotron beam, which passed through an exten- 
sion of the chamber, or in the active volume of the 
chamber, or in an intermediate position in which the 
sample in the holder could be replaced with a different 
sample previously loaded in the target changing maga- 
zine. The sample holder was driven from the counting 
to the bombarding position and back again by the action 
of compressed air on a piston connected to the external 
end of the sample holding rod. The transit time from 
one position to the other was about 0.1 second. 

Electron collection was employed and the grid to 
plate voltage ratio used was such as to eliminate elec- 
tron collection at the grid. In order to obtain fast 
rising pulses the chamber was filled with a mixture of 
about 95 percent argon and 5 percent CO;." The 
pressure of the gas used was dictated by the range of 
the alpha particles involved and the dimensions of the 
chamber, and in most runs was between 20- and 25-psi 
gauge pressure. 

The pulses were amplified by a pre-amp and amplifier 
system having a rise time of about 0.1 microsecond. 
The pre-amp was operated in the fringing field of the 
cyclotron (about 1000 gauss). At first the iron tube 
shields previously employed when the pre-amp had 
been operated in smaller fields were used, but without 
success. The final arrangement had no magnetic shield- 
ing, but utilized instead the fact that the 64 KS’s could 
be oriented in such a manner that the principal electron 
flow was along the lines of force of the field. Under 
these conditions the amplification remained virtually 


18 Bunemann, Cranshaw, and Harvey, Can. J. Res. A27, 191 
(1949). 

4 B. Rossi and H. H. Staub, Jonization Chambers and Counters: 
Experimental Techniques (McGraw-Hill Book Company, New 
York, 1949). 
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unchanged when the cyclotron magnet was turned off 
or on. 

The cyclotron beam entered an extension of the 
chamber through a one-mil Dural window, traversed a 
short path in the gas of the chamber and passed out 
through a second one mil Dural window into the Faraday 
cup. A collimated Po” source was located in the cham- 
ber on the end of a rod passing through the chamber 
wall. Since the source could be rotated to point into or 
away from the active volume, it provided a beam of 
alpha particles which could be turned on or off at will 
in order to check the operation of the system. 

Data were recorded using a two-channel Brush re- 
corder. The output of the Faraday cup, amplified with 
a Brush de amplifier, was fed to one channel, while the 
output of the pulse amplifier, scaled down by a factor 
of 4, 16, or 64 was fed to the other. In addition a signal 
was supplied to the latter pen to indicate the time at 
which the target entered and left the beam. 

The ordinary lead and bismuth targets were made by 
evaporating a thin layer onto one-mil aluminum in a 
high vacuum chamber. In this way highly uniform, 
thin (0.1-mg/cm?) samples were produced. Since only 
small amounts of enriched lead were available these 
targets were made by electroplating, in spite of the 
fact that the resulting samples did not have the high 
uniformity shown by the evaporated samples. 

As a result of the work done with the equipment 
described above, it was found that when ordinary lead 
targets were bombarded with alphas from the 60-inch 
cyclotron three different alpha-decaying products re- 
sulted. The half-lives of these alpha emitters were 0.5, 
25, and 130 seconds. 

Since the 0.5-second alphas were found to have the 
same energy as the AcC’ alphas following At" decay, 
and since the half-life was the same as that determined 
as described above for Po, it was evident that this 
was Po” produced by the only possible reaction— 
Pb**(a,n)Po”. The 130-second half-life agreed with 
that for Bi (AcC), and subsequent chemical separa- 
tions verified that this was actually bismuth, which 
must have been formed by the reaction Pb**(a,p) Bi*"'. 

Identification of the 25-second activity was the only 
remaining problem. Chemical separations, to be de- 
scribed below, showed that these alphas came from 
polonium. The final assignment of this activity to Po™ 
rests on the measurements of the variation of the yields 
of all three of these activities as the lead isotope content 
was varied. In these measurements it was found that 
the ratio of yield of 130-second to yield of 25-second 
activity at an alpha bombarding energy of 35 Mev was 
independent of lead isotope ratio over a wide range 
(30 to 90 percent in Pb”*, 8 to 60 percent in Pb®’, and 
2 to 25 percent in Pb”), The same was found at both 
18 and 20 Mev for the ratio of 0.5-second to 25-second 
activity. Since both the 130- and 0.5-second activities 
resulted from the presence of Pb™® only, then it was 
apparent that the 25-second activity was the result 


ISOMER: 


Po?#!! 


Taste I. Cross sections in millibarns (10~*’ cm*) 
for several reactions. 
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solely of bombardment of the Pb”* also. The only 
polonium isotope which could be produced from Pb** 
and not from Pb®’, would be Po”! (neglecting possibility 
of an a,y reaction). The conclusion was thus forced 
that the 25-second activity was isomeric with the 0.52- 
second activity. 

Absolute cross sections for production of both Po*™! 
states from the reaction Pb™*(a,n)Po™ were deter- 
mined at several energies. In addition cross sections 
for the Pb**(a,p)Bi™, and Bi(a,pn)Po™', (25-second 
state only) were measured. The results of these meas- 
urements are listed in Table I, and will be discussed in 
Sec. VI, below. 


IV. ALPHA-PARTICLE ENERGY MEASUREMENTS 


The energies of the alpha particles from both the 
0.52- and the 25-second emitters were determined using 
the argon-filled parallel-plate ionization chamber, with 
Frisch grid, described above. The output pulses from 
the chamber were amplified by a linear amplifier and 
the output of the amplifier was fed through a delay line 
(40 or 60 feet of KG65U) to the y-deflection plates of a 
Dumont 248 oscilloscope. The same pulse was put 
through a pulse shaper and discriminator to provide 
sharp pulses to trigger the sweep of the scope and square 
pulses to intensify the trace briefly. The pulses displayed 
on the scope were photographed on Super XX or 
Linagraph Pan film using a General Radio oscillograph 
recording camera. Drive motors were used which pro- 
vided film speeds from 5 ft/sec to 14 in./sec, in order 
that speeds appropriate to the level of activity would 
be available. After processing, the film was viewed 
using a microfilm viewer, and the pulse heights were 
measured. 

Since the voltage produced at the pre-amp input by 
each alpha pulse is known to be proportional to the 
alpha energy with this type chamber, a curve of pulse 
generator output voltage vs oscilloscope pulse height 
could be used to give the alpha energy vs pulse-height 
relationship under these operating conditions if the 
energy corresponding to one particular pulse height 
were known. However, since three well-defined alpha 
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PULSE HEIGHT (ARBITRARY UNITS) 


Fic. 2. Astatine pulse-height distribution. 


groups were readily available, it was possible to con- 
struct directly a pulse height vs alpha energy curve 
covering the necessary energy range. The three groups 
used were Po” (5.30 Mev), At? (5.9 Mev), and 
Po"! (7.43 Mev) from an astatine source. The pulse- 
height distributions for these three calibrating points 
are shown in Figs. 2 and 3A. The shape of the resulting 
pulse height vs energy curve agreed within the experi- 
mental error with the pulse height vs pulse generator 
voltage curve, so it was possible to extend the energy 
curve upward by using the pulse generator points, and 
thus find the energy of the long-range alphas which 
were observed. 

The most important energy measurement was that 
of the 25-second activity since it would determine the 
excitation energy of the Po*"' isomer. This determination 
was made by bombarding a thin (0.1-mg/cm*) lead 
sample with 22-Mev alphas for 30 seconds, waiting 
about 20 seconds, and then photographing the resulting 
pulses occurring over a period of about a minute. At this 
bombarding energy very little AcC is formed. Figure 3B 
shows the resulting pulse-height distribution, with peak 
at 62.0 divisions. This indicates that the energy of 
these alphas is 7.14+0.05 Mev. This same pulse height 
distribution shows, in contrast to the Po?’ and astatine 
calibration samples, alphas with energies as high as 
9 Mev. At this date not much is known about these 
groups except that they must be in cascade with some 
other activity, since it would be difficult to imagine a 
9-Mev alpha emitter with half-life long enough to 
allow its observation as long as a half minute after its 
production. This group may be the same as that re- 
ported'® to occur somewhere in the natural decay chain 


following actinium B. 


16M. Curie and W. A. Lub, J. phys. et radium 4, 513 (1933). 
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V. CHEMICAL SEPARATION EXPERIMENTS 


These separations were made in order to determine 
the element to which each of the two longer-lived 
activities should be assigned. It could be assumed that 
after a bombardment with alphas of less than 40 Mev, 
the heavy elements present in a lead target would be 
lead, bismuth, and polonium. Two different separations 
were thus made. In the first, polonium was extracted 
alone from the combination, and the 25-second activity 
was observed to go with the polonium fraction. In the 
second, bismuth and polonium together were extracted 
from lead, and in this case both the 130- and the 25- 
second activities were in the bismuth-polonium portion. 

In both separations the target material used was lead 

carbonate, since it was easily soluble in either warm 
hydrochloric or nitric acid. A slurry of the carbonate 
was spread on a strip of 10-mil aluminum and allowed 
to dry. It was then covered with } mil aluminum in 
order that the active material would not be lost during 
the transfer from the bombarding area to the working 
area, 
The sample was attached to a piece of aluminum rod, 
which, upon completion of the bombardment was blown 
by compressed air through a pipe to a point outside the 
cyclotron shielding where the chemical and counting 
equipment were set up. 

The counter used was a methane flow proportional 
counter into which the samples could be inserted rapidly 
by means of a tight-fitting sliding panel. The output 
pulses were amplified and then fed to a scale of 64. 
The scaled-down pulses were recorded on a Brush 
recorder. 

The analysis for polonium'® was relatively simple. 
The lead carbonate was dissolved in hot, 6N HCl! con- 
taining 1.0 mg per liter of Bi as a holdback. A piece of 
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Fic. 3. (A) Polonium-210 pulse-height distribution. (B) Pulse- 
height distribution for intermediate-lived activity. (No pulses 
observed above 75.) 
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1 W.W. Meinke, University of California Radiation Laboratory 
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silver foil was inserted in the solution and stirred in it 
for about one minute, after which it was removed, 
washed in distilled water, and finally counted in the 
proportional counter. This process could be completed 
with sufficient rapidity to give an initial counting rate 
of more than 600 counts per minute of the 25-second 
activity, following a 30-second bombardment with 
about 2 microamperes of 30-Mev alphas. 

The separation of polonium and bismuth from lead!’ 
went as follows. The lead carbonate was dissolved in 
about 5 cc of hot HNO;, and about 20 mg of Bi in 
solution was added. The solution was boiled to con- 
centrate the HNO;, at which point a large part of the 
lead precipitated as PbNO;. The solution was decanted 
into a centrifuge cone containing NaOH to neutralize 
the HNO; and then two drops of a one percent solution 
of Thionalide (Thioglycollic acid 8-amino napthalide) 
were added. This precipitated the Bi as an organic 
complex which carried the Po with it. The solution was 
centrifuged and the liquid was poured off. The precipi- 
tate was first washed and then completely dissolved in 
acetone. The acetone solution was then dropped onto 
a hot platinum disk to evaporate the liquid. The disk 
was then flamed and finally placed in the counter. 
This process was completed in about 4 minutes from 
the end of the bombardment, which was fast enough to 
allow observation of the tail of the 25-second activity 
after a bombardment at 25 Mev. 

The method given by Meinke'® for separating Bi and 
Po from Pb by chemical plating on Ni was tried. Al- 
though both decay periods could be crudely identified, 
the yields obtainable in the available times were not 
sufficient to give counting rates comparable to those 
obtained as outlined above by Prodinger’s method."” 

The data obtained from the Po extractions showed 
the half-minute activity clearly, thus allowing an 
opportunity for determining that it was exactly 25 
seconds. After decay of the 25-second activity only, 
a steady counting rate (about 300 counts per minute, 
attributable to the Po”) was observed, with no trace 
of the 2.2-minute activity. Thus this experiment showed 
that the 25-second decay period should be assigned to 
some isotope of Po, while the 2.2-minute activity 
should not. 

The results of the Po and Bi extraction clearly showed 
both the 25-second and the longer activity, whose half- 
life was accurately measured as 2.15 minutes. Here the 
2.2-minute activity was present in the separated sample 
with a counting rate (extrapolated back to the end of 
the bombardment) 640 times as great as that of the 
Po”, in contrast with the polonium separation experi- 
ment in which the same ratio was less than 0.4. Thus 
the 2.2-minute material was apparently a Bi isotope, 


17 Wilhelm Prodinger, Organic Reagents Used in Quantilative 
Inorganic Analysis (Elsevier Publishing Company, New York, 
1940). 

18 W. W. Meinke, University of California Radiation Laboratory 
Report, UCRL-432 (unpublished), p. 83-1. 
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and the agreement between the observed half-life and 
that known for AcC (Bi*") indicated that this reaction 
could definitely be assigned as Pb™*(a,p) Bi*"'. 


VI. CONCLUSIONS 


In this section three topics will be discussed in some 
detail. They are first, the excitation functions for the 
production of the two Po” states; second, the identifi- 
cation of the 0.52- and 25-second alpha-decay periods 
as arising from isomeric nuclear states ; and third, a com- 
parison of the information regarding the two isomeric 
states, particularly the implications bearing on spin 
assignments. 

A rough excitation function for the reaction 
Pb™8(a,n)Po”"' is presented in Table I above. It is 
desirable to compare this excitation function with 
others of the same sort and with theoretically predicted 
(a,n) excitation functions, but to date no other (a,n) 
reactions in this portion of the periodic table have been 
investigated. One can, however, assume that an (a,n) 
reaction should have a cross section which behaves in a 
way similar to a (p,m) and use for comparison the 
results of Kelly'® for the Bi®(p,n)Po™ reaction. Both 
show a steep rise limited by the barrier, followed by a 
sharp drop at the onset of the competing 2m reaction 
and a long, high-energy tail in which the cross section 
falls off quite slowly, having a magnitude roughly one- 
tenth of that at the peak. 

A method of comparison with theory is to use the 
total cross sections for alpha bombardment as calcu- 
lated by Weisskopf.” This can be compared directly 
with the lowest two or three experimental points, which 
are in a region not too heavily influenced by the com- | 
peting (a,2n) and (a,p) reactions. Such a comparison 
shows that the experimental points give agreement 
with theory if a nuclear radius of 1.44'X10-" cm is 
used. This value is close to the 1.434! 10-" cm found 
in a similar way by Kelly" for Bi®-+-a based on excita- 
tion functions for the (a,2n) and (a,3m) reactions. 

The excitation function for the production of the 
25-second state alone is depressed considerably below 
that for the more normal appearing curve for the 0.52- 
second activity at the low-energy end, but takes on 
comparable values at the high-energy end. One logical 
assumption as to the reason for this behavior is that 
it is due to an appreciable centrifugal barrier, indicating 
that this state (25-second) probably has a high angular 
momentum. 

The following argument, based on the lack of varia- 
tion in 25-second to 0.52-second yield ratio with change 
in isotopic concentration shows that the 25-second 
activity should be assigned to Po*': Consider two 
targets, a and b, each of thin lead, but having different 


®E. L. Kelly, Ph.D. thesis, University of California, 1951 
(unpublished). 

*V. F. Weisskopf e al., Lecture Series in Nuclear Physics, 
Atomic Energy Commission Report, MDDC-1175 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1947). 
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percentages of the various stable isotopes. When each 
of these is bombarded with a constant alpha current 
for a time, 7, at an energy such that only the (a,n) 
reaction contributes, then the ratio of the number of 
0.52-second to the number of 25-second nuclei formed 


would be 


No.62 0.5200.52(1 — ¢7! 7) p20 
p(n) stem 
No Jaq 285o5(1—-e°™?) Lp, Ja 


No.2 0.5200.52(1—e**") / pros 
a(n) eam) 

Nos b 2505(1 == § 0.0287") pz b 
where foo is the percent of Ph” in the target, and , is 
the percent of the lead isotope from which the 25-second 
activity is formed by an (a,m) reaction. The o’s are the 
appropriate cross sections. If both targets are bom- 
barded at the same energy and for the same length of 
time then 025, 70.52, and 7 will be the same in both 
equations above and the following relation will hold: 


(-*") (-**) Ra (™) (=) 
Now 7a\Nos24s Ro Pz 7 apPr87 » 

The two targets used were (a) natural lead and, 
(b) lead enriched in Pb”’. Inserting the appropriate 
values for the isotope percentages, one finds that the 
possible values of R,/R, are: for x=208, the ratio 
should be unity. For x= 207, the ratio is 5. If x= 206, 
the ratio is 0.5. The experimentally determined yield 
ratios are given below for two different bombarding 
energies. The ratios of the R’s are seen to be essentially 


Bombarding energy Ra Ry R./Ro 


18 Mev 11.5 10.2 1.1 
20 Mev 3.3 3.6 0.9 


one within the accuracy of these runs. The result, then, 
is to show that the 25-second, as well as the 0.52-second 
activity, is produced from an alpha-particle bombard- 
ment of Pb”® at energies near and below the threshold 
for the (a,2n) reaction. Taken with the chemical identifi- 
cation of the 25-second activity as polonium, this means 
that the best assignment of the state decaying by 25- 
second alpha emission is to Po*! isomeric with the state 
giving rise to the 0.52-second activity. 

In addition, this is the only polonium isotope to 
which the 25-second, 7.14-Mev activity can be assigned 
without assuming it to arise from a state having at 
least 1.9-Mev excitation above the ground state. This 
would require a very highly forbidden gamma transition 
to the ground state, and from what is known of nuclear 
energy levels there would in such an energy range be 
several intermediate states to which jumps could be 
made, not all of which could involve highly forbidden 
transitions also. Thus again the only possible assign- 
ment consistent with the chemical identification is 
to Po*™', 

Some information is available which makes possible 
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a tentative assignment of spins to the two states of Po*". 
The usual data on which such assignments are made, are 
lacking in this case. Nothing is known of the conversion 
coefficients for the unobservable (in these experiments) 
transition between the two states, nor of more than a 
lower limit on the half-life for such a transition. Neither 
of the two spins has been measured directly, and the 
K-capture decay from At* to the 0.52-second state 
gives no information, since the At spin is itself un- 
known. The information available concerns alpha decay 
to a well-known nucleus, limit on half-life for decay from 
upper to lower state, and relative cross sections for 
production of the two states. 

In the ensuing discussion it will be assumed that both 
decays terminate at the ground state of Pb”’, which in 
turn allows the assignment of the entire 0.3-Mev energy 
difference to excitation of the 0.52-second state above 
the 25-second state. This assumption is made in view 
of the fact that the first level above the ground state 
in Pb”? is at about 0.5 Mev.”!-* 

Observation of alpha half-lives and energies shows 
that if a nuclear radius" of 1.574! 10~* cm is used in 
the decay formula of Preston" with the observed alpha- 
decay energies, then the calculated decay constant for 
most even-even nuclides agrees with the observed. This 
is not the case, however, for odd-even, even-odd, or odd- 
odd nuclei, or for nuclei in the vicinity of the closed 
shells at 82 or 126 protons or neutrons.® In these cases 
the calculated value is greater than the observed, indi- 
cating that the actual decay is inhibited in some way 
relative to the simple decay of the even-even types. 

In the case of Po”, since it seems that both states 
decay to the ground state of Pb”’, the nuclear radius 
should be the same for both decays and should be some- 
what below the A! law prediction. By applying the most 
rigorous available development of the barrier penetra- 
tion theory including angular momentum change," and 
using the observed energies and several assumed radii 
(from 1.27 to 1.47A!X10~" cm), it was found that the 
prohibition of the 25-second relative to the 0.52-second 
decay is accounted for by assuming an angular mo- 
mentum change of 5 or 6 units for the 25-second decay, 
and 0 or 1 for the 0.52-second activity. This in turn 
implies (from the Pb” spin of 4) that the spin of the 
25-second state is large (9/2 to 13/2), while the spin 
of the $-second state is small (1/2 or 3/2). These calcu- 
lations do not single out a well-defined nuclear radius 
unless some assumption is made with regard to the 
retardation due to even-odd nuclear character, but 
indicate that values between 1.3 and 1.444X10-" cm 
are the most acceptable. 

The lack of observed decay of the 0.52-second to the 
25-second state, as noted above, indicates again that 


J. A. Harvey, M.I.T. Progress Report, Office of Naval Re- 
search Report, ONR-NP-1586, a 1, 1950 (unpublished). 


#2 FE. C. Campbell and M. rich, Phys. Rev. 78, 640 (1950). 
( ay Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
1952). 
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there is a large spin difference between the two states. 
Theoretical calculations of the decay constants for 
gamma emission,” including the large effects of K and L 
conversion as one must for large Z, are not particularly 
reliable for this case; however, they indicate that at 
least a 2°-pole transition would be required. Comparison 
with the assignments made by Goldhaber and Sunyar*® 
for the isomers of Pa, Hg, and Hg"? indicate that 
electric 2‘-pole or any higher order transition should 
suffice to give the necessary decay constant of less 
than 10~ sec. These limits do not contradict the spin 
difference which is required by the alpha decay con- 
siderations, above, nor do they indicate which state 
has the higher spin. 

A third indication of the large difference in spin comes 
from the different forms which the excitation functions 
for the production of the two activities take. The con- 
trast can be most easily explained by postulating that 
the centrifugal barrier depresses the probability of 
formation of the 25-second activity for low bombarding 
energies. This argument agrees with the alpha-decay 
discussion also in the assignment of the larger spin to 
the 25-second state. 

The one-particle model of the nucleus, particularly 
as developed by Mayer*® using the assumption of strong 
coupling, gives an explanation of the magic numbers 
and predicts the spins properly in most instances 
for even-odd and odd-even nuclides. Goldhaber and 
Sunyar,”® by making an additional assumption to cover 
a few special cases, are able to assign spins to a large 
number of isomers in such a way that they agree with 
the predicted sequence of levels given by Mayer. In the 
region in which we are interested (127 neutrons, be- 
ginning of a new shell) nothing is known of the magni- 
tude of the splitting due to the spin-orbit coupling, 
but the order of levels is thought to be lit1/2, 2g, 3d, 4s, 
etc. 

This sequence of levels would muke the appearance 
of isomers very unlikely, and indeed the shell model 
predicts isomers when the odd nucleons are a few units 
less than the magic numbers, and excludes them when 
the nucleons are a few more than the magic numbers. 
This is borne out very clearly by the “islands” of 
isomerism. Now Po", with 84 protons and 127 neu- 
trons, is positively out of a possible island of isomerism. 
There are indications of such an island for V < 126 and, 
e.g., Pb®’ belongs to it, but V=127 is definitely out- 
side of it. 

We have thus to look for another type of explanation 


Pare Segre and A. C. Helmholz, Revs. Modern Phys. 21, 271 

1949). 

25 M. Goldhaber and A. W. Sunyar, ht Rev. 83, 906 (1951). 
26M. G. Mayer, Phys. Rev. 78, 16 (1950 
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for this isomerism, and this is most likely given by the 
“core isomerism” first indicated by Goldhaber” for 
the case of Mo**. Applying the ideas of Goldhaber to 
our case, we consider, according to the shell model, 
that our odd neutron is ij1/2 or go2, whereas the last 
2 protons in the “core” are either (4o/2)* or (f7/2)*. In 
the ground state of the isomer, in which the core is not 
excited, the core has J,on=0, and J for the whole 
nucleus is the J,.,, of the odd neutron; hence the 7 of 
the nucleus as a whole is 11/2 or 9/2 according to 
whether the odd neutron is in the iy1/2 or go/2 state. 
By exciting one of the protons of the core, possibly to 
a configuration (h92f7/2), the core can assume a spin 
up to 8 (even parity). The ground state and the excited 
state of the nucleus as a whole have thus the same 
parity and can have a spin difference up to 8 units. 

All the evidence presented here indicates that the 
25-second state is the lower, and thus probably has its 
core in the ground state. This would mean that the 
spin to be assigned to this state would be most probably 
9/2 in view of recent work”® indicating the 127th 
neutron to be a 9/2 state. If the excited core should 
combine with this to give a very low spin for the 0.52- 
second state, all would be well, except for one sizeable 
difficulty, namely the very strong preference of the 
electron capture decay of At*" for the 0.52-second state, 
which, if the spin of At? were ~9/2 as expected, would 
not seem logical with the spins postulated here. 

In any event it seems quite probable that this is the 
second known case of core isomerism as well as the first 
clear-cut example of an alpha-decaying isomer. 
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The differential cross section for scattering of 9.7-Mev protons from hydrogen gas has been measured. 
Angles over the range from 27° to 112° in the center-of-mass system have been measured with a statistical 
error of less than +1.0 percent and a probable error of +1.1 percent has been assigned to the absolute 


values of differential cross section. 


It is observed that within the accuracy of the measured cross section, the scattering can be described 
as pure S wave. The phase shift analysis is reported in a following paper. 


I, INTRODUCTION 


HE new 9.8-Mev Berkeley proton linear accel- 

erator, which is to be used as an injector for the 
Bevatron, has been used to do proton-proton scattering. 
Although this energy range has been investigated by 
others,'* the accuracy of the measurements is not 
sufficient to allow a critical analysis of the data. 

The new proton linear accelerator’ has a well-col- 
limated monoenergetic beam of protons with low back- 
ground radiation. It is a very stable and reliable accel- 
erator, thus it is possible to make long runs while 
investigating any systematic errors that may be 
present in the scattering apparatus. 


II. SCATTERING AND DETECTION APPARATUS 


The proton beam from the linear accelerator was 
focused with a set of four magnetic quadruple strong- 
focusing magnets‘ and then deflected 24° by a double- 
focusing wedge magnet (Fig. 1). The beam was then 
collimated by a three-slit system having graphite slits 
of circular cross section and of 1.00mm_ thickness 
(Fig. 2). 

The beam entered the scattering chamber through 
two layers of 0.0002-inch thick rubber hydrochloride. 

Since the protons are scattered only in the forward 
direction, it is reasonable to arrange a set of fixed 
counter telescopes to detect the scattered protons. 
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Fic. 1. Proton-proton scattering apparatus. 


1 R. R. Wilson, Phys. Rev. 71, 384 (1947). 
( =a Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 
1952). 

* Bruce Cork, University of California Radiation Laboratory 
Report UCRL-2385 (in preparation). 

‘Bruce Cork and Emery Zajec, University of California 
Radiation Laboratory Report UCRL-2182, April 15, 1953 
(unpublished). 


This greatly simplifies the scattering chamber and the 
detection apparatus. 

A drawing of the scattering chamber is shown in 
Fig. 3. Pure hydrogen is admitted to the scattering 
chamber through a hot palladium tube, until a pressure 
of approximately 5-cm Hg is reached. The scattered 
protons are then selected by each of the several tele- 
scopes, which define the solid angle for scattering. The 
scattered protons leave the telescopes through a 0.001- 
inch thick aluminum window and enter a NalI(TI) 
crystal scintillator through another 0.001-inch thick 
aluminum window. For large angles, the windows were 
made of 0.0005 Mylar. An RCA 6199 photomultiplier, 
followed by a linear amplifier, supplies the signals to a 
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Fic. 2. Beam collimator geometry. 


pulse-height discriminator and scale of 16. Three angles 
were measured simultaneously. 

The beam current is monitored with an ionization 
chamber coaxial with the beam. The beam then leaves 
the scattering chamber through a 0.001-inch aluminum 
foil and enters the Faraday cup, which is used as a 
current integrator. 


III. SOLID-ANGLE CALCULATIONS 


Since the scattering volume is defined by the counter 
detector telescopes, the formula of Critchfield® can be 
applied. The product of the effective scattering length 
S and the solid angle 2 is given by the relation 
HA? | PP 


9S=——] 1-—+ 
4P 12R,? 


cot’é+ -- | 


~ IRy sind 


where H is the height of the back slit, A is the width, 
lis the separation between the front and rear slits, and 
Ry is the distance from the back slit to the center of the 
scattering chamber. 

The front and rear slits in the counter telescopes (Fig. 
3) were made of brass 4-mm thick with 0.250-inch 


3 * Jack Benveniste and Bruce Cork, Phys. Rev. 89. 422 (1953). 
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square holes accurately broached and aligned. The 
baffles, located as indicated, were }?-inch diameter 
apertures. The telescopes define an angle of +2.0 
degrees. 


IV. METHOD OF ALIGNMENT 


The center of the scattering chamber was used as 
the reference point, and a simple alignment jig was 
used in order that each counter telescope could be in- 
serted into the wall of the chamber with its axis passing 
through the center of the chamber. While the jig was 
in place, the telescopes were soldered into the wall of the 
scattering chamber. After all the telescopes were 
soldered into place, the chamber was centered on a 
calibrated dividing head, and the angles were accurately 
measured relative to the entrance and exit ports. 

The beam collimator, scattering chamber, and Fara- 
day cup were aligned by observing the position of a spot 
“burned” on a glass plate where the proton beam 
struck it. The 12-inch diameter chamber was centered 
to within +g inch or +0.6 degree by this method. 











Fic. 3. Geometry of the proton-proton scattering chamber. 


The differential cross section at 60° in the center-of- 
mass system was measured on both the left and right 
sides of the chamber, and the cross sections were ob- 
served to agree within the statistics of +1.0 percent. 


V. COUNTING PROCEDURE 


Since the background radiation was low and the 
crystal counters could easily be well shielded, the back- 
ground counts were very low. This greatly simplified 
the procedure for obtaining counter thresholds. The 
RCA 6199 photomultipliers were operated at 800 volts 
and the linear amplifier gains were adjusted so that the 
proton pulses were 70 volts. Pulse-height discriminator 
runs were made first with protons entering the crystals 
and then with shutters inserted between the counter 
telescopes and the crystal detectors. The background 
was usually measured in this manner, but on occasions 
the hydrogen was pumped out of the scattering chamber 
so that if protons were scattered from the beam col- 
limator and entered the detector telescope, they could 
be detected. 

The discriminators were usually set to detect any 
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Fic. 4. Angular distribution of the absolute cross section 
for 9.7 Mev incident protons. 


pulse height greater than 60 percent of the peak proton 
pulses. 

However, runs were always made with discriminators 
adjusted over a range of 35 volts or 50 percent of the 
elastic proton pulse height. After the proper discrim- 


minator pulse-height settings were determined, the 
number of counts and background in each of three 
counters was measured until a total of over 10000 
counts per counter was observed. Two of the counters 
were then rearranged, the third left as a monitor. Seven 
angles could be measured to a statistical accuracy 
of +1.0 percent during a ten hour day. 


VI. MEASUREMENT OF ENERGY 


The scattering chamber was filled with Het to a 
pressure of 10-cm Hg, and a triple coincidence counter® 
was arranged to detect the protons elastically scattered 
from He‘ at an angle of 30°. The front two counters 
were arranged in coincidence, the third counter in 
anticoincidence. The elastic peak was measured by 
determining the amount of aluminum absorber re- 
quired ahead of the counters such that protons would 
stop in the 1.9 mg/cm? foil separating the second and 
third counters. The energy was observed to be 9.73 
+0.05 Mev, and the energy spread of the eleastic peak 
was observed to be less than +0.1 Mev. The measure- 
ment of the energy spread was limited by the energy 
straggling in the aluminum absorber that was used to 
determine the range of the protons. Thus the actual 
energy spread was probably less than +0.1 Mev. 

The magnet current of the analyzing magnet was 
regulated and was kept constant to +0.2 percent. 
Care was taken to approach the proper current in the 
same manner for each run, and the stability of the 
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Tasie I, Experimental proton-proton differential cross section X 10~’ cm? versus O¢.m. at 9.73 Mev. 
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60°38’ 68°20’ 90°50’ 112°34’ 
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+0.66 


55.87 
+0.42 
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54.82 
+0.62 


56.22 
+0,37 


40°16’ 49°48’ 


52.20 
+0.48 
52.59 
+0.30 


27°32’ 


79°44’ 


Date 


9-15-53 








9-16-53 





54.08 
+0.52 
55.10 
+0.63 
53.04 
+0,28 
49.89 
+£0.28 


9-18-53 
9-23-53 
10-13-53 


51.66 
+0.32 


11-5-53 


56.06 
+0.30 


11-6-53 


53.28 
+£0.42 
52.61 
+0.35 
52.61 
+0.36 


12-1-53 


12-3-53 


55.54 
+0.54 


55.52 
+0.71 


51.62 
+0.51 


55.49 
+0.61 








Average 
millibarns 
Statistical 
error mb 
Absolute error 
in percent 
Absolute error 
millibarns 


55.95 52.46 53.89 


+0.23 +0,10 +0.31 


+0.90 +0.83 +1.00 


+0.50 +£0.43 


+0.54 


55.06 
+0.22 
+0.90 


+0.49 





magnet was checked by using a bismuth probe® cooled 
with liquid nitrogen. 
VII. MEASUREMENT OF PRESSURE AND 
TEMPERATUKE 

The pressure of the hydrogen in the scattering 
chamber was measured by reading the difference in 
heights of a closed mercury manometer. The difference 
could be measured with a precision cathetometer to an 
accuracy of +0.3 percent. Corrections were made for 
the change in density of the mercury with temperature. 
Since a slight amount of hydrogen leaked through the 
thin foil, the pressure and temperature were measured 
at frequent intervals. Comparison was made with 
another manometer and the two agreed within an ac- 
curacy of +0.1 percent. 

The temperature of the top of the scattering chamber 
was measured with a mercury thermometer to an 
accuracy of +0.1 percent. 

VIII. MEASUREMENT OF INTEGRATED CHARGE 


The Faraday cup used for these measurements has 
been described.’ The charge was collected on a low- 
6H. B. Keller, University of California Radiation Laboratory 


Report UCRL-2249, June 9, 1953 (unpublished). 
™ Cork, Johnston, and Richman, Phys. Rev. 79, 71-80 (1950). 


55.38 53.91 56.11 54.52 


+0.40 +0.20 +0.23 +0.58 


+1.08 +0.88 +0.91 +1.34 


+0.60 +0.47 


+0.51 +0.73 





leakage 0.1-microfarad polystyrene condenser and the 
potential measured by connecting the Faraday cup 
to the grid of a 5803 electrometer tube used as a null 
indicator. The feedback voltage was applied to a Leeds 
and Northrup recording voltmeter which was self- 
calibrating against a standard cell. The voltmeter was 
also calibrated against a Leeds and Northrup poten- 
tiometer and voltage could be measured to +0.2 
percent. 

The capacitance of the 0.1-microfarad condenser was 
measured with a General Radio 1000-cycle bridge by 
comparing the capacitance with a General Radio mica 
condenser that was calibrated by the National Bureau 
of Standards. The capacitance could be measured to an 
accuracy of +0.2 percent.* 

During runs, the pressure in the Faraday cup was 
always less than 10-° mm Hg; and a bias of — 90 volts 
was applied to the guard cylindrical electrode. It was 
demonstrated, by using the scattered protons as a 
monitor, that a bias of greater than 20 volts was re- 
quired to prevent secondary electrons from leaving 


* Note added in proof.—The capacitance of these condensers 
was compared with a polythene condenser recently measured by 
the National Bureau of Standgrds and observed to agree within 
0.2 percent. 
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the Faraday cup. Over the range from —20 volts to 
— 300 volts, the “plateau” was flat to +0.4 percent, 
limited by the statistical accuracy. 


IX. MEASUREMENT OF CONTAMINATION 


Care was taken to keep all the internal parts of the 
apparatus clean. The chamber was pumped with a well 
trapped pump to less than 10~ mm Hg and the rate of 
rise was measured with the system sealed off. The 
contamination over a 5-hour period was estimated to 
be less than 2 parts in 10°. Hydrogen was admitted 
through a directly heated palladium tube, which had 
been well outgassed. 

Contamination was measured by inserting an alu- 
minum foil ahead of the 40° counter. This foil was 
thick enough to stop protons elastically scattered from 
hydrogen, but protons elastically scattered from Het 
or heavier nuclei would be detected. Assuming the 
proton-proton cross section and the contamination 
cross section were the same in the laboratory system, 
the contamination background was less tha 0.3 percent 
at the 40° angle. 


X. MULTIPLE SCATTERING AND SLIT SCATTERING 


Estimates were made of the change in counting rate 
due to multiple scattering. The Williams formula* was 
used for small-angle scattering, and the largest correc- 
tion was less than 0.2 percent. The differential cross 
section was measured over the region of 3.0 cm to 30 
cm Hg, and no effect beyond the statistical fluctuation 
of +1.0 percent was observed. Thus, no correction was 
made. ; 

To reduce slit scattering, care was taken to make the 
defining slits just sufficiently thick to stop the elastic pro- 
tons. Also the slit widths were fairly large. The Williams 
formula was used to estimate the number of protons 
scattered from the front analyzer slit. The corrections 
for these scattered protons were estimated to be less 
than 0.2 percent for all except the 28° center-of-mass 
angle. Background runs were made with no gas in the 
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Fic. 5. Variation of the absolute differential cross section at 
90° (center-of-mass system) as a function of the reciprocal of the 
energy of the incident protons. 


scattering chamber, with the shutter ahead of the 
counter both in and out. The number of protons 
scattered from the collimator slits was less than 0.2 
percent for all angles measured except 28° in the center- 
of-mass system. For this angle, a correction of 1.0 
percent for slit scattering was made. 


XI. RESULTS 


The differential cross section in the center-of-mass 
system and the probable errors are listed ia Table I 
and plotted in Fig. 4. 

The 60° center-of-mass cross section to the left and 
to the right of the beam are observed to agree within 
statistics, also the 68° and 112° center-of-mass cross 
sections—the symmetrical angles about 90°—are ob- 
served to have the same differential cross section within 
statistics. 

Figure 5 is an extension of previous cross section 
data” for the 90° center-of-mass angle. 

The phase shift analysis of these data has been made 
by Dr. Harold Hall, and it has been observed that 
within the experimental accuracy of these measure- 
ments, the scattering cross section can be described by 
pure S wave scattering. 

The known errors are listed in Table II, expressed 
in percent. 

* Bruce Cork, Phys. Rev. 80, 321 (1950). 


J, L. Yntema and M. G. White, Princeton University Tech- 
nical Report NYO-3478 (unpublished). 
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An angular correlation formula for any three nuclear radiations is given, including the effects of other 
intermediate radiations which are not observed. Emission from aligned nuclei is also covered. Application 
to nuclear reactions is considered. In particular the correlation formula is given for y rays following inelastic 
neutron scattering when continuum theory is applied to the compound nucleus state. 


I, INTRODUCTION 


HE triple angular correlation problem has been 
treated for three successive y rays,' and for two 
7 rays following @ decay of aligned nuclei? or a deuteron- 
stripping reaction.’ The purpose of this paper is to give 
a general formula for the directional angular correlation 
of any three radiations from an arbitrary cascade, with 
intermediate radiations which are not observed. The 
formalism includes the correlation of two radiations 
from aligned nuclei, and nuclear reactions with aligned 
targets. For any particular set of transitions we merely 
insert the appropriate radiation parameters which have 
been fully tabulated elsewhere.':* Previously published 
results are then included as special cases. 

Not all three radiations need be emitted. Absorption 
from a beam is equivalent for the purpose of defining a 
direction. Hence the application to a nuclear reaction 
followed by several emissions [such as (p,yvy) or 
(n,n’a) |, provided there is no interference between 
compound nucleus states of different spin. 

Mixtures of radiation multipoles or orbital angular 
momenta are considered but not polarization detection. 
The latter would increase the complexity of the results 
prohibitively. 


II. CORRELATION FORMULAS 


Consider the decay scheme Jo(Lo)J;(Li1)-++J,(L,) 
XJ reir’ JF 4(Le)J 041, where the J are nuclear spins and 
the Z are the total angular momenta carried away or 
absorbed at each transition. Using standard techniques! 
we find the angular correlation between radiations Lo, 
L,, and L,, taking the direction of Lo as polar axis: 


W (0,06) => wor Au(JoJ i Arn(S eg 1J ) Run (SJ rt) 
X Syn (0,0.0)U (Lid J2)U (Lot oJ) + °° 
KU (Lead mJ UM (Leg ad rp td ope) °° 
XU\M(Law J), (1) 


where ¢ is the difference in azimuth of the directions of 
L, and L,. The A, depend only on the details of the 
first transition, the A, only on the final transition, and 
the coupling term R,,, depends only on the intermediate 
radiation L,. 


'L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

*J. A. M. Cox and H. A. Tolhoek, Physica 18, 359 (1952). 

3G. R. Satchler, Proc. Phys. Soc. (London) A66, 1081 (1953). 


All dependence on unobserved radiations is thrown 
into the (normalized) Racah functions :* 


U,(LIiJ 2) 
=[(2i+1)(2S2+1) J —) 472 W (SiS iJ oJ; wl), 


one for each transition. If any of these radiations is 
“mixed” (two or more L values) we have to sum over 
L with appropriate amplitudes, but the sum is inco- 
herent and interference terms do not appear. The nature 
of unobserved radiations is irrelevant. 

The A,,., have been tabulated for all forms of radi- 
ation of interest. For example, for spin-} particles, 


A, (JJ) =u B(L)B*(L’)n,(LL’JoJ1), (2) 


nu= (—)%-F AL (2+ 1) (2L +1) (2L'+1) ]}! 
XC(LL'n; 4-R)W(S SLL’ ; wo), 


where n, has been tabulated,’ and the B(L) are reduced 
matrix elements so that the fraction of intensity with 
L is |B(L)|?. B(L) is real if Coulomb effects are 
neglected; these will introduce a phase factor e**, 
where / is the corresponding orbital momentum. If the 
only L’s involved are those for a single /, ie., L=/+}, 
this phase factor drops out. 

For y rays, in the notation of tabulated parameters,' 


Ay (Jodi) = Div C(L)C(L’)A, (LL To), (3) 
N=F, (LJ) if L’=L, 
= (—)%e-4e-' (27,41) (2L+1) (2L43) }} 
XG,(LJoJi) if L'=L+1. 


Again the fraction of intensity with LZ is [C(L) }, with 
C(L) real. 

For conversion electrons, 8 and a rays, we obtain A, 
by multiplying the value for 2”-pole y rays, Eq. (3), 
by the appropriate tabulated'*®® correction factors 
b,(L). 

If the nucleus is initially aligned and of spin J;, the 
density matrix describing its orientation may always 
be expressed as a series of statistical tensors,’ B,(J1). 
In this case we omit the Zo transition and replace its 


*L. C. Biedenharn, Oak Ridge National Laboratory Report 
1098 (unpublished). 
5 Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1952). 
®M. E. Rose and L. C. Biedenharn, Oak Ridge National 
Laboratory Benet No. 1324 (unpublished). 
a 


7U. Fano, Natl. Bur. Standards Rept. No. 1214 (1951) (un- 
published). Our B, (J) is his (| (JJ)u0). 
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parameter A,(JoJ,) by B,(J;). (If aligned in sense as 
well as direction, odd values of 4» may now appear.) 


B,(J)=Cou(—)—™ (2I+1)'C(JJu; M—M)W a, 


where W y is the relative population of the M magnetic 
substate® (for example, a Boltzmann factor ae*™), 
Then Bo=1 if Su Wu=1. 

The coupling term R,, is given by 


Ruvr(J at») 
=Piw 1 (LL) (2S e4-1) (27 5+1)(2L+1) (2L'+1) }! 
KX (SJ au; LL'v; II), (4) 


r (LL')=C(L)C(L’)(—)“"'C(LL’v; 1-1) 
for y rays, (4a) 


or 


r (LL')=d'wS(L)S*(L)C (ll'v; 00) (4) 
« (—)”’-*L (21+-1) (21 +1) }}W (LLY ; vs) 
=D’ w SUDS*(L'T)(—)"-"(—)"? 


XZ(I'L'IL; sv), (4b) 


for particles of spin s and orbital momentum /. The Z 
functions are tabulated in reference 4. The primed sum 
over /, /’ indicates we take only even or only odd values, 
according to the parity change. Again the S(L/) are 
reduced matrix elements, real except for any Coulomb 
phase factor e‘*!. For s=} (neutron or proton emission), 
(4b) reduces to 


r= B(L)B*(L’)(—)"4C(LL'v;4—}). — (4c) 


R,» for pure dipole y rays, and the Wigner coefficients 
C(LL’v; }—}4), have been tabulated in reference 3, and 
the Fano recoupling symbol X7* defined. As before, 
if the LZ, radiation consists of conversion electrons, a or 
B rays, we multiply the r, for 2“-pole y rays by the 
appropriate 6,(L,).! 

The angular factor is explicitly 


Sun= 4 dm C(vAu; m—m)Y,"(0,0)V-"(0.0), (5) 


where the Y," are Condon and Shortley spherical 
harmonics. 

R,»»S yon assume very simple forms when all (uvA) < 2 
and the radiations are unmixed. These are given in 
reference 3 for y rays; for spin-} particles we just 
replace the F, occurring there by the corresponding ,. 

Integration over the direction of any one of the three 
radiations immediately reduces Eq. (1) to the general 
double correlation formula (Appendix IV of reference 
3). 

The angular complexity of the correlation is restricted 
by the largest values of u, v, and \. These are limited 
by the usual requirements for the nonvanishing of 
Racah functions.‘ They are always even (except for 
nuclear alignment, when » may be odd) and have to 


8 N. R. Steenberg, Proc. Phys. Soc. (London) A66, 399 (1953): 


9H. A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954). There, 
X is called the “Wigner 97 symbol.” 
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satisfy triangular inequalities in the following triads: 
(uvdr), (uLoLo’), (uJiJ1), (wLrLr’), (ALeLs’), ASS). 
In addition, the unobserved radiations do not limit the 
complexity, but the intervening nuclear spins still act 
as “gates” for angular information, so that 


wX2Js, 2J 3: -+-2J,, AS 2 41, QI 42° * -2J,. 


To avoid possible confusion we should point out that if 
two unobserved radiations (e.g., Z,; and Z) are replaced 
by a crossover transition in a competing cascade, one 
of the nuclear spins (J2) is then omitted and does not 
restrict the angular complexity. The observed corre- 
lation, of course, is then an incoherent superposition of 
the two competing cascades. 

Also, it has recently been shown" that a cascade of 
“basic” transitions between nuclear states whose spins 
form a monotonic sequence gives angular correlations 
which are independent of the nuclear spins and the 
number of intervening unobserved radiations. That is 
to say, if Ji=Jot+L, Jo=J3+Le::: or J,=J2—Ly, 
J,=J;—L,--~ for the unobserved part of our cascade, 
the angular correlation is the same as if these transitions 
were replaced by a single crossover with J;=J,+L or 
J,\=J,—L, respectively, where L=1,+L.:+-+L,.1. 
In this case, the two competing cascades mentioned 
above give the same correlation. 

If the three observed transitions also form part of 
the monotonic sequence (Jo= J1+Lo, etc.) reference 10 
is easily extended to show that the /riple correlation is 
now independent of nuclear spins and unobserved 
radiations; it depends only on Lo, Z,, and L,. In fact, 
any multiple correlation from such a sequence depends 
only on the nature of the observed radiations. 

Practical interest centers on the correlation when only 
one angular momentum is concerned in each transition 
(e.g., pure multipole y rays). The correlation function 
(1) then simplifies and gives unambiguous results which 
depend only on angular momenta. All dependence on 
unknown matrix elements B(L), C(L), etc., disappears. 


Ill. NUCLEAR REACTIONS 


Blatt and Biedenharn"™ have given expressions for 
the angular distribution of nuclear reaction products 
(“double correlation’’). It is clear from the complexity 
of their results that little is to be gained by generalizing 
to reactions followed by cascades of radiation. However, 
our formulas are easily applied when there are no 


© J. Weneser and D. R. Hamilton, Phys. Rev. 92, 321 (1953). 
While the conclusions they draw are correct, the formulas contain 
a misprint; jy should be j, everywhere except in the last column 
of their paper. Their j; is defined by j= L,+4, and is not the same 
as jn. The products of Racah functions representing unobserved 
radiations reduce (in their notation) to W(jijijn—1jn—1; vL), 
where L=1,+L.--++Ln-1; i.e., all unobserved radiations may 
be replaced by a single unobserved crossover with angular mo- 
mentum L without observable effects. 

“J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 25, 
258 (1953). 
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interference terms between compound nucleus states of 
different spin and parity. This occurs 


(i) at resonance when the reaction proceeds through 
a compound state of definite spin J; and parity. The 
correlation formula (1) is used as it stands, the Lo 
transition representing the capture process. Values of 
the matrix elements B(L) for neutrons or protons when 
the initial and compound nuclear states obey j-j or 
L-S coupling rules have been given in reference 3. 

(ii) if we apply continuum theory": the interference 
terms disappear on taking a statistical average, and the 
outgoing partial waves are incoherent. We may then 
replace the matrix elements by “transmission coeffi- 
cients” for the incoming and outgoing particles at 


energy E: 
S(LDS*(L1) 6) T(E). 


For spin-} particles each L implies a definite orbital 
= 1+ 4 or /= L—}, but not both by parity consider- 
ations. Then the matrix elements B(L)=B(LI) are a 
special case of S(L/), and we put 


B(L)B*(L') 8 (I!) T(E). 


The sums over L now reduce to two values L=/+}. 
The final angular correlation is then an incoherent sum 
of functions like (1) for different J;, parity, Jo, and /;. 
All unknown matrix elements have disappeared; as- 
suming a definite nuclear model (the statistical model) 
we have been able to replace them by calculable 
transmission coefficients. 

An example of interest is the (m’,y) correlation 
following inelastic scattering of neutrons. Making the 
above assumptions, we find for emission of a 2”-pole 
y Tay: ta 
W (00.6) = >- T (Eo) T 1 (2;) (2I1+1) 

XE mu (Lolo TS) Fy (LI J) 
X Run(J2J1)Sur(0i02@), (6) 


summed over /o, /;, J:, wu, v, and A, and Lo, Lo’ =lo4, 
where now 


Ryn= > (—) 4’ (24, +1) (22+ 1) (211+ 1) (2L)'+1) }! 
KC (LiLi' v3 4-4) XSi J; LiLy'v; JJ 2d), 


2 J. M. Blatt and V. W. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chapter VIII. 

40, Hittmair, Phys. Rev. 87, 375 (1952). The transmission 
coefficient for the outgoing neutrons, 74(Z,), and a factor 
W (j252J252; i2v), appear to have been omitted. 


SATCHLER 


summed over L;, L;’=/;+4, where Eo, EZ, are the 
energies of the incident and scattered neutrons, respec- 
tively. Expressions for T7;(Z) are given in Blatt and 
Weisskopf."” 

Equation (6) simplifies if the target nucleus is even- 
even, so that Jo=0, (+), and J;=J». For fairly low 
E, (say about 2 Mev and below) we need only consider 
s, p, and d waves. If the first state J.=2, (+), is 
excited, followed by E2 emission (L=2), the n’—y 
correlation (6) becomes 


W (0,00) = To(Eo)T'2(E,)[2+1.421P2(cosy) 
—0.571P4(cosy) ]+71(Eo)T1(E1){5+ P2(cosé.) 
~ 1,200P2(cos6;)+0.500P2(cosy) 
—0,004[cos2oP2?(cos61) P2?(cos62) 
—2 cospP»!' (cos6;) Ps! (cose) — 12P2(cos0;) P2(cos62) } 
—0.020[cos2@P:*(cos6,) P2(cos62) 
+12 cos@P,'(cos6;) Ps! (cos62) 
+72P2(cos6;) Ps(cos62) }} + T2(Eo)To(E;) 
x [242.713 P2(cos6s) — 1.716P,(cos6.) J. 


The P,™ are (un-normalized) associated Legendre poly- 
nomials,'* P,'=sin@, etc.---. 

Since the compound state is formed isotropically by 
S waves, the first bracket depends only on the angle y 
between the scattered neutron and the y ray: 


cosy = cos6; cos#2+sin@; sin8s cos. 


The constant terms and terms in 62 alone are together 
the same as the angular distribution of the y rays alone, 
when the scattered neutrons are not observed, as may 
be seen by integrating over 6;, the neutron angle. 
Proton scattering would only mean different 7;’s to 
account for the Coulomb barrier. 

Finally we note that reactions involving aligned 
nuclei may also be considered, provided again we have 
no interferenze between different compound nucleus 
spins. If we replace the Zp transition by alignment 
according to the prescription given above, and take the 
L, radiation to be captured, not emitted, we have 
immediately the angular distribution of the reaction 
products when an unpolarized beam is fired at a target 
of aligned nuclei. 

The author wishes to thank Dr. J. A. Spiers for 
advice on this problem. 


“ E. Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945). 
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The K® nucleus is of interest since its spin J=4 forms a notable exception to Nordheim’s rule while the 
observed value 4= —1.29un for the magnetic moment seems to favor the j—j coupling. The theory of 
intermediate coupling is applied to the configuration d~'f with the view of accounting for the spin and the 
observed magnetic moment. It is found that a small spin-orbit interaction will lead to a negative magnetic 
moment. A central nucleon-nucleon interaction of the form (mP+nQ) V (riz), where P denotes the Majorana 
and Q the Bartlett operator, is assumed and calculations have been carried out for the exponential, Yukawa 
and Gaussian types of potential V(ri2) with various “ranges.” For a suitable choice of the spin-orbit inter- 
action parameter {, the observed magnetic moment can be obtained, the exact value of ¢ depending on the 


type of potential and range used. 


1. INTRODUCTION 


HE spin /=4 of the ground state of the K® 
nucleus forms a notable exception to Nordheim’s 
empirical rule! and might indicate that pure j, 7 coup- 
ling does not hold for that nucleus. On the other hand, 
the negative magnetic moment ~.= — 1.294 observed* 
for K® seems to favor the j, 7 coupling, since none of 
the L, S states having the observed spin /=4, namely, 
5774, *Gy, °F 4, and ‘G4, gives rise to a negative magnetic 
moment, whereas of the four configurations (d5;2)~'/s/2, 
(dsj2)"foy2, (dsj2)"fr/2, and (dso) frye in hd coupling, 
the last does give rise to a negative magnetic moment 
w=—1.70uny.* It was suggested by Feenberg* that a 
possible explanation of the observed moment might 
be found in an intermediate coupling. In the present 
note, calculations of the energy levels and the magnetic 
moment for intermediate coupling have been carried 
out in the manner of a previous work of the authors.‘ 


2. ENERGY LEVELS OF THE d'‘f CONFIGURATION 


It is reasonable, on the nuclear shell model, to take 
the proton-neutron configuration of the incomplete 
shell in the nucleus K® to be d-'f, i.e., one d particle 
missing from a closed shell and an / particle. The 140 
states of this configuration can be grouped in the Z, 5 
limit into the levels 


*P» 1, 0) 
‘Gs, 'Fs3, 


377, 5, 4) °Gs, 4, 3y 


Fs, 3, 25 


Hs, 'Do, "Py. (A) 


The matrix elements of the particle-particle interaction 
can be calculated with the aid of the theorem of trace 
invariance for the case of a d and an f particle, if for 
the d particle one uses the m, and m, value of the 
“missing” particle in the complete shell and changes 


* National Research Laboratories Postdoctorate Fellow. 

1L. W. Nordheim, Phys. Rev. 78, 294 (1950); A. de Shalit, 
Phys. Rev. 91, 1479 (1953). 

?P. F. Klinkenberg, Revs. Modern Phys. 24, 63 (1952); Eisinger, 
Bederson, and Feld, Phys. Rev. 86, 73 (1952) give w= —1.30uy. 

3 E. Feenberg, Phys. Rev. 76, 1275 (1949); I. Talmi, Phys. Rev. 
$3, 1248 (1951); H. M. Schwarz, Phys. Rev. 89, 1293 (1953). 

4G. E. Tauber and Ta-You Wu, Phys. Rev. 93, 295 (1954). 


the sign of the resulting matrix element.® This will give 
the correct matrix element up to an additive constant. 
Consider, for example, a state in the m,, m, representa- 
tion in which the missing d particle from the closed 
shell d'°, denoted by d’ for the moment, has the quantum 
numbers m,’, m,’. The matrix elements of the particle- 
particle interactions in the configuration d~'f, df are 
related by 
E(d'f)=E@f), 
E(a°{)=E(d"f)—E((d"]d’)— E(d’f), 


where E({d*],d’) means the interaction energy between 
the d’ particle and the other nine d particles. This may 
be written 


E(d°f) = E(d"f)— E(d")+E(a°)—E(a’f). 


Since the first 3 terms on the right are independent of 
the m,’, m,’ of the missing d particle, we may write 


E(d°f) =const—E(d'f), (2) 


in so far as relative energies of the various states in (1) 


are concerned. 
A general nucleon-nucleon interaction of the form 


V 12= (mP+nQ)V (| 1— 82!) (3) 


has been assumed, where P and Q are the Majorana 
and Bartlett operators, respectively, and V is a central 
potential. As we are dealing only with central inter- 
actions, the potential can be expanded in a series of 
Legendre polynomials and the resulting interaction 
expressed in terms of the Slater integrals defined by 


P¥(ayas)= ff f Rot(r)Rot(rafalrireddrde 


O(68)« f f Roy(r:)Ras(r3) fu (rats) Roy (1) Ran(r,)drdrg 
where 


2k+1 
Jam 2 -f (ran) Ps(coms)d coswi2, (4) 


5 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), second edition. 
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Fic. 1. Energy levels of K® as a function of spin-orbit pa- 
rameter ¢ for Yukawa potential, ro= 1.0 10~" cm. Scales in Mev. 
Only the lowest levels are shown. 


The energies of the various states in the L—S limit for 
the d~'f configuration are given in Table I. The acci- 
dental degeneracy of some of these states (and vanishing 
matrix elements) is due to the fact that on introduc- 
ing the missing particle all triplet states (mym,, 
m,'m,'|\Q|mym,, m,'m,') vanish on account of the spin 
wave functions, and that the sum of (mym,, 
m,'m,'| P|mym,, m,'m,') is the same for a given value 
of M and S.° 
To evaluate the integrals F; and G,, we shall assume 
for the radial wave functions R the harmonic oscillator 
wave functions. The Slater integrals can be expressed 
in terms of the Talmi integrals 7; for harmonic oscillator 
wave functions,’ 
I\= vef exp(— vr’) PV (r)dr, (5) 
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Fic. 2. Magnetic moment of K® as a function of spin-orbit 
parameter ¢ for exponential potential and various ranges. Mag- 
netic moment in units of uy. The parameter ¢ is in Mev. Dotted 
parts of the graphs indicate results near L, S and j, 7 limits. 


* See reference 5, Chapter 6, Table I. 
TT. Talmi, Helv. Phys. Acta 25, 185 (1952). 


as follows: 
160 G' = 99(Jo—J5)+9(1,—14)+38(12—1;), 
G,=G'/35, 
160 G?= 21[11(Zo— Js) —19(1,— 14) +2(2—15) J, 
G;=G*/315, 
160 G = 363 (To— 15) —5(11— 14) +10(12.—T) ], 
Gs=G*/1524.6, 
160 F°= 33 (Io4+J5) +21 (11 +14) +26(124+];), 
=F, 
160 F?=15[11(Jo+J5) —S5(Ui14+14) —6(124+-J;) J, 
F,= F°/105, 
160 F4= 297[ (Jo+J5) —3 (Ui +14)+2(e+/;s) ], 
F,= F*/693. 
A general method for obtaining the coefficients in (6) 
in any problem of this kind is given in Appendix I.* 


TABLE I. Energy states for ¢3'f configuration in L—S limit. 








State Q 





0 
— 2Fo— 20F2.—6F 4 
- 2Fs+30F:+44F, 
—2Fot+ 22Fy— 132F, 
—2Fo— BPs 198F, 


—35G; 
—35G; 


— 2Fo—48F2—132F 4 


To carry out the calculation, we have confined our- 
selves to the following types of potentials :* 


V (7) = VoXe—"!", 
V(r) = Vo'e-"!(r0/r), 
V (r) = Vo% exp(—r?/r,?), 


(i) Exponential 
(ii) 
(iii) 
where Vo is the depth and ro the “range” of the po- 
tential. These constants and m and n appearing in the 
interaction can be estimated from the data of two free 
nucleons.* With these values the Talmi integrals J; for 
the various interactions and ranges can be calculated, 
and finally the energies of the various states (Table I) 
can be obtained by inserting the appropriate expres- 
sions for the F’s and G’s. 

In order to obtain the energy levels for any inter- 
mediate coupling between the L, S and j, j limits, the 
secular equations must be solved. From (1) it is seen 
that there are three equations of order 4 (J =4, 3 and 2), 
two of order 3 (J=5 and 1) and two linear ones (J=6 
and 0). The spin-orbit matrices for two nucleons are 
known" and can be given in terms of two parameters 


(7) 


Yukawa 


Gaussian 


*A more general method, but not as readily adaptable for 
numerical calculations, has been given by E. H. Kronheimer, 
Phys. Rev. 90, 1003 (1953). 

® See reference 4, Table IT. 

” G. Racah, Physica 16, 651 (1950). 





MAGNETIC MOMENT OF K*?® 


¢:=¢4 and {2=f,. As in the shell-model of Mayer ef al." 
the spin-orbit interaction is to be assumed negative for 
particles and positive for “holes,” one can write 


fa=f, (¢>0), 
fs= — af, 


where a is an arbitrary positive constant a>1. The 
secular equations are particularly simple for a=1 and 
already give a splitting of the correct order for the d 
and f levels; they are given in Appendix II. The 
energy levels as functions of the spin-orbit parameter ¢ 
for the various ranges and potentials considered can 
then be obtained by inserting the corresponding values 
of the L—S energies and solving them numerically. 
Figure 1 shows the energy levels for one range in the 
Yukawa potential. It is seen that the lowest level has 
the spin /=4 in agreement with observation. The levels 
for the other types of interactions and ranges are similar. 


(8) 


3. MAGNETIC MOMENT OF K* 


The magnetic moment is given by the expectation 
value of the operator 


w= DO (mi'grit+m,'g.*)un, (9) 


imP,N 
where m;,' and m,' are the orbital and spin angular 
momentum operators of the nucleons, respectively, and 
g' and g,‘ are the gyromagnetic ratios of orbit and spin, 
respectively, and are given by 


gi°= 1, 
ge? =5.58, g.¥=—3.82. 


In order to adapt (9) to a hole-particle configuration, 
it is again sufficient to consider only the missing particle 
instead of the nearly completed shell, provided the 
eigenvalues of the operators m,” and m,” are replaced 
by their negatives. The appropriate wave function is 
found from the solution of the secular equation. For 
]=4 it is a linear combination of the (zeroth-order) 
wave functions corresponding to the states *H4, "Gy, 
3F,, and 'G, and can be written as 


¥ (414) = ap PH) +BY ('Gs) + CPs) +69 CG,), 


where the coefficients a, 8B, y, 6 are obtained from the 
appropriate solution of the secular equation for J=4, 
and satisfy the requirement that a*?+(*+~7’+6= 1. The 
(zeroth-order) wave functions are obtained by properly 
combining the states corresponding to the various values 
of M,and M, into multiplets and are given in Appendix 
III. The phases have been so chosen as to give the 
known expressions for the spin-orbit matrices." 
Applying the operator y» in (9) to the wave function 


(10) 


"1M. G. Mayer, Phys. Rev. 74, 235 (1948); 75, 1969 (1949); 
78, 16 (1950). Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 
(1949). 

12 The case for a=2 has also been considered without changing 
the final results materially. 


(10) one obtains for the magnetic moment: 


(u)/wnw = 1.4702+1.46?+ 1.63y*+ 1.516? 


+0.43a5—8.4185+0.645y6. (11) 
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Fic. 3. Magnetic moment of K® as a function of spin-orbit 
parameter ¢ for Yukawa potential and various ranges. For scale 
and notation see Fig. 2. 


The magnetic moment as a function of the spin-orbit 
parameter ¢ has been plotted for the various potentials 
and ranges considered (Figs. 2-4). From these figures 
it is seen that for large values of the spin-orbit param- 
eter the j—j coupling value u= —1.70uy is obtained 
as an asymptotic limit, and also that a compara- 
tively small amount of spin-orbit coupling is sufficient 
to give the (observed) negative magnetic moment 
w=—1.29%y. This is due to the appearance of cross 
terms in Eq. (11) which do not appear in the L—S 
limiting case.” 
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Fic. 4. Magnetic moment of K® as a function of spin-orbit 
parameter ¢ for Gaussian potential and various ranges. For scale 
and notation see Fig. 2. 
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APPENDIX I. CALCULATION OF SLATER INTEGRALS 
IN TERMS OF TALMI INTEGRALS 


The Slater integrals occuring in calculations of L—S limit 
matrix elements are given by Eq. (4) of the test, where for the 
radial wave function we use harmonic oscillator wave functions 

Ra; (r) = Niyg™ exp ( —4yr*), 
Raz(r) = Nig'** exp(—4vr*). 


n=(, 


The Legendre polynomials P, can be expressed in terms of a 
power series in Coswi2 for which the coefficients are well known." 


(12) 


m 


. even for k even 
P;.(coswi2) = z es ’ 


Hans | odd for k odd, 
the upper limit m being m=k/2 or (k—1)/2 according as k is 
even or odd. 

If one now introduces two new integrals, A* and B+, defined by 


C4 cos*wi2, a 


At =4Ni?Ni? ff "(rirg) ttle exp[ —v(ri2?+r2) ] 
KV Cl 9ri—re!) cos*wied coswi2dridro, 
Bow wine ff fre +p 2ls+2 exp - v(ri2+r2?) | 


XV ({ri—re|) cos*wied coswiedridro, 


(13) 


F and G can be expressed as sums involving the new integrals 


Fea (2k+1)D C,B*, G*=(2k+1) Z C,A*. 


a~0 a~l 


(14) 


Following Talmi one now introduces new coordinates defined by 
2R=r; +f, cosd = (r-R)/rR. 


r=Fro—TP), 


The R and @ integration can be done immediately, and one finally 
obtains for A and B the series 


L L 
At=> K bel, B= d Kal, 


a0 “0 


(15) 


where 
K,=27-" (142s) !!(2p—1) !!/(14-2h) 11(14-2/2) I; 


b,* is the coefficient of y* in the sum 


(L—a)/2 P 2¢ 
. on aes 2 rad 
a) es 7.0.0» \ Lb~—e-20/»— «lee 
ot ( o Jaq PK ety) (x—y)*; 


d,* is the coefficient of y* in the sum 


ly la 2p 
#5 (4) 4) 2 
@ r\P/\7T/2p+1 
n!!=n(n—2)-(n—4)---2 or 1, according as nm is even or odd; 
L=l+l,, where 1; and /, are the angular momenta, L, =/,—4a, 
Lz=l,.—}a, and p= L+1—s 

On combining (4) and (5), F and G can be expressed in terms 
of the Talmi integrals by tabulating the required coefficients, 
which are obtainable by inspection without having to do any 
integration. It should be noted that B*=A* (and hence F*=G*) 
if both angular momenta are the same, i.e., /;=/:. The method 
can also be extended to the case for which the radial quantum 
number n+ 0. 


1)" x?y? (x+y) “-9-20(xy—y)*, 2p=ot+r; 


4 See, e.g., E. Jahnke and F. Emde, Tables of Functions (Dover 
Publications, New York, 1943). 


AND T.-Y., WU 
APPENDIX II. SECULAR EQUATIONS FOR df 
CONFIGURATION [FOR a=1 IN (8)] 


E="H- 
| 1H-E 0 
I=5, 0 G-H-E 
|—359/30 6/5 
1H4+3¢/5-E 0 0 £4/88/4/75 
0 IG—E 0 —fr/5 
0 0 %¥F-3¢/4—-E £/125/./48 
9/88/75 0/5 £4/125/4/48 *G+4+3¢/20-—E 


°G+3¢/4—E 0 15¢/4/112 
0 IiF—E 0 
0 0 ID—f—E 
15¢//112 9 —g/V3B_—f/24/s/7 
P+¢—E 0 0 
0 ID-E 0 
0 0 *%p—3¢/2-E 
SV12/SS  —gV/6/2 $n/18//S 
|*P+3¢/2—E 0 
0 ilP—E —t/v2 | 
| vae —{/V2 *P+3¢/2—-E| 
I=0, E=*P+3¢. 


Here *H stands for the energy in the L, S limit in Table I, etc. 


I=6, 


— 454/30 
*1+¢/10—E| 


§/12//5 
—V6¢/2 
V185//5 
*D+¢/2-—E 


v2¢ 








=0, 


APPENDIX III. WAVE FUNCTIONS FOR df 
CONFIGURATION 

The 140 wave functions can be grouped together in states of 
definite M; and M, enumerated in Eq. (1) in the text. The corre- 
sponding wave functions are linear combinations of the above 
and can be found either by direct diagonalization or using the 
operators!® 

L,=L,+il,, $425,418, Ji=Jetily. 


The wave functions required in calculating the magnetic moment 
are those for which J = M=4 and are given in the following :'* 


[/6(—27,27) ++/6(—2*,2*) 


az 
/ 20 
--2(—17-,2°) —2(--1*,3*) ]-—3./5(—2*,3-) 


veH)=4 
1 
“a V30 


X[/10(—27,1*) —4(-1 “24 +20°3] / v5, 
¥('G,) = —[v2(—27,2-) +v3(—17,37) 
—v2(—2*,2+) —v3(—1*,3*) ]/+/10, 
¥CF,) = —[V2(—2-,1*) +V5(—17,2*) +-/5(0",3*) /V12, 
¥ (8G4) = {2V2[v2 (—2>,2-) +-v2( —2*,2*) 
+v3 (—17,3-) +v3 (—1*,3*) J—[4/10(—27,1*) 
RBOBLO? 5 + (—1>,2+) -—3(0-,3*) }} /10. 
16 N. M. Gray and L. A. Wills, Phys. Rev. 38, 248 (1931). 
16 The first figure in each parenthesis gives the m value of the 
“missing” proton, with the + or — denoting the zs component 


of the spin equal to +4 or —4, respectively. The second figure 
gives the corresponding information for the neutron. 
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The spectrum of the gamma rays produced by the resonant capture of 305-kev protons by sodium has 
been studied with a single-crystal scintillation spectrometer having a resolution of 21 percent at 6 Mev, 
and with a three-crystal scintillation pair spectrometer having a resolution of 7 percent at 6 Mev. Gamma 
rays of energies 10.61+0.05 Mev, 7.9+0.2 Mev, 6.7+0.2 Mev, 4.2+0.1 Mev, and 1.38+0.03 Mev were 
observed. Cascades were found from coincidence measurements. The energies of the gamma rays and 
cascades are consistent with transitions between known levels of Mg™. 

The alpha decay of the 11.99-Mev Mg™ state to the ground state of Ne*® has been observed to be much less 
probable than its gamma decay. The direct gamma transition of this state to the 0* ground state of Mg” is 
absent. The angular distribution of the most energetic gamma ray is anisotropic. These results allow limita- 
tions to be placed on the spin and parity of the 11.99-Mev state in Mg. 





INTRODUCTION 


HE nuclear energy states of Mg™ have been 

studied in a number of reactions and processes. 
The energies, spins, and parities of some of the lower 
states have been determined with certainty, but rela- 
tively little is known about states of higher excitation. 
We have studied the gamma-ray spectrum of the excited 
Mg” formed by resonant capture of 305-kev protons. 

Measurements of the energies of the Mg* gamma rays 
following the beta decay of Na™ give a precise determi- 
nation of the energies of two of the lower states, at 
1.38 and 4.14 Mev. The spins and parities of these 
states are known from gamma-gamma angular corre- 
lation! and internal pair conversion? measurements to 
be 2+ and 4+, respectively. 

Studies of the energies of inelastically scattered 
proton groups from natural magnesium by Fulbright 
and Bush’ were made at bombarding energies of 6.08, 
9.64, and 15.30 Mev. They detected the scattered pro- 
tons with photographic plates, using the magnetic field 
of the cyclotron for energy analysis. They observed 
levels at 1.00, 1.33, 1.58, 3.97, 4.17, 5.51, and 7.32 Mev 
and some others whose origin they question. Most of 
their data are consistent with previously reported 
values‘ within their probable error of +0.2 Mev. 
Using 9.6-Mev protons, Baker, Dodd, and Simmons® 
measured the ranges of scattered protons with alumi- 
num foils and proportional counters. They found Mg™ 
levels at 1.34, 4.17, and 6.38 Mev. The first two are in 
good agreement with known levels, and the third agrees 
with results on inelastic deuteron scattering’ from 
separated Mg™, Hausman ef al.” have made the most 


* Supported in part by the U. S. Atomic Energy Commission. 


1E. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 

2S. Bloom, Phys. Rev. 88, 312 (1952). 

8H. W. Fulbright and R. R. Bush, Phys. Rev. 74, 1323 (1948). 

‘T. R. Wilkins, Phys. Rev. 60, 365 (1941); R. H. Dicke and 
J. Marshall, Phys. Rev. 63, 86 (1943). 

5 Baker, Dodd, and Simmons, Phys. Rev. 85, 1051 (1952). 

6 Massachusetts Institute of Technology Progress Report, July, 
1950 (unpublished), p. 174. 

7 Hausman, Allen, Arthur, Bender, and McDole, Phys. Rev. 88, 
1296 (1952). 


accurate determination of energy levels in Mg™ by this 
method. They bombarded natural magnesium with 
8-Mev protons and magnetically analyzed the scattered 
protons, obtaining levels at 1.38+-0.02, 4.13+0.02, and 
4.24+0.02 Mev, which were uniquely assigned to Mg™ 
by a study of the reaction Al*’(p,a)Mg™. 

Mandeville* measured the energies of the neutrons 
from the reaction Na*(d,n)Mg™ by the ranges of recoil 
protons in Ilford C2 emulsions. He found states at 0.83, 
1.24, 1.66, 4.16, 7.70, and 8.64 Mev. The energies of 
the three higher states agree well with previous data, 
but the lower ones have not been observed in other 
reactions. 

Gamma rays of many different energies result from 
the reaction Na™(p~,y)Mg™. Using a single NaI(TI) 
crystal, Casson? found gamma rays of 10.3+0.3, 7.5 
+0.2, 6.84+0.24, 1.38+0.04 Mev, a probable gamma 
of 3.60.2 Mev, and other unresolved radiation in the 
region of 2-4.5 Mev. 

The evidence for the energies of excited states in 
Mg™ can now be summarized as follows. The most 
accurate measurements have been made on the gammas 
following the beta decay of Na™ and on natural mag- 
nesium by scattering experiments, and some of these 
levels have been confirmed by work on separated 
isotopes and by other nuclear reactions. Thus the levels 
known to belong to Mg” are at 1.38, 4.14, 4.24, 6.38, 
7.3, and 8.6 Mev. Other levels have been observed at 
1.0, 1.6, and 5.5 Mev, whose isotopic assignment is un- 
certain. Previous studies of gamma radiation from 
Na™(p,vy)Mg™ do not yield enough information to say 
anything more about the energy level structure. The 
present work made use of a three-crystal spectrometer 
to improve the resolution for the higher-energy gamma- 
ray measurements. 


THREE-CRYSTAL SCINTILLATION SPECTROMETER 


A gamma ray of energy two Mev or greater may 
interact in a number of different ways with a scintil- 


®C. E. Mandeville, Phys. Rev. 76, 436 (1949). 
* H. Casson, Phys. Rev. 89, 809 (1953). 
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Fic. 1. Physical arrangement of three Nal crystals forming the 
three-crystal scintillation pair spectrometer. 


lating crystal. The broad distribution of the Compton 
recoil electrons has a high-energy edge at about E,—0.5 
Mev, where E, is the gamma-ray energy. From the 
pair process, in general, one may obtain peaks at E,, 
E,—0.51 Mev, or E,—1.02 Mev, as none, one, or both 
of the annihilation quanta escape from the crystal. The 
resulting confusion may be alleviated at the sacrifice of 
the counting rate by the use of a three-crystal pair 
spectrometer.’ The annihilation radiation is detected 
in two crystals placed on opposite sides of a center 
crystal, on which the gamma ray is incident. A triple 
coincidence between the three crystals corresponds to 
an energy loss of E,—1.02 Mev in the center crystal, 
and an analysis of the coincident pulses from the center 
counter yields a spectrum which is much easier to 
analyze than the single-crystal distribution. 

A three-crystal spectrometer was arranged as in 
Fig. 1 in order to study the Mg™ gamma radiation. 
Commercially potted NaI(T1) crystals! 14 in. in diam- 
eter, 1 in. thick, were used for the annihilation radiation 
detectors; the center crystal was 1} in. in diameter and 
either 2 in. or 4 in. long. The RCA 5819 photomultipliers 
were operated at 1000 volts. The block diagram of the 
electronic circuits for the detection of triple coincidences 
and pulse-height analysis is given in Fig. 2. The pulses 
from the annihilation radiation crystals were limited” 
in height, their maximum height being equal to that 
produced by a 750-kev garnma ray, in order to detect 
the annihilation radiation in the presence of radiation 
of energy extending up to 10 Mev without overloading 
the amplifier, and to expand the voltage scale in the 
region of interest. The pulses from the three crystals 
were amplified by Atomic Instrument Company Model 
204B amplifiers, and triple coincidences were detected 
by an Atomic Instrument Company Model 502, 0.5- 
microsecond resolving time, coincidence circuit. The 
spectrum of the pulses from the center crystal was 


J. K. Bair and F. C. Maienschein, Rev. Sci. Instr. 22, 343 
(1951); S. A. E. Johansson, Nature 166, 794 (1950); Phil. Mag. 
43, 249 (1952). 

" Harshaw Chemical Company, Cleveland, Ohio. 

2 W. C. Elmore, Rev. Sci. Instr. 20, 963 (1949). 
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analyzed with a 10-channel pulse-height analyzer,” 
which was gated by the 3-fold coincidence pulse. The 
pulses from the center crystal were delay-line clipped 
so that they were fairly flat on top for 0.5 microsecond, 
and then delayed by 1 microsecond before amplifica- 
tion in order to allow time for the gating triple coinci- 
dence pulse to open the 2-microsecond gate of the 
analyzer. The counting rate in the side crystal was 
usually several thousand per second, and about one 
thousand per second in the center crystal. The insertion 
of a 4-microsecond delay in one of the coincidence 
channels showed that the number of accidental triple 
coincidences was negligible. 

The resolution of the three-crystal spectrometer has 
been studied with gamma rays at 4.43, 6.13, and 11.67 
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Fic. 2. Block diagram of the electronic circuits for the detection 
of triple coincidences in the three-crystal spectrometer and pulse- 
height analysis of the coincident pulses from the central crystal. 











Mev, from the B'(p,y)C" and F'*(p,ay)O" reactions. 
The single-crystal and three-crystal spectra of the 
6.13-Mev gamma ray detected with a 2-in. long crystal 
are given in Fig. 3. The requirement of a triple coinci- 
dence rejects the two higher-energy peaks, leaving the 
single pair peak at (6.13—1.02) Mev. The width at 
half-maximum of the “pair” peak has been reduced 
from 21 percent to 7 percent and the Compton back- 
ground suppressed. At 11.67 Mev and with a 4-in. long 
center crystal, the three-crystal pair peak is 11 percent 
wide at half-maximum. The width of the three-crystal 
pair peak is due to photomultiplier statistics, diffi- 
culties in light collection, escape of electrons and posi- 
trons from the crystal, and bremsstrahlung produced 
in the crystal by the positron-electron pair. The width 
due to photomultiplier statistics and poor light collec- 
tion should decrease for higher-energy gamma rays. 
The escape of the positron, electron, and bremsstrahlung 
would tend to broaden the peak and could account for 
the long tail on the low-energy side. Campbell and 
Boyle“ have performed ‘Monte Carlo” calculations to 
determine the distribution in pulse height obtained 
with a single Nal crystal, of nearly the same size as 
we have used, for incident gamma-ray energies of 


4 W. C. Johnstone, Nucleonics 11, No. 1, 36 (1953). 
- G. Campbell and A. J. F. Boyle, Australian J. Phys. 6, 171 
1953). 





SCINTILLATION COUNTER STUDY OF y RAYS 


6 Mev, 12 Mev, and 18 Mev. They find that, for gamma- 
ray energies greater than 10 Mev, a significant fraction 
of the incident gamma-ray energy escapes from the 
crystal and that the fraction fluctuates. This limitation 
on the resolution of a single-crystal spectrometer is also 
present in the three-crystal spectrometer. We have ob- 
served a considerable increase in the asymmetry of the 
peak toward the low-energy side as E, increases from 
6 Mev to 12 Mev. 

Accidental coincidences among the three crystals of 
the spectrometer have not been important at the count- 
ing rates used in our experiments. The existence of 
triple-gamma cascades has been established in the Mg** 
decay, and these spurious true coincidences contribute 
to the background. When the side counters were moved 
away from the center crystal so that the annihilation 
radiation would not contribute to triple coincidences, 
and the counter-target distance kept constant, the 
threefold coincidence rate decreased to less than 20 
percent of the original value for lower-energy gamma 
rays and was negligible for higher-energy gamma rays. 
The spurious rate can be made small by moving the 
three crystals farther from the source, and it was this 
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Fic. 3. Single-crystal spectrometer and three-crystal pair spec- 
trometer measurements of the 6.13-Mev gamma ray produced in 
the F'(p,ay)O"* reaction. The 3:1 improvement in resolution and 
3:1 improvement in peak-to-valley ratio are attained at a sacrifice 
of 250:1 in peak counting rate. 


difficulty which determined the choice of distances 
shown in Fig. 1. 

From the data shown in Fig. 3 it can be seen that 
the ratio of the peak counting rate of the three-crystal 
spectrometer to that of the single-crystal spectrometer 
is as 1 to 250 at 6.13 Mev. The differential pulse- 
height analyzer window width was 2.5 volts. Another 
way to express the efficiency of the three-crystal spec- 
trometer is to give the number of counts observed in 
the peak per gamma ray emitted. The yield of fluorine 
gamma rays from a thick target is 0.1 rutherford per 
ua of protons. About 2.5X10~* count is obtained in 
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our apparatus in the triple-coincidence peak for every 
6.13-Mev gamma ray emitted. Gamma rays of energy 
less than about 3.0 Mev cannot be detected in our 
experiment because of the decrease in pair-production 
cross section with decreasing energy. 


PROCEDURE AND RESULTS 


Protons from an rf ion source!® were accelerated by a 
500-kv Cockcroft-Walton accelerator.'* The beam was 
analyzed and its energy determined by a 90° deflec- 
tion magnet. The magnet was calibrated using the 
B"(p,y)C” reaction at 163 kev and the F'*(p,ay)O"* 
reaction at 340 kev. 


1. Energy of Gamma Radiation 


Thick targets of Na;PO, were pressed mechanically 
into the ends of thin-walled brass tubes and bombarded 
by beam currents of approximately 200 wa. The yield 
curve shows resonances at 225 kev and at 305 kev in 
agreement with Tangen.'? The 305-kev resonance is 
about 100 times stronger than the 225-kev resonance, 
and all the gamma radiation observed was attributed 
to it. Particular care was taken to avoid fluorine con- 
tamination as it exhibits the strong F'*(p,ay)O"* reac- 
tion at 340 kev. The lowest resonance in phosphorus is 
at 355 kev.'* The only gamma ray produced in the 
O'*(p,y)F"" reaction has an energy less than 1 Mev. 

The results of a typical run with the three-crystal 
spectrometer are shown in Fig. 4. The slow counting 
rate makes it impractical to use it for energies below 
about 3 Mev in this reaction. The three-crystal spec- 
trum was obtained in about 3 hours. The width of the 
channels of the 10-channel analyzer, 2 volts, was 
checked with pulses from a mercury relay pulse gener- 
ator.'® The stability of the entire electronic system was 
checked frequently by increasing the signal level 8-fold 
by an input attenuator which precedes the amplifier, 
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Fic. 4. Results of a three-crystal spectrometer study of gamma 
: ____ rays from the 11.99-Mev state of Mg”. 
‘5 Moak, Reese, and Good, Nucleonics 9, No. 3, 18 (1951). 
'®W.R. Arnold, Rev. Sci. Instr. 21, 796 (1950). 
( '’R. Tangen, Kgl. Norske Videnskab. Selskabs Skrifter, No. 1 
1946). 
*T). E. Alburger and E. M. Hafner, Revs. Modern Phys. 22, 
373 (1950). 
* W. C. Johnstone (private communication). 
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Fic. 5. The full circles show the results of a single-crystal spec- 
trometer study of the low-energy part of the Mg™* gamma spec- 
trum when the pulses have been limited in height. The open 
circles show the results of the measurement of the energy of the 
low-energy gamma ray in twofold coincidence with the highest 
energy gamma ray of the Mg™ spectrum. 


and measuring the photopeak of the Cs!*7 (663 kev) 
gamma ray. Shifts of the photopeak were not more 
than 2 percent during any of the runs. The three- 
crystal spectrometer was calibrated at 4.43 Mev, 6.13 
Mey, and 11.67 Mev and was linear within the accuracy 
of measurement of the calibration points. The reaction 
was monitored by an integral discriminator on the 
center crystal of the spectrometer. 

A careful search was made for the gamma radiation 
which would result from the direct transition to the 
ground state of Mg”, at an energy of 11.99 Mev.” The 
single-crystal and three-crystal spectrometers were cali- 
brated with the 11.67-Mev radiation from B"(p,y)C™. 
The direct transition to the ground state was not ob- 
served, and it is estimated that its intensity is less thar. 
2 percent of the 10.7+-0.2 Mev radiation. 

A single-crystal spectrometer was used to study the 
lower-energy part of the spectrum in detail. The pulses 
were limited in height so that the entire voltage range 
of the analyzer could be used to study the spectrum 
from 0 to 1.5 Mev. The results are shown in Fig. 5. 
The energy calibration of the pulse analyzer was 
established with the 663-kev Cs"? and 1.33-Mev Co® 
gamma rays. 

These measurements indicate gamma rays of 10.7 
+0.2, 7.940.2, 6.7+0.2, 4.20.1, and 1.38+0.03 Mev. 
The peak corresponding to the 6.7-Mev gamma ray 
appeared consistently in each of several runs. The 
energy region from about 1.5 Mev to about 3.5 Mev 
was not surveyed. 


2. Coincidence Counting 


The number and energies of the gamma rays emitted 
in Mg” suggest a number of cascades. Some of these 
were studied by coincidence counting. Two single- 
crystal Nal detectors and single-channel differential 


”C. W. Li, Phys. Rev. 88, 1038 (1952). 


pulse-height analyzers (Atomic Instrument Company, 
Model 510) were used to show that the 10.7+0.2 and 
1.38+0.03 Mev gamma rays are emitted in cascade. 
One scintillator-analyzer detected the 10.7+0.2 Mev 
peak and the other scanned the low-energy region. The 
pulses from the low-energy detector were limited in 
height to those equivalent to 1.75 Mev, permitting 
greater accuracy in scanning this part of the spectrum. 
The number of coincidence counts as a function of the 
analyzer setting is given in Fig. 5. A more precise deter- 
mination than from the pair spectrometer of the energy 
of the highest-energy gamma ray can be obtained 
knowing that it is in cascade with the 1.38-0.03 Mev 
gamma rays and the energy of excitation of Mg”. 
The result is 10.61+0.05 Mev. 

The same arrangement, minus the limiter, was used 
to show that the 7.90.2 Mev gamma radiation is in 
cascade with 4.2+0.2 Mev gamma radiation. One 
scintillator-analyzer detected the 7.9+0.2 Mev peak 
and the other scanned the spectrum. The number of 
coincidence counts as a function of analyzer setting has 
the same shape as the single-crystal pulse-height dis- 
tribution up to pulse heights corresponding to 4.2 
+0.2 Mev gamma-ray energy. Beyond this point, no 
coincidences were found. 

Three scintillation spectrometers have been used to 
detect triple-gamma cascades. The three counters were 
located symmetrically about the target chamber. The 
integral discriminators of the amplifiers for two of the 
counters, A and B, were set so that pulses produced by 
gamma rays of energy less than 1.4 Mev could not be 
detected. The discriminator of the amplifier for counter 
C was set to require pulses greater than those produced 
by a 0.7-Mev gamma. The threefold-coincidence pulse 
gated the 10-channel pulse-height analyzer and the 
spectrum of the pulses in the counter C obtained. The 
insertion of a 4microsecond delay in one channel 
demonstrated that the accidental coincidences were 
negligible. The pulses from counter C were limited in 
height, being less than those produced by a 2.3-Mev 
gamma ray. The triple-coincidence peak for counter C 
agrees exactly with that of the 1.38-Mev gamma ob- 
tained in the single-crystal spectrometer and demon- 
strates that at least one triple cascade occurs via the 
1.38-Mev level in Mg”. The bias on counter C was in- 
creased so that only gamma rays of energy greater 
than 1.38 Mev could be counted in any counter and a 
significant number of triple coincidences detected. 


3. Angular Distribution of 10.6-Mev Gamma Ray 


The angular distribution with respect to the proton 
beam of the highest-energy gamma ray, at 10.61 Mev, 
was measured by discriminating against pulses from 
the 2-in. NaI counter produced by gamma rays of 
lower energy. A thick NaAlO, target on a 0.01-in. 
tantalum backing was bombarded with a 60-ua beam. 
A yield curve showed only the sodium resonance and 
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the pulse-height distribution of the gamma rays was 
the same as previously obtained from the Na;PO, 
targets. The target disk was placed at 45° to the beam. 
There was a small asymmetry in the system which 
could be corrected by comparison with the apparent 
asymmetry in the angular distribution of the gamma 
radiation from F!*(p,ay)O'*, which is known to be 
isotropic.” The function W=1+-A cos’@ fits the data 
reasonably well for measurements in the forward 
quadrant. The most precise result of the measurement 
is the anisotropy, W (0°)/W (90°) =0.76+0.05. 


4. Alpha Decay of Mg** 


A resonance in the reaction Na*(p,a)Ne” was sought 
in the neighborhood of 305-kev proton energy. The 
alpha-particle energy would be 2.24 Mev. The target 
was NaAlO, on a thick brass backing at right angles 
to the beam, and the alpha counter was a NalI(T)) 
flake on the end of a Lucite light pipe placed at an 
angle of 105° to the beam. The brass backing could be 
rotated to give target spots of NaAlO», CaF., and 
graphite with the same geometry in order to compare 
alpha and gamma yields from sodium and fluorine and 
to measure the background. Scattered protons were 
stopped by 50 microinches of nickel foil in front of 
the counter. Polonium alpha particles whose energy 
had been reduced by aluminium foils were used to 
calibrate the detector. 

We measured A: the ratio of the alpha yield to gamma 
yield from sodium with a 20-ya beam, and B: the corre- 
sponding ratio for fluorine with a 3-ua beam. Let f be 
the fraction of disintegrations of Mg™ which proceed by 
alpha decay to the ground state of Ne”, « be the 
efficiency of detection of the Mg™ alpha particles, 9, be 
the efficiency of detection of the Mg™ gamma rays, and 
N, be the number of disintegrations per second. For 
the fluorine reaction, we use the same symbols with a 
subscript 2. Then 


A=Nife/(Ni(1—f)m J], 
B= N62/ Nom. 


Consequently, 
f/(A—f) = (A/B) (1/2) (€2/€1). 


The ratio €:/e€, is about 0.5 and the ratio m,/n2 of the 
gamma efficiencies is about one. The yield of alpha 
particles in the Mg™ decay did not show a resonance 
at 305 kev which was significantly larger than the back- 
ground, while the gamma yield showed a clear reso- 
nance. After subtracting the background, our values 
for A and B are 


A=0+0.03, 


from which we conclude that f is at most equal to $. 


B=0.063+0.002, 


31 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). 
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DISCUSSION OF RESULTS 
1. Gamma Radiation 


The number and energies of the gamma rays ob- 
served in this study are in general agreement with the 
results of Casson.® The pair spectrometer is not suited 
to a study of this radiation in the 1-3 Mev region, and 
the single-crystal spectrum is so complex and poorly 
resolved that one cannot be certain of the energy of 
the radiation in this region. The results of a Compton 
spectrometer are also confused because of the large 
number of pulses from gamma rays of higher energy 
and cascade gammas of higher energy. The uncertainty 
in the energy measurements with the three-crystal 
spectrometer arises about equally from the instability 
of the electronic apparatus, the width of the pair peak, 
and the lack of adequate calibration points in the 6-10 
Mev region. 

The observed gamma rays may. be fit into a decay 
scheme involving the known levels in Mg™ as shown in 
Fig. 6, but the lack of precision in the knowledge of the 
energy of the higher states and in the gamma-ray meas- 
urements make a unique fit of all the radiation im- 
possible. The 10.61+0.05 Mev and 1.38+0.03 Mev 
gammas are in cascade. Since the energy of the 1.38-Mev 
gamma ray corresponds so closely to that of the 1.38- 
Mev level, it appears that the decay proceeds by way 
of the well-known 1.38-Mev state which has spin and 
parity of 2+. The 4.2+0.1 Mev gamma probably does 
not arise from a direct transition from the 4* state at 
4.14 Mev as the crossover transition is not observed in 
the gamma radiation following the Na™ beta decay.” 
The discovery of the level at 4.24 Mev which is not 
reached in the beta decay provides a convenient ex- 
planation for the observed 4.2-Mev radiaticn. The 7.9 
+0.2 Mev radiation may result from a transition from 
the capture state to the 4.24-Mev state, since it is in 
cascade with the 4.2-Mev gamma ray. 

The triple cascade involving the 1.38-Mev gamma 
ray is energetically consistent with a cascade by way 





nr adoe 


Fic. 6. The horizontal 933——— 
lines indicate known energy +e 
levels of Mg™ and related 
nuclear configurations with 
their energies on the left in 
Mev and their spins and 
parities on the right. The 
transitions indicated are 
consistent with the meas- 
ured gamma-ray energies 
and coincidences. 














# Bishop, Wilson, and Halban, Phys. Rev. 77, 416 (1950). 
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of the 5.51-Mev and 1.38-Mev levels. The triple cas- 
cades involving higher than 1.38-Mev gammas may 
proceed in a number of different ways which have not 
been identified. 


2. Proton Capture State 


The ground state of Na™ has* spin 3 and even 
parity.“ For s-wave proton capture this limits the 
11.99-Mev level in Mg” to 1*, 2+; for p-wave, to 0-, 1-, 
2-, 3-; for d wave, to Ot, 1+, 2+, 3+, 4+. From the ob- 
served anisotropy of the 10.6-Mev gamma ray, we can 
conclude that the spin is not zero and pure s-wave 
capture does not occur. Spin values of 1 are also ruled 
out by the failure to observe a gamma transition to the 
0+ ground state of Mg™. Isotopic spin selection rules 
would not replace the angular momentum selection 


*T. I. Rabi and V. W. Cohen, Phys. Rev. 46, 707 (1934). 
“P. Shapiro, Phys. Rev. 93, 290 (1954). 
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rules in this argument since it is not expected that pure 
isotopic spin states would be found at 11.99-Mev 
excitation.** Spin values of 3+ and 4+ would require 
pure d-wave capture which is unlikely at these bom- 
barding energies. This leaves us with the possibilities 
2+, 2-, 3-. Goldberg et al. have observed a 2* level at 
11.985-Mev excitation in Mg* in alpha scattering 
experiments*® on Ne”. Since the 11.99-Mev level in 
Mg” has a width of less than 0.5 kev and is separated 
by about 50 kev from nearby levels,'’ it is reasonable 
to identify the level studied here with that studied in 
the alpha-scattering experiments. This requires that 
both s- and d-wave protons contribute to the capture. 
The failure to observe alpha particles implies that the 
penetrability is sufficiently low for alpha particles to 
allow gamma radiation to compete successfully. 


2%, Radicati, Phys. Rev. 87, 521 (1952). 
26 Goldberg, Haeberli, Galonsky, and Douglas, Phys. Rev. 93, 
799 (1954). 
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The “plate mover” technique has been used in two emulsion studies of the time dependence of the flux 
of primary heavy nuclei (Z > 10). No evidence for the previously reported “day-night” effect was found. 
The angular distribution was studied on an oriented flight, and some statistically significant azimuthal 
asymmetries were noted, but these showed no obvious trend in time. The absorption mean free path was 
found to be 19 g/cm?, independent of depth in the atmosphere for depths > 18.5 g/cm’. 


I. INTRODUCTION 


ECISIVE checks on some theories of the origin 

of cosmic rays would be furnished by measure- 
ments of the intensity of the primary radiation as a 
function of time and direction of incidence. Such 
measurements have been attempted often in the past,' 
but until recently, they were made only at great 
depths in the atmosphere where the behavior of the 
primary rays is obscured by that of the secondaries. 
The development of high-altitude, constant-level bal 
loons has lately made it convenient to study the primary 
beam directly for long periods of time, so that a new 
approach to the time and directional measurements is 
possible. 

The heavy-nucleus component of the primary radia- 
tion has some properties which made it especially well 
suited for these measurements. In the first place, the 
heavy nuclei observed are known either to be primary 
or to be fragments of heavier primary nuclei, so that 
at reasonably high altitudes and with sufficiently 
heavy nuclei one deals directly with primary particles 
only, while ambiguities arising from multiplication and 
albedo are absent from heavy nucleus measurements. 
Second, the lower charge-to-mass ratio for heavy 
nuclei allows them to pass through the earth’s magnetic 
field at energies below the cutoff for protons, extending 
the range of energies over which the time and direc- 
tional measurements can be made. Third, heavy 
nuclei can be efficiently detected with nuclear emulsions, 
so that the well known advantages for balloon work of 
this modern tool can be utilized. Special techniques for 
time measurements using emulsions have been de- 
veloped, and are described briefly below and in more 
detail elsewhere.” 

For the study of directional effects, emulsions 
continue to be highly effective, accepting particles 
from all directions at once and permitting the direction 


* This work was supported by the joint program of the U. S. 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t This paper is based on a dissertation presented by one of the 
authors (GWA) to the University of Minnesota in partial fulfill 
ment of the requirements for the degree of Doctor of Philosophy. 

t Now at Sandia Corporation, Albuquerque, New Mexico. 

1H. Elliot, Progress in Cosmic Ray Physics (North Holland 
Publishing Company, Amsterdam, 1952), Chapter VIII. 

2 Anderson, Ney, and Thorness, Rev. Sci. Instr. 24, 997 (1953). 


of incidence of any particular particle to be measured 
with great accuracy. As with any detector, however, 
it is necessary to know the attitude of the plates with 
respect to the earth in order to reduce the observed 
directions to geomagnetic directions. 

On the other hand, by selecting heavy nuclei instead 
of protons for study, one sacrifices statistical accuracy 
in the observations, since protons are roughly 500 times 
more abundant in the primary flux than are heavy 
nuclei with charges Z > 10. In the present experiments, 
the counting rate was of the order of 50 particles per 
hour, but could have been increased simply by exposing 
more area of emulsion and by devoting more scanner 
time to the analysis. 


II. EARLIER WORK 


Earlier emulsion measurements of time fluctuations 
in the flux of primary heavy nuclei have been quite 
conflicting. In 1949, the Minnesota group’ first reported 
evidence for a night-time decrease in the flux of nuclei 
with Z>10. The flux was found to be lower than 
previously measured daytime values by a factor of 
two to three, but the results were considered to be 
tentative because of the poor altitude record of the 
balloon. Also in 1949, Lord and Schein‘ reported similar 
results based on two night flights at depths in the 
atmosphere of 47 and 87 g/cm*. They performed a more 
thorough experiment in 1950,° exposing two stacks of 
plates during the night, dropping one of them by 
parachute about sunrise, and allowing the other to 
remain with the balloon through the rest of the morning. 
By a subtraction technique they found the night and 
day fluxes separately, and concluded that the flux at 
night was lower than during the morning by a factor of 
2.5+0.26. 

The Minnesota group studied the results from another 
night flight in 1950, and found that the flux was 
consistent with their daytime fluxes. In 1951 this group 
published a survey’ of flux values from seven day flights 
and the two night flights, and concluded that the 
spread of the values was such that the low measurement 


5 Freier, Ney, Naugle, and Anderson, Phys. Rev. 79, 206 (1950). 
‘J. J. Lord and M. Schein, Phys. Rev. 78, 484 (1950). 
5 J. J. Lord and M. Schein, Phys. Rev. 80, 304 (1950). 

( 6 Freier, Anderson, Naugle, and Ney, Phys. Rev. 84, 322 
1951). 
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TABLE I. Previous emulsion work on day-night 
effect in heavy nucleus flux. 














Av. 
pressure 
(g/cm?) 


Minn.*> 25 


Day flux 
Night flux 


2-3 (?) 


Method 


Night 
flight 
Night 
flight 
Night 
flight 
Night 
flight 


Date Observer 





Oct. 26-27, 1949 


Oct. 31-Nov. 1, 1949 Chicago® 45 2.1 +0.6 


Nov. 30-Dec. 1, 1949 Chicago* 3.0 +1.1 


April 13~14, 1950 Minn.” 1.0 +0.2 


May 22-23, 1950 Chicago* 2.55+0.26 





® See reference 3. 
» See reference 6. 
¢ See reference 4. 


on the first night flight could have been a fluctuation 
consistent with fluctuations in the daytime measure- 
ments. These fluctuations could reasonably be attrib- 
uted to various experimental and statistical uncertain- 
ties. 

Table I summarizes the data from these emulsion 
experiments. 

Although it did not deal with the day-night effect 
discussed above, the experiment of Ney and Thon’ 
is relevant to the later discussion. In 1950, they em- 
ployed a scintillation counter telescope to measure the 
flux and charge spectrum for Z >1 at 10 g/cm’. It was 
found that the frequency of pulses of magnitude greater 
than 16 times the average proton pulse increased by 
35 percent between the morning (10:30 a.m.-12:20 
p.M.) and the afternoon (1:20 to 3:30 p.m.) while the 
frequency of proton pulses remained constant within 
3 percent. 


Ill. THE PRESENT EXPERIMENT 


In view of the importance of this problem to theories 
of the origin of cosmic rays and of the conflicting results 
reviewed above, it was apparent that a more direct and 
more detailed measurement of the flux as a function of 
time was needed. The two experiments described here 
were designed for this purpose. The balloon flights for 
these experiments took place on July 31-August 1, 1952, 
and August 28-29, 1952. They will be referred to as 
the A experiment and the B experiment, respectively. 
Both of these experiments, as well as all others dis- 
cussed in this paper, were performed at geomagneitc 
latitudes between 54° and 56° north. 

An effect worthy of further investigation noted on 
both of the Minnesota night flights listed in Table I, 
but not found on a similar day flight, was an asymmetry 
in the azimuthal distribution of the heavy nucleus 
flux. However, the evidence for this asymmetry was 
considered to be preliminary, since the record of the 
orientation on both flights was incomplete. Furthermore, 
on the first night flight the sphere was known to have 


7E. P. Ney and D. M. Thon, Phys. Rev. 81, 1068 (1951). 
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been tilted, but an exact record of the positioning was 
not made during either flight. After making the most 
plausible corrections, it was found that on October %, 
1949, the flux as a function of azimuth varied roughly 
sinusoidally about the mean with an amplitude of 
about 50 percent of the mean and with the maximum 
near the west. On April 13, 1950, the asymmetry was 
about 10 percent with the maximum 20° west of south. 
Since time variations in the flux, at least any due to the 
rotation of the earth, would probably have such 
asymmetries associated with them, a further study of 
the azimuthal dependence of the flux was made an 
additional objective of experiment A. 


IV. APPARATUS 


To obtain the heavy-nucleus flux as a function of 
time, a device called a “plate mover” was used. The 
principle of the method was first suggested by Lord 
and Schein,’ while Yngve and Schein* have used the 
idea in a measurement of time variations during the 
daytime. The idea is simply to move one plate slowly 
across another during the high altitude exposure, 
so that the relative separation of the two segments of 
the track of any particle which penetrates both plates 
indicates the time of incidence of the particle. Details 
of the plate mover built for use at Minnesota are 
described elsewhere.” 

In order to study directional effects, it is necessary to 
hold the plates in a fixed orientation with respect to 
the earth. The device designed for this purpose used a 
magnetic compass for the sensing element and coupled 
it to the orienting motor through a light beam and 
photocell system. Four plate movers arranged around 
the sides of a square were kept oriented to within +10° 
by this system on the 4 flight, but no attempt was 
made to orient the & flight. 

Among the auxiliary data recorded on both flights 
were the residual pressure, the history of movement 
of the plate movers, the levelness of the plates, and 


BALLOON PRESSURE RECORD 


FLUX OF HEAVY NUCL 


NUMBER/SEC-CM*x10°DEPTH G/cm® 


TIME (CST) 


Fic. 1. The residual atmospheric pressure and 94 nuclei flux as 
i 


a function of time for the July 31, 1952 


® V. H. Yngve and M. Schein, Phys. Rev. 92, 428 (1953). 


ght. 
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direction of facing of the plates. Accuracy and reliability 
in the pressure measurements are especially important 
in heavy nucleus studies, because of the rapid rate of 
decrease of the flux with increasing atmospheric 
depth. Wallace and Tiernan aneroid gauges reading 
directly in mm Hg absolute pressure were used on both 
flights and were calibrated both before and after the 
flights by laboratory standards. Standard errors of 
0.2-mm Hg for both flights were assigned to the pressure 
data. In addition, the pressure readings were verified 
by secondary instruments, a General Mills barograph 
on July 31 and a telemetered aneroid gauge on August 
28. 

A check on the levelness of the plates during exposure 
has been made standard practice in the Minnesota 
laboratory since the discovery that on two occassions 
the plates were tilted during the flight in spite of pre- 
flight precautions. One of these occasions was the A 
flight described herein. The recording level showed that 
the apparatus was tilted a constant 9 degrees from the 
vertical throughout the flight, in a known but varying 
direction with respect to the plates, the plates them- 
selves being kept oriented in azimuth. It was estimated 
that owing to the rapid decrease of the heavy nucleus 
flux with zenith angle, a spurious azimuthal asymmetry 
of as much as 34 percent could have appeared in the 
data if the tilt had not been detected or had remained 
uncorrected. From the attitude of the plates as a 
function of time, however, the corrections were made, 
with the result that the directional data are believed 
to be free of large systematic errors arising from the 
tilt, but are somewhat less accurate because of the 
introduction of experimental errors in measurement of 
the parameters of the tilt. The time-variation data 
are negligibly affected by the tilt, since the plates were 
arranged symmetrically around the sides of a square, 
and equal areas were scanned on each plate. The 
recording level on the August 28 flight showed that 
the plates were vertical within one degree. 
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NUMBER /SEC-CM*x 10° DEPTH G/CM? 





TIME (CST) 


. 2. The residual atmospheric pressure and heavy nuclei flux as 
a function of time for the August 28, 1952 flight. 
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TABLE IT. Relative flux of heavy nuclei as a function of time. 





dN /dtdA (corr.) 
percent of average 





Time start 
CST 


Flight Period 





10649 
8649 
96+ 10 

109+: 10 

104+:9 
9449 
9849 

1204-10 
92411 


1956 
2151 
2346 
0142 
0347 
0554 
0803 
1013 
( 1223 


A 
(July 31) 


1929 
2126 
2354 
0226 
0502 
0730 
0943 
1153 


10148 

10149 

91+10 
87+10 
11212 
108+ 12 
114+13 
92+13 


3-4 
5-6 
7-8 
9-10 
11-12 
13-14 
15-16 
17-18 


B 
(Aug. 28) 





V. TIME VARIATION MEASUREMENTS 


Ilford G-5 plates of 400-micron thickness were used 
in both experiments, and were processed by the tem- 
perature cycle method. The plates were scanned for 
tracks having at least 12 delta rays per 100 microns, 
which corresponds to accepting only those heavy nuclei 
having an atomic number of at least 10.° A total area 
of 179.4 cm? was searched on the A-flight plates, and 
213.2 cm? on the B-flight plates. The total numbers of 
Z> 10 tracks analyzed were 1110 and 773, respectively, 
for the two flights. 

Pressure-versus-time curves for the two flights are 
given in the upper parts of Figs. 1 and 2, while in the 
lower parts are plotted the numbers of particles per 
unit time and unit area or. the plates, for qualitative 
comparison with the upper graphs. Since the flux data 
are dependent on the instantaneous atmospheric depth 
of the plates, it is necessary to reduce them to corre- 
sponding data at a common reference depth in order to 
search for time variations in the primary flux. The 
expected variation of the flux with depth can be 
deduced from the observed variation with zenith 
angle, described in part VIII. The desired reduction 
function results from integrating Eq. (8), part VIII, 
with the aid of the Bessel-Integral functions tabulated 
by Bickley and Nayler.® 

The relative numbers of particles per unit time after 
correction for altitude changes are given in Table II 
and are plotted in Figs. 3 and 4. It may be noted on the 
altitude record of the A flight that except for the initial 
overshoot, the balloon remained at a depth between 
18 and 19 g/cm? throughout the flight, so that the 
corrections for altitude changes amounted to less than 
four percent during this level part. In contrast, the 
relatively small overshoot of 3 g/cm? necessitated a 
correction of 35 percent, illustrating the importance of 
accurate pressure measurements on experiments dealing 


~ 9W. G. Bickley and J. Nayler, Phil. Mag. 20, 343 (1935). 
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9 240 — 
TIME (CST) 


Fic. 3. The relative numbers of a heavy nuclei at 18.5 g/cm* 
atmospheric depth as a function of time on the July 31, 1952 
flight. 


with heavy nuclei. For the B flight, the corrections were 
at most 15 percent, except during the initial overshoot 
of the balloon. 

There is clearly no evidence for a large nighttime 
decrease in the flux on either of the dates of these two 
experiments. For quantitative comparison with previous 
work, the “night’’ may be defined as the period from 
about midnight until about 6 A.M., and the “day” as the 
period from about 6 A.M. until about noon, the exact 
times being determined by the times at which the plate 
movers moved. Thus defined, the daytime flux is found 
to be 6+8 percent higher than the nighttime flux 
during the July 31 flight and 15+9 percent higher 
during the August 28 flight. The latter figure, however, 
is subject to experimental uncertainties of the order of 
5 percent in addition to the statistical uncertainty 
quoted, because relatively large and somewhat approxi- 
mate corrections for altitude changes were necessary. 
These figures may be contrasted with previous results 
of 100 to 200 percent cited above. 

The small fluctuations about the mean of the points 
in Figs. 3 and 4 are possibly significant, however, and 
must be tested statistically. The direct test given by 
Jdnossy” is applicable to the main part of the July 31 
data since the corrections for altitude changes are 
small. From this test it is concluded that there is a 
probability of 71 percent that fluctuations this great 
or greater would be observed in a purely random flux 
having a constant average value. 

For the B-flight data, it is necessary to apply the 
less direct x? test since the atmospheric depth at the 
plates changed appreciably with time. Referred to a 
constant at the top of the atmosphere, the probability 
of the observed value of x’ is 40 percent, while a value 
of this probability of less than 5 percent is usually 
considered necessary to prove that the assumed and 
observed distributions are different. 

These tests show, therefore, that within the statistical 
errors, the flux was constant in time during both flights. 

”],, Janossy, Cosmic Rays (Oxford University Press, London, 


1948), p. 377. 
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Special attention may be directed to the anomalous 
flux observed at about noon on August 1 (Fig. 3), 
since the Chicago group has recently reported a similar 
deviation also at about noon.’ The probability of 
occurrence of a deviation at least this great (two 
standard deviations) sometime during the A flight is 
30 percent. This figure is large enough that it is not 
possible to assert firmly that the deviation is due to a 
real physical process. Furthermore, comparison of 
Figs. 3 and 4 shows that there is no trend to the fluctua- 
tions which is common to the data of both our A and 
B flights. If we consider the Chicago and Minnesota 
results together, however, and in addition consider the 
results of Ney and Thon’ cited above, it appears that 
further measurements of time variations with greater 
statistical accuracy and with attention centered on the 
period about noon would be worthwhile. 

Simpson" has reported that no special activity was 
recorded by his neutron monitoring network on either 
of the dates of these experiments. The neutron flux 
on July 31-August 1 was reported to be higher than 
average, however, since these dates occurred a few 
days after a 27-day maximum in the neutron intensity. 

Since no evidence for the “day-night” effect was 
found in these experiments, it may be supposed that 
the effect is a sporadic one, due, say, to some sporadic 
solar phenomenon. However, as shown above, without 
plate movers or without accurate and reliable pressure 
information, the measurement is quite liable to error. 
Perhaps, therefore, the hypothesis of large sporadic 
day-night effects should be withheld until further 
evidence for them is found by the new techniques. 


VI. AZIMUTHAL ASYMMETRY MEASUREMENTS 


As noted before, a search for azimuthal effects could 
not be undertaken until corrections were made for the 
effects of the tilted sphere. The result of the corrections 
was to define a new zenith and azimuth angle for each 
track, these new angles being on the average closer to 
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Fic. 4. The relative numbers of heavy nuclei at 30 g/cm? 
atmospheric depth as a function of time on the August 28, 1952 


flight. 


"Dr. J. A. Simpson (private communication). 
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the correct angles in an untilted system. Each track 
was then assigned a weighting factor L= R/t, where R 
is the range of the track in the emulsion and ¢ is the 
thickness of the emulsion. It may easily be seen that L is 
inversely proportional to the effective area of the plate 
as seen by the incoming particle, so that the tilt- 
corrected, weighted data are no longer dependent 
on the attitude of the plates. In order to reduce the 
number of unduly large fluctuations due to single 
large weights, it was desirable to assign to each track 
an additional weight of sin#é, where @ is the particle’s 
zenith angle of incidence. This may be regarded as 
the projection of each track onto a horizontal .plane 
on which azimuthal effects can be studied in two 
dimensions. 

In brief, the angles measured with respect to the 
plates have been replaced by angles measured with 
respect to the earth, and the plain numbers of particles 
have been replaced by sums of L’=L siné. 

Geomagnetic azimuth angles @ are defined from 
0-360° in the N-E-S-W sense. The azimuthal asym- 
metry is defined as follows: 


A=2(ZL’/ZL'), (1) 
where L’ is a vector denoting a track of weight L’ 


and direction of incidence ¢. The physical significance 
of this definition is that A(=|A]) is the ratio of the 


amplitude of the first Fourier component of the flux, 


when analyzed by azimuth angle, to the average flux 
per unit angle of azimuth. That is, if 


dN /do=a+b cos(@—¢o), (2) 
then 
(3a) 


a=ZL'/2r, 


b= |XL’|/x, 
and 


A=b/a. (3b) 


The direction of A is denoted by o. 

Some statistical characteristics needed in the analysis 
are found as follows. If the angles @ for N particles 
having unit weight are randomly distributed, the 
distribution for A is given by” 


P(A <A’)=1—exp[—NA”/4], (4) 


where P(A <A’) is the probability that A is less than 
a given A’. The differential distribution is 


dP/dA=4NA exp[—NA?/4]. (5) 
From this, the expected value of A is found to be 
Aexp= (x/N)!. (6) 


The statistical limits corresponding to standard errors 
are found from 


P(A <A,)=0.16, 
P(A <Av)=0.84, A 


A,=0.84/N}, 


iS (7) 
y=2.70/N i 


V. Uspensky, Introduction to Mathematical Probability 
(McGraw- Hill Book Company, Inc., New York, 1937). pp. 314 ff. 
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TasLe III. Analysis of azimuthal data, 
July y 31- na 1, 1952. 


Aexp AL Au 
Time, CST N (%) (%) (%) 


Start 2346 97 22 11 32 
Start 0142 116 20 10 30 
Start 0347 = 116 20 10 30 
Start 0554 109 21 10 31 
Start 0803121 20 10 31 
Start 1013 140 18 9 28 
Start 1223 57 28 13 42 
End 1333 

2346- 756 8 4 14 
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Period 


The data used to find the observed A are not of 
unit weight, as assumed in the above analysis. A more 
detailed calculation taking into account the weights 
shows that the above distribution should be broadened 
by the factor (0.53+0.20 InN)!, so that Az, Aexp and 
Avy as given above are increased somewhat, e.g., by a 
factor of 1.20 when V= 100. 

Table III gives the results of the azimuthal analysis 
for each plate mover period during the level part of 
the flight, as well as for all of these periods considered 
together. 

The observed asymmetries are seen to vary con- 
siderably, including values both larger and smaller 
than the statistical limits calculated for a symmetrical 
random process. The smaller values are clearly statisti- 
cal fluctuations, since no easily imagined physical 
process would produce a flux of particles coherently 
symmetrical in their directions of incidence. In periods 
4, 7, and 9, the asymmetries observed are larger than 
those expected in a random process, and may represent 
real physical effects. However, there is no obvious 
trend from period to period in either the magnitude or 
the direction of the effect. This fact prevents explaining 
the effect by the simplest type of mechanism for 
producing asymmetries, namely, an anisotropic flix 
which appears on earth to change direction because of 
the earth’s rotation. The observed asymmetry for the 
combined periods agrees with the value predicted on 
the basis of a symmetrical random flux. 

It should be noted that under the conditions of this 
experiment, it would be impossible to detect asym- 
metries due to geomagnetic effects. At 55° geomagnetic 
latitude the energy cutoffs for a zenith angle of 60° for 
the eastern and western directions are, respectively, 
0.33 and 0.25 Bev/nucleon, which means for Z > 10, 
ionization range cutoffs of 12.8 and 8 g/cm?. Therefore, 
none of the particles in this geomagnetic-sensitive energy 
region would reach the plates at a depth of 18.5 g/cm’. 


VII. ABSOLUTE FLUX 


The heavy nucleus flux in absolute units as deter- 
mined by these experiments is shown in Fig. 5 along 
with the daytime flux previously measured in this 
laboratory. 








ANDERSON, 











PARTICLES vom SEC STER 


0 JULY 3i- AUG 982! 
@ AauG. 28-29, 1952 








o/cose Gm/cm® 


Fic. 5. The flux of Z210 nuclei at geomagnetic latitude of 
55°N on the July 31 and August 28 flights. The dashed curve is 
the average of seven other flights reported in reference 6. 


Whereas the time and directional variation results 
of these experiments depend essentially on internal 
comparisons within a body of data, the absolute flux 
determinations requires a knowledge of several addi- 
tional factors. One of these is the absolute residual 
atmospheric pressure; this was known with relatively 
good accuracy and reliability for these experiments, 
as discussed before. Further, the use of plate movers 
made it possible to eliminate from the data those tracks 
formed during the nonlevel parts of the flights, so that 
the measurements are for nearly unique altitudes. 

Another factor is the time of exposure; the un- 
certainty in time was negligible in these experiments. 
Previous measurements without plate movers, however, 
required a somewhat ambiguous designation of the 
time when the balloon reached “altitude” with a 
consequently great uncertainty in time of exposure on 
short balloon flights. 

The agreement between the absolute flux measure- 
ments of these experiments and the average of the 
other experiments shown in Fig. 5 may be considered 
satisfactory, in view of the spread of the previous 
points. The agreement between the two present 
experiments is especially good, and it may be hoped 
that the spread of the flux values on future flights will 
be reduced through the use of plate movers to remove 
some of the former experimental uncertainties. 


VIII. ZENITH ANGLE DISTRIBUTION 


The exceptionally level balloon flight on July 31 
offered a better than usual opportunity to study the 
zenith angle distribution of the flux. Only those tracks 
formed during the last 14 hours of the flight were used ; 
during this time the plates remained at a depth of 18.5 
g/cm? within 0.5 g/cm’. 
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The amount of air traversed by a particle incident 
at zenith angle @ is d sec#, where d is the vertical depth 
in g/cm’. The number of nuclei per unit zenith angle 
observed in the plates would be (for untilted plates) 


dN /d0= K exp[—d(sec8)/d] sin’#, (8) 


where J is the attenuation mean free path of the flux. 
Although this distribution is derived by considering 
collision losses only, it is found to fit the experimental 
data satisfactorily for d sec0>15 g/cm’, so that the 
effects of stopping by ionization appear as a constant 
addition to the parameter A. In Eq. (8), one factor of 
sin@ enters to convert from solid angle to angle incre- 
ments, and the other to account for the effective area 
of the vertical plate as seen by the flux. In the case of 
tilted plates, the second factor becomes sin’, where 0 
is the zenith angle with respect to the plates. 

A least squares fit to the data was found by putting 
Eq. (8) in the form 


log! (d sec0)=logIy— (d/X) sec+€ sec*@, (9) 


and determining the constant coefficients log/, d/A, 
and e. I(d sec@) is the flux of Z > 10 particles/sec-cm?- 
sterad at the depth d and zenith angle @, while Jo is 
this flux at the top of the atmosphere. The value of Io 
was found experimentally to be 4.5X10~*/sec-cm?- 
sterad, but this is of course an extrapolated value 
which assumes that the same absorption law holds 
for d sec0<18.5 g/cm? as does for d sec#>18.5 g/cm?. 
There is evidence® that the law is in fact different at 
smaller depths because of ionization stopping of very 
low-energy particles, so that the value for J) obtained 
here will be useful for comparison with direct measure- 
ments at d~0 to corroborate this evidence. 

The attenuation mean free path \ was found to be 
19 g/cm? using d= 18.5 g/cm®. The third parameter e 
is a measure of the departure of the attenuation law 
from the simple exponential law, Eq. (8). Experi- 
mentally, ¢ is found to be —0.02, which is not signifi- 
cantly different from zero. Within the accuracy of 
this experiment, therefore, the flux is found to be 
absorbed truly exponentially with a mean free path of 
19 g/cm? at depths greater than 18.5 g/cm. 

The authors wish to express sincere thanks to Dr. 
E. P. Ney and Mr. R. Thorness for their part in 
designing the plate movers, to Dr. John Linsley for 
designing the prototype orienter, to Mr. A. T. Bauman 
and the General Mills crew for the excellent balloon 
flight, and to Mrs. Dawn Copeland and Mrs. La Donna 
Wagner for help in scanning the plates. 








PHYSICAL REVIEW 


VOLUME 94, 


NUMBER 5 JUNE 1, 19584 


Some Studies of the Products of the High-Energy Fission Process* 


M. LinpNerft AND R. N. Osspornet 
Livermore Research Laboratory, California Research and Development Company, Livermore, California 


(Received October 16, 1953) 


The energy dependence of the formation cross section of certain nuclides formed in fission of uranium 
and thorium has been studied. Excitation functions in the hundred-Mev region are given for Ni*, Zr, 
Ag'", Ba™!, and Ba™. Protons, deuterons, and alpha particles from the Berkeley 184-inch frequency-modu- 
lated synchrocyclotron were used to induce the activities. 

It was found that the yields of neutron-deficient fission products increase with energy; those with an 
excess of neutrons decrease in yield. Helium ions impart greater nuclear excitation than do protons of the 
same energy. Neutron-deficient fission products have nearly identical cross sections for formation in uranium 
and thorium; those with an excess of neutrons are formed in higher yield in uranium. The results indicate that 
some of the fissioning events may be preceded by the evaporation of about twenty-five nucleons. 


INTRODUCTION 


T has been recognized that fission induced by particles 

accelerated to high energies differs from low-energy 
induced fission. Newton,'! in bombarding thorium 
with 38-Mev helium ions obtained a peak-to-valley 
ratio of less than two in the fission yield curve, in 
contrast to a value of 600 for thermal fission of U*,? 
and of about 300 obtained by Turkevich’ for fission of 
Th” induced by pile neutrons of average energy 
estimated as 2.7 Mev. It is evident, therefore, that 
in the range from several Mev to 38 Mev, the nature of 
the fission process has changed. The first radiochemical 
investigations of fission induced in the hundred-Mev 
region were made on bismuth with 190-Mev deuterons 
by Goeckermann and Perlman.‘ It was found that 
symmetrical fission was the most probable mode, and 
that the fission products did not all necessarily contain 
an excess of neutrons. O’Connor and Seaborg® using 
380-Mev helium ions on uranium, and Folger*® using 
340-Mev protons on uranium, studied the fission 
product distribution, and reached conclusions similar 
to those of Goeckermann and Perlman. By counting 
fission recoils, Jungermann’ obtained excitation func- 
tions for total fission induced in thorium and uranium 
with alpha particles, deuterons, and protons from 
threshold into the hundred-Mev region. He concluded 
that the total cross sections rise to constant values in 
this region, being largest for alpha particles, smallest 
for protons. 


* This work was performed under a contract with the U. S. 
Atomic Energy Commission. 
t Now at the University of California Radiation Laboratory, 
Livermore, California. 
1A. S. Newton, Phys. Rev. 75, 17 (1949). 
2A. S. Newton, J. Am. Chem. Soc. 68, 2411 (1946). 
3 J. Niday and A. Turkevich, U. S. Atomic Energy Commission 
Report AECD-2862 (unpublished). 
( *R. H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 
1949). 
’P. R. O'Connor and G. T. Seaborg, Phys. Rev. 74, 1189 
(1948). 
*R. L. Folger, University of California Radiation Laboratory 
Report UCRL-1195 (unpublished). 
J. Jungerman, University of California Radiation Laboratory 
Report UCRL-436 (unpublished). 


In view of the lack of information on the manner 
in which individual fission reactions change from 
threshold to the hundred-Mev region, a radiochemical 
study of the excitation functions for certain chosen 
fission products was made for uranium and thorium. 
The reactions were induced with helium ions, deuterons, 
and protons at energies from 50 Mev to 380, 190, and 
340 Mev, respectively. The fission products chosen for 
study were Ba”, Ba™, Ag", Zr”, and Ni®. Ba™, 
Ag", and Zr®’ were selected because these nuclides 
were considered indicative of the “symmetry” of the 
fission process. Since Ni® was found to occur as a 
fission product only in hundred-Mev fission,** the 
excitation function for this nuclide was established. 
Ba"! was chosen for study because its occurrence in 
fission® was felt to be associated with an increasing 
yield of neutron-deficient isotopes as the available 
excitation energy was increased. In order to investigate 
further the appearance of neutron-deficient isotopes 
in high-energy fission, a short study was made on the 
isotope Ba'* as a fission product. The Ba™ and Ba'* 
had to be detected through their respective cesium 
daughters because of the preponderance of Ba™ in 
the barium fraction. 


EXPERIMENTAL PROCEDURE 
Bombardments 


Uranium and thorium foils from one to ten mils 
thick were bombarded for from several minutes to 
several hours with helium ions, deuterons, or protons 
in the 184-inch cyclotron at Berkeley. 

Proton and deuteron bombardments were always 
made in the internal circulating beam. Probe position 
determined the bombarding energy. Owing to the 
likelihood of deuteron contamination of the circulating 
alpha particle beam, helium-ion bombardments were 
carried out using the pulse-deflected helium ion beam 
synchronized with the pulsed-arc source. The stacked- 
foil technique was used with aluminum absorbers to 
achieve the various energies needed to establish the 
excitation function. 
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Fic. 1, Energy dependence of cross sections for formation of certain fission products of U** and Th®. 


All bombardments were monitored with aluminum 
foils ; cross sections for Na™ production from aluminum 
are based upon data of Stevenson and Folger for 
protons,® of Batzel and Crane for deuterons,’ and of the 
authors for helium ions.” 


Chemical Procedures 
A. Ba™, Ag, and Zr” 


The irradiated uranium or thorium target was 
dissolved in concentrated nitric acid which contained 
the barium, zirconium, and silver carriers. 

Barium was precipitated with fuming nitric acid, 
purified by precipitation with ether-hydrochloric acid 
mixture, and finally separated from radium isotopes 
by elution with pH 7.8 citrate solution from a “Dowex 
50” cation exchange column. It was finally weighed 
as the chromate. 

Zirconium was extracted from the diluted nitric acid 
into a benzene solution of thenoyltrifluoracetone. It 


“sp. C. Stevenson and R. L. Folger (unpublished data). 
® Batzel, Crane, and O’Kelley, Phys. Rev. 91, 939 (1953). 
 M. Lindner and R. N. Osborne, Phys. Rev. 91, 342 (1953). 








was then extracted into and precipitated by dilute 
metaphosphoric acid, ignited, and weighed as the 
pyrophosphate. 

Silver was isolated as the chloride and repurified 
by a series of chloride precipitations alternated with 
an acid sulfide precipitation in the presence of iodide 
and several ferric hydroxide scavenges. It was finally 
weighed as the chloride. 


B. Ba'*' and Ni*® 


The irradiated uranium and thorium targets were 
dissolved in concentrated nitric acid which contained 
barium and nickel carriers. 

Barium was isolated and purified by one nitrate and 
two chloride precipitations (above). It was then 
weighed as the carbonate. After standing for two weeks 
the carbonate was dissolved, cesium and lanthanum 
carriers added, and the cesium isolated and weighed as 
the perchlorate. 
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Nickel was isolated and purified by repeated precipi- 
tations with dimethylglyoxime from ammoniacal solu- 
tion. Palladium contamination was removed by 
absorption of this fission product on a Dowex A-2 
anion exchange resin from a 3N hydrochloric acid 
solution of the isolated nickel. The nickel was then 
precipitated from ammoniacal solution as the dimethyl- 
glyoxime and weighed in this form. 


Ba" 


The chemical procedure was similar to that for Ba™! 
except that the barium fraction was allowed to stand 
for half an hour only, and the cesium perchlorate was 
rapidly dissolved and reprecipitated twice in the 
presence of barium and lanthanum carriers in water-free 
fumed perchloric acid solution. 


Counting Techniques 


All counting of beta radiation was performed with 
an argon-alcohol-filled Tracerlab-type TGC-3A counter, 
using saturation back-scattering from aluminum. Since 
all counting rates were relative to an aluminum monitor, 
the cross sections were independent of counter geometry, 
and only slightly dependent upon backscattering, self- 


scattering, and air-window absorption corrections 
because all radioisotopes investigated emitted reason- 
ably energetic beta radiations. 
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In the case of the Cs! daughter of Ba"™', the nuclide 
was detected by counting all the A-x-rays on a sodium 
iodide scintillation counter of known geometry coupled 
with a single-channel pulse analyzer. The disintegration 
rate of the aluminum monitor was in this case deter- 
mined on a proportional counter of 100 percent 
geometry. 

Corrections for fission recoil losses were made on all 
bombardments of one-rail foils. These corrections, 
determined experimentally for Ag'', Ba™, and Zr, 
amounted to from 10 to 18 percent. 

Nuclear absorption corrections were made in the 
stacked-foil helium ion bombardments. For this 
purpose the calculated geometrical cross section of 
0.64 barn for the aluminum constituting the absorber 
was used. 

DISCUSSION OF RESULTS 
The Fission Model 


The model described by Goeckermann and Periman‘ 
for the fission of bismuth with 190-Mev deuterons, 
will be adopted. It is also assumed that for a given 
mass chain, a distribution of primary fission products 
exists, and that this distribution roughly approximates 
a Gaussian. This assumption is consistent with in- 
dependent mass yield studies made by Folger® on 
isobars of masses 83, 111, 140, 156, and 166 in bombard- 
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ments of uranium with 340-Mev protons, and in 
thermal fission of U** described by Glendenin." 


ENERGY-DEPENDENCE OF CROSS SECTIONS 


The n/p ratios are given in Table I for the target 
and product nuclei of interest in the present studies. 
Of the nuclides shown in this table only Ba! and Ba'”* 
are “shielded” from beta-unstable nuclides of higher 
n/p ratio. The presence of these nuclides in high- 
energy fission therefore would imply direct formation 
from a fissioning nucleus of the same or lower n/p ratio. 

The fission products Ba™, Ag", Zr’, and Ni® 
represent chain yields from neutron-rich precursors. 
They could therefore arise from fission accompanied by 
relatively low excitation energy. However, Ni® has 
never been detected in thermal fission and Ag" has 
a comparatively low fission yield. The yields of these 
nuclei should therefore reflect the energy-dependence 
of the asymmetry of the mass-yield curve. 

There is a marked correlation between the excitation 
functions of Fig. 1 and the n/p ratios given in Table I. 
It will be noted that, for either U** or Th, Ba'® 
cross sections decrease above 100 Mev. The maxima 
for Zr” and Ag" occur at progressively higher particle 
energies, in the order named. Apparently then, above 
100 Mev isobars of mass 139 with Z>56 are being 
formed with increasing probability. The same reasoning 
is applicable to the excitation functions for Zr” and 
Ag", 

In order to determine whether the negative slope 
of the excitation functions for fission products with 
a high n/p ratio (Ba, Zr’) corresponds to increasing 
formation of neutron-deficient nuclides, the behavior 
of Ba™' was studied. The excitation functions shown 
in Fig. 1 for both U¥* and Th* indicate thresholds 
of about 50 Mev. Ba™, with an n/p ratio of 1.28, 
should arise from a fissionable nucleus resulting from 
even higher auclear excitation. A single value of 0.2 
mb was determined for the activation cross section of 
this nuclide in fission of uranium with 340-Mev protons. 

The simplified explanation of trends in high-energy 
fission would seem to imply that the yield of any fission 
product should not only reach a maximum, but as the 
available excitation energy is further increased, it should 


TABLE I, The n/p ratios for target and product nuclei. 





Nuclide n/p 
uss 1.59 
Th*® 1.58 
Ba!® 1.48 
Zr” 1.42 
Ag" 1.36 
Ni® 1.36 
Ba™ 1.34 
Ba'* 1.28 











uL. E. Glendenin, U. S. Office of Naval Research Technical 
Report NP-1242 (unpublished). 
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become negligible. That this is not the case may be 
due to the fact that, on the average, only a fraction 
of the energy of a high-energy particle will be trans- 
ferred to the target nucleus.” Hence, fission corre- 
sponding to various degrees of nuclear evaporation 
will occur. For this reason, even at the highest bom- 
bardment energies there is still an appreciable yield of 
“low-energy” type of fission product, eg., Ba™. 
Similarly, the cross section for the formation of Te! 
found by Folger® in bombardments of U™* with 340- 
Mev protons, is larger than that found above for Ba! 
under the same conditions. Thus even in 340-Mev 
proton bombardment of uranium, the majority of 
fissions leading to mass 131 occur in nuclei which arise 
from the evaporation of a relatively small number of 
nucleons. 

Because the excitation functions for Ni® and Ag! 
indicate the extent to which the symmetry of the 
fission process has changed, these nuclides might be 
considered as “high-energy” fission products. While 
it is true that Ni® represents the chain yield of neutren- 
rich nuclides of mass 66, it is also likely, since the 
n/p ratio is about that for Ba™', that it is a primary 
fission product. Such a postulate seems consistent 
with the observation that the excitation functions 
for Ni® and Ba™ are similar in appearance. 

It is of interest to compare the excitation functions 
for Ba™' and Ag", both nuclides having about the 
same n/p ratio. The former is shielded from neutron- 
rich nuclides, the latter from neutron-deficient nuclides 
only, under the conditions of the experiment. Pre- 
sumably the Ag" formed directly (primary fission 
product) rather than through chain yield would 
exhibit an excitation function not unlike those for 
Ba"! or Ni®. 


THE FISSIONING NUCLEUS 


For the cases of the shielded nuclides Ba!* and Ba", 
it is possible to speculate as to the fissionable precursors 
if the original assumption of preservation of n/p ratio 
is valid. Thus at Z=92, and n/p=1.34, the nucleus 
responsible for fission would be U*®, This would 
imply a nuclear reaction such as U™**(p,p%")U?!® or 
U*8(a,a23n)U*"*. Since it is doubtful that the evapora- 
tion of neutrons would occur to the exclusion 
of protons, such reactions as U™*(~,2624n)Pa*" and 
U*8(p,3p26n)Th*” might be postulated as giving rise 
to such fission products as Ba"', Although this repre- 
sents a very large number of nucleons to be evaporated, 
evidence of another nature indicates that this may 
be the case. Douthett,” in a radiochemical study of 
the ranges of fission recoils of uranium in aluminum, 
found that the ranges of Sr®, Ag", and Ba’ were 
actually smaller in 335-Mev proton-induced fission than 


R. Serber, Phys. Rev. 72, 1114 (1947). 
13 E. M. Douthett and D. H. Templeton, University of Cali- 
fornia Radiation Laboratory Report UCRL-1244 (unpublished). 
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TABLE II. Percent yields of Ba™ and Zr” relative to Ag" for U™* and Th™®. 








Alpha particles 


Bal 


Protons 


Deutrons 


Ba! 





68 
59 
53 
48 
45 
43 





100 
69 
59 
51 











in 18-Mev deuteron-induced fission. This phenomenon 
was explained by considering that the complementary 
fragments of these fission recoils were smaller in the 
high-energy than in the low-energy fission. Through 
conservation of momentum Douthett calculated that, 
in order to account for the difference in ranges in the 
two cases, it was necessary to assume that the comple- 
ment of Sr* must have been lighter in the high-energy 
case than in the low-energy case by about twenty six 
mass units. 


COMPARISON OF SYMMETRY OF FISSION 
IN THORIUM AND URANIUM 


The limited number of fission products studied in 
the present work does not permit the elucidation of a 
mass-yield curve for a given energy. It follows, therefore, 
that no information can be obtained concerning the 
total fission cross sections. However, certain high- 
energy-induced fission characteristics of thorium and 
uranium can be compared from the values in Table II. 
In this, the yields of Ba and Zr*’ have been expressed 
in percent of the yield of Ag", the values being taken 
directly from the curves of Fig. 1. 

In all cases, the increasing ‘‘symmetry,”’ as measured 
by decreasing relative yields of Zr’ and Ba™, is evident. 

The comparatively small relative values for Ba’ 
have been discussed in terms of the high n/p ratio for 
this nuclide. 

It might be pointed out that the values in Table II 
are always highest for the proton- and lowest for the 
alpha-particle-induced fission. This phenomenon will 
be discussed later. 

It is significant that the values in Table II are always 
lower for thorium than for uranium. In short, thorium 
appears to exhibit a more “symmetrical” type of 
fission than does uranium. A possible explanation for 
this might be that the fission products Ba and Zr”, 
both characteristic of fission induced at low excitation 
energies, arise as a result of collisions involving transfer 
of only a small fraction of the energy of the high-energy 
particle. It is known that the fission cross section 
of thorium at or near its threshold is considerably 

“4 Neutron Cross Sections, U. S. Atomic Energy Commission 


Report AECU-2040 (Technical Information Service, Department 
of Commerce, Washington, D. C., 1952). 


smaller than that for uranium. Hence such fission 
products as Ba and Zr should be more prominent 
in uranium than in thorium. That such differences in 
cross section are not valid at very high excitation 
energies is suggested by the fact that the nuclides 
Ni® and Ag", which are formed in greatly increased 
yield only in high-energy fission, have nearly identical 
cross sections in thorium and in uranium. The same 
is nearly true for Ba''; the slight difference could be 
experimental variation. 

Although these studies do not lead to a knowledge 
of the total fission cross sections of uranium and 
thorium, it is of some interest to note that the sum of 
the cross sections for the five fission products studied 
is somewhat larger for uranium than for thorium, at 
a given energy for a given bombarding particle. This 
is in accord with the work of Jungerman,’ who found 
that in fission induced with 190-Mev deuterons, U™* 
had a cross section about twenty percent greater than 
that for Th*. 


COMPARISON OF ALPHA-PARTICLE-, DEUTERON-, 
AND PROTON-INDUCED FISSION 


The curves in Fig. 1 show another feature of interest. 
Without exception for a given energy, proton-induced 
fission cross sections are smallest, while the alpha- 
particle-induced cross sections are, with one exception, 
largest. This exception is probably due to experimental 
error. Deuteron-induced cross sections are intermediate. 
The explanation of this phenomenon may lie in the 
concept of nuclear transparency. Since, for a given 
energy a proton possesses twice the velocity of an 
alpha particle, the latter should, because of its shorter 
mean free path, be more effective in causing nuclear 
excitation; the nucleus will be more transparent to 
protons. Deuterons would assume an intermediate 
role. 

The effect of nuclear transparency manifests itself 
not only in the magnitude of the respective cross 
sections, but also in the comparative yields of the 
fission products. This is shown rather effectively in 
the values of Table II. For any given energy and target 
nucleus, the values in Table II are invariably smallest 
for alpha particles, largest for protons; that is, fission 
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appears to be more symmetrical when induced by 
helium ions than by protons of the same energy. 
It has already been pointed out that a large relative 
yield of Ag" is accentuated at higher nuclear excitation ; 
large relative yields of Zr” and Ba™ are indicative 
of relatively low-energy fission. High-energy helium 
ions are thus more effective in causing nuclear excitation 
than are protons of the same energy. Deuterons again 
appear to occupy an intermediate situation. One may, 
from the values in Table II, estimate roughly that 
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helium ions of 150-Mev energy induce about the same 
distribution of the fission products Zr’, Ag"', and 
Ba™ as do protons of about 300 Mev. 
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K-Meson and Hyperon Decays* 
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A stack of 400u Ilford G-5 nuclear emulsion surrounded by 5.5 cm of brass was flown at 85 000 feet for 
10 hours at \=41°N. While scanning 409 cm? of these emulsions the decay of seven K particles and one r 
meson have been observed. A hyperon produced in a star is seen to decay into an L meson. For the decay 
scheme Y*—r*+n+Q this event gives Q=(48+20) Mev. A heavy nuclear fragment (Z~5) from an 
eight-prong star decays into Li’, a proton, and a particle that is probably a deuteron. An event has been 
observed that could be interpreted as an example of the decay of a r meson by the decay scheme r+—>rt 


+2n°. 


INTRODUCTION 


URING the last three years a large number of 

observations have been reported on the decay 
at rest in photographic emulsions and cloud chambers 
of charged heavy mesons (K mesons) and there have 
been reports of unstable particles (hyperons)' and 
nuclear fragments’ more massive than the proton. 

Further examples of the masses and modes of decay 
of these particles have been obtained from a stack of 
400u Ilford G-5 nuclear emulsions which was surrounded 
by 5.5 cm of brass and flown at 85 000 feet for 10 hours 
by a high-altitude balloon, The balloon was launched 
on July 18, 1952 from Holloman Air Force Base, New 
Mexico (geomagnetic latitude 41°N). 

In a systematic scanning of 409 cm? of emulsion 
the decay of seven K particles, one rt meson, one 
hyperon, and one heavy nuclear fragment have been 
identified. A heavy particle is observed to stop in the 
emulsion and decay into a x meson which is identified 
by the characteristic r-u-e decay in the emulsion. 

* Supported in part by the U. S. Office of Naval Research and 
the U. S$. Atomic Energy Commission. Part of the data analysis 
was done at Syracuse University and was supported by a grant 
from the Research Corporation. 

t Now at Syracuse University, Syracuse, New York. 
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Tidman, Davis, Herz, and Tennent, Phil. Mag. 44, 350 (1953) ; 
J. Crussard and D, Morellet, Compt. rend. 236, 64 (1953). 





CHARGED K MESONS 


The results of the measurements on seven K particles 
are shown in Table I. K-1 to K-6 were found in scanning 
370 cm? of emulsion that was inside the brass and K-7 
was found during the scanning of 39 cm? of emulsion 
that was outside but near the brass. The masses of the 
K particles are determined from range-scattering 
measurements. g* is the ratio of the grain density to 
the plateau grain density. 

The event K-2 is consistent with being the decay of 
a x meson (x—>r+neutral particle). The value of 8 
for the secondary of K-2 agrees well with the value 
p8=179+7 Mev/c obtained by the Bristol group.’ 

The emulsions used in this experiment had glass 
backing and were placed emulsion-to-emulsion. Events 
K-4 and K-5 were traced from one emulsion to the 
next; however, there was a gap between the exit point 
in one emulsion and the entrance point of the next. 
This could have been due to two causes: (a) a gap 
between the emulsions in the vicinity of the tracks due 
to the emulsion surface being uneven; (b) removal of 
a surface layer of emulsion in processing. As the relative 
contributions of (a) and (b) are unknown and thus the 
correction to the range in going from one emulsion to 
the other, only the result of the mass measurement in 
the emulsion containing the decay is given. The mass 
values in parentheses are from scattering and grain 


*M. Menon and C. O’Ceallaigh, Cosmic-Ray Conference, 
Bagnéres, 1953 (unpublished). 








K-MESON AND HYPERON 


TABLE I. Results of measurements on K mesons. The masses of 
the primaries were computed from range-scattering measurements 
except for those shown in parentheses which were computed from 
grain density and scattering measurements. g* is the ratio of the 
grain density of the track to the platens oan namin 


Primary Secondary 
Range Length 
(mu) Mass (me) (uw) 
a. ~ $000 1628 + 140 200 
¢-2 520 4700 1.07 +0.03 
-3 120 2500 24. 2.75 40.08 
c-4 


11300 1000 ) +260 130 Fas a 


(1080 +150) 

1190 +400 340 

(1030 +250) 
1000 


Mass 
(me) 


_ 96 (Mev/ /e) a* 


1. 1240.11 see 
280 +50 
191 +30 
1.15 +0.40 


250 see 1.56+40.14 


640 111435 1.1 +0.1 190 +600 


density measurements near the points where the 
particles first entered the emulsion. K-3, K-6, and K-7 
are consistent with being examples of the decay of 
xk mesons (x—>y+2 neutral particles) and K-1, K-4 
and K-5 could be either «’s of x’s. 

Ritson‘ has measured the masses of K-1 and K-4 
by the method of gap-density versus range and has 
obtained the values (1020+100)m, and (870+ 100)m., 
respectively. 

One example of a + meson stopping and decaying in 
the emulsion has been identified. The three secondaries 
are coplanar within 2°. From grain density and scatter- 
ing measurements they are all consistent with being 
m mesons and it is not likely that they are » mesons 
though this possibility cannot be excluded. Their 
observed track lengths in the emulsion are 310, 
2300u, and 315y, and the sum of their momenta is zero 
within the statistical errors of the measurements. 


PRODUCTION AND DECAY OF A HYPERON 


Originating from a star (20+19p) (Fig. 1), a track 
of about five times.minimum ionization goes a distance 
of 7954 (Track A) and then appears to decay at a right 
angle into a charged particle (Track B) and one or more 
neutral particles. The result of measurements on these 
tracks is given in Table II. The mass determination is 
from grain density-scattering measurements. The 
particle producing Track A had a velocity 8=0.20 and 
lived (1.34+0.1)10-" sec. If Track B is assumed to 
be a meson it has an energy of (59+15) Mev. Ifa 
two-body decay is assumed with the neutral secondary 
being a neutron and Track B a # meson, then Q= (72 
+20) Mev and M= (2260+40)m,. 


TABLE II. Results of measurements on the tracks shown in 
Fig. 1. The masses are bie for from grain density and scattering 
measurements. See Table I for —— of g*. 








Mass (mz) 


2500-4900, 
300475 
proton 


Track e* 


A 5.0+0.1 
B 1.6+0.1 
Cc 6.0+0.1 


pB(Mev/c) 


113435 
100+25 900 
5548 2360 


Length(s) 
800 











'D. M. Ritson, Phys. Rev. 91, 1$72 (1953). 


DECAYS 


Fic. 1. Photomicrograph of a star in which one of the 
prongs (Track A) decays into a meson (Track B). 


This event is similar to the case reported by Ceccarelli 
and Peters! which, in the new nomenclature of particles, 
is hypothesized as being the decay of a charged hyperon 
(Y+—wt+n+Q). Ceccarelli and Peters give for this 
reaction Q=131+24 Mev and Q=135435 Mev, 
respectively. 

From the nuclear interaction that was the origin 
of Track A there emerges another particle (Track C) 
that makes an angle of 3° with Track A. Track C 
leaves the emulsion after traversing 2360u. Because 
of the high grain density of Track C an accurate 
density counting of grains cannot be performed; 
therefore, the mass determination of this particle is 
quite uncertain. However, its mass can be estimated to 
be about protonic. Since the measurements are not 
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Fic. 2, Photomicrograph of an eight-prong star (one of the 


prongs might be the recoil nucleus). Seven of the prongs are 
shown in the lower right. The eighth prong is shown separately 
in the upper left along with several of the other prongs. 





PAUL H. 


Fic. 3. Photomicrograph of a particle (Track 7) 
decaying into a + meson. 


inconsistent with Tracks A and C having the same 
mass, it is thought worth while reporting this track as 
Tracks A and C could possibly be an example of the 
pair production of hyperons that has been suggested 
by Pais.® 


DECAY OF HEAVY NUCLEAR FRAGMENT 


Figure 2 is a photomicrograph of an eight-prong star 
(one gray track and seven black tracks). The decay 
of one of the black tracks is shown in detail in the upper 
left of the figure. This prong appears to stop after 
traversing 274 of emulsion. Its ionization is greater 
than that of an a particle of similar range and its 
charge is estimated as being from four to six. From the 
end of its range three charged particles originate. 
Tracks A and B leave the emulsion after track lengths 
of 300u and 690y, respectively. Track C has a length 
of 44 and decays into two short heavy tracks and a 
light track which from its observed scattering is 
probably an electron. Track C is consistent with being 
a Li® nucleus (Li*-Be*+e~, Be*—2He‘), giving the 
characteristic “hammer” track upon decaying; how- 
ever, other possibilities cannot be excluded. Track A 
is too short to get reliable scattering measurements but 
a rough estimate of its mass is 1500+500m,. On the 
assumption that Track A is a proton the energy is 
about 50 Mev. The high grain density of Track B 
(g*~8) makes its identification uncertain but it is 
heavier than a proton. From scattering measurements 
the energy of this particle can be computed if its mass 
is assumed. Assuming an alpha particle or a deuteron 
the energies are (50+-10) Mev or (25+5) Mev, re- 
spectively. 

If Track B is assumed to be a deuteron there can be 
momentum balance within the accuracy of the measure- 
ments without requiring a neutral decay particle. 

This event is similar to those reported by the Warsaw, 


* A. Pais, Phys. Rev. 86, 663 (1952). 
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Bristol, and Paris groups’ and these unstable heavy 
fragments have been interpreted as containing a 
bound A° (or V;° in the old notation) in place of a 
neutron. The bound A° can then disappear either by 
the normal decay A°->p+2~-+37 Mev or by interacting 
with other nucleons and changing into a nucleon with 
the release of about 178 Mev. This latter process has 
been called by Cheston and Primakoff* ‘“nonmesonic 
decay.” 

Applying this hypothesis to the event reported above, 
we have, resulting from a high-energy nuclear inter- 
action, a carbon or boron nucleus (A=11 to 13) with 
a neutron replaced by a A°. The A° undergoes a ‘“‘non- 
mesonic decay” after about 10~” sec leaving the nucleus 
highly excited. The nucleus breaks up with the emission 
of Li’, a proton, a particle of Z=1 or 2 and A=2, 3, 
or 4, and one or more neutral particles. 


m= MESON FROM DECAY OF HEAVY PARTICLE 


In Fig. 3 a photomicrograph shows the decay of a 
particle (Track 7) into a w meson of range 536 (4.3 
Mev) which decays upon coming to rest into a pu 
meson (5624) which in turn decays into an electron. 
The w meson is assumed positive as it is not captured 
by a nucleus. Track 7 enters the emulsion at the glass 
surface and has a track length in the emulsion of 320y. 
Its mass can be only roughly estimated from inspection 
of its track and comparing it with the tracks of protons 
and mesons of similar range. Its mass is probably 
intermediate between those of the + meson and the 
proton. 

This event could be an example of the decay of a 
positive + meson by the alternate decay scheme 
suggested by Pais® r+—-r*+2n°. Other possible 
examples of this mode of decay of the r meson have 
been observed by Crussard ef al.’ and Amaldi® and 
co-workers. 

One more possible example of this type of decay 
has been found in these emulsions but the “7 meson” 
track is short (60u) and the r meson (480u) makes 
an angle of only 8° with the end of the “7 meson” 
track. The possibility that this event could be the 
scattering of a meson cannot be ruled out. 
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The effect of the Coulomb barrier on charged meson production by nucleon-nucleus collisions is studied 
by a classical and qualitative treatment of the Coulomb interaction between the emitted meson and the 
residual nucleus. Especially, the discrepancy in the behavior of positive and negative meson production 
cross sections as functions of atomic number can be understood qualitatively by this simple argument. 


EASUREMENTS have recently been performed 

on the variation of the positive and negative 
meson production cross sections with atomic number 
which result from the interaction of a 340-Mev proton 
beam with target nuclei.' The targets used are Be, C, 
Al, Cu, Ag, Pb, and the differential cross section is 
studied by photographic emulsion exposed at 90° to 
the direction of the proton beam in the laboratory 
system. The kinetic energy of the observed mesons 
ranges from 12.5 to 35 Mev. 

A remarkable fact revealed by these observations is 
that there is a systematic difference in the behavior of 
the negative and positive production cross sections: 
the cross section per nucleus for x~ production increases 
steadily as a function of the atomic number while that 
for x* production shows a tendency to level off or even 
decrease towards heavier nuclei for all observed meson 
energies. It would be very hard to understand this 
without referring to the Coulomb effect, since other 
effects such as the scattering and absorption of the 
incident proton and the secondary meson would work 
in the same direction for both r+ and w~.2 There has, 
however, been no reliable method which gives the 
Coulomb effect on the meson production correctly 
even in a qualitative sense. 

As is well-known in the theory of beta decay, a 
simple way of introducing the Coulomb correction 
is to multiply the uncorrected cross section by the 
correction factor C = 2rt/[1—exp(— 27€) ], = +Ze?/hv. 
This method cannot be used in our case, however, 
since the nuclear Coulomb field does not belong to a 
point charge but to an extended charge distribution.’ 


1R. Sagane and W. Dudziak, Phys. Rev. 92, 212 (1953); 
University of California Radiation Laboratory Reports UCRL- 
2284, 2304, 2317, 1953 (unpublished). 

2 Recently, S. Gasiorowicz [Phys. Rev. 93, 843 (1954) ] tried to 
explain this experiment by taking account of the energy degenera- 
tion of the incident proton in the nucleus and the reabsorption 
of the meson by the nucleus it traverses. His results depend, 
however, on an unestablished assumption that the protons tend 
to be confined to a region of somewhat smaller radius compared 
to the nucleus as a whole. The validity of Gasiorwicz’s picture 
may be examined by considering meson production by neutron- 
nucleus collisions, photomeson production by nuclei, etc. 

3 For a meson of 33 Mev produced by lead, the correction 
factors C_ and C, are about 6.3 and 0.012, respectively. It is to 
be noticed that use of C, for x+ mesons would be especially 
meaningless since it describes the case where the momentum of 
the x+ meson becomes imaginary at the point nucleus due to the infi- 
nitely high Coulomb potential, while in our problem the x* meson 
may preserve its wave character up to the center of the nucleus. 


In such cases, one uses as the correction factor the 
absolute square of the regular solution of the meson 
wave equation in the nuclear Coulomb field evaluated 
at the nuclear surface. This again does not give a good 
result because the nuclear size is not smaller than the 
de Broglie wavelength of the meson considered, which 
means that one needs a knowledge of the irregular 
solution of the meson wave equation in addition to 
the regular one. Finally, even the complete outside 
solution would not provide a satisfactory estimation of 
the Coulomb effect since this is essentially determined 
by the behavior of the meson inside the nucleus which 
belongs to the yet unknown properties of mesons. 
At the present stage, it is therefore almost useless to 
solve the meson wave equation exactly in the region 
outside of a nucleus. As is mentioned above, this is 
mostly due to the fact that the nuclear size is large 
compared to the meson wavelength. This, however, 
means at the same time that the magnitude of the 
Coulomb field is small compared to the meson kinetic 
energy, which leads us to another kind of approximation 
method. 

As is well-known, the Coulomb effect can be under- 
stood qualitatively in the following way: it accelerates 
the x* and decelerates the r~. Hence, the #* spectrum 
has fewer slow particles, and #~ spectrum more slow 
particles, than they would have in the absence of the 
Coulomb effect. Now, one may describe the ejection 
of a meson out of a nucleus classically in our problem, 
since the Coulomb field is small and slowly varying 
compared to other quantities. In this sense, the mo- 
mentum ko* of r* at the moment of leaving the nucleus 
would be different from the observed momentum kt, 
and it would be rather ko* than k* that provides a 
measure for the initial momentum with which a meson 
is produced in the nucleon-nucleon collision. For 
example, a x* meson of the observed kinetic energy EZ, 
which is produced on the surface of a nucleus with the 
Coulomb barrier V, would have an initial kinetic 
energy Ey=E—V,., while a x~ meson of the same 
kinetic energy would have Ey=E+V,. This would 
change the kinematics of the usual treatment which 
neglects the effect of V., and the atomic number 
dependence of the cross section for fixed Z would be 
considerably different from that of fixed HZ» as one goes 
towards heavier nuclei if the energy spectrum of the 
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Fic. 1. (a) The energy spectrum Q,(Pb) asa function of the 
initial kinetic energy Zo ese on the experimental data of 
reference 6. The solid curve is a hypothetical energy spectrum 
which is assumed to be valid for all 4 marie in our analysis. (b) 
The energy spectrum Q_(Pb) as a function of the initial kinetic 
energy Eo based on the experimental data of reference 6. The 
solid curve is a hypothetical energy spectrum which is assumed 
to be valid for all elements in our analysis. 


meson is strongly dependent on its energy. We shall 
show in the following that the principal feature of 
the above experiments can actually be understood 
in accordance with this idea by taking Ey>=E+V, as 
the crudest approximation for the initial kinetic energy 
of the secondary meson. 

First, we shall write the production cross section of 
a meson with the kinetic energy E as 


do,,(E; Z,N)/dEdQ= P,(E; Z,N), (1) 


where Z and N are the proton and neutron numbers of 
the target nucleus. This can be rewritten as the cross 
section for the initial kinetic energy Ep: 


do, (Evt+V.; Z,N)/dEWdQ=04(Ey;Z,N), (2) 


in conformity with the classical approximation men- 
tioned above.‘ For fixed Z and JN, this gives the meson 
energy spectrum in terms of the initial kinetic energy 
Ey and is therefore the one to be compared with the 
energy spectrum of the ordinary theoretical treatment 
in which the Coulomb effect is not taken into account.® 
In the same way, the atomic number dependence of 
Q can be compared with the theoretical expectation. 
In order to derive the atomic number dependence of 

asa function of Eo is obtained by shifting Ps as a function 


of Bee the left or right by the amount V, (for x* or x~ mesons, 
tively 


E. M. aN Phys. Rev. 85, 204 (1952); Passman, Block, 
and Havens, Phys. Rev. 83, 167 (1951). 





Q from the experimental data P, however, one has to 
know the energy dependence of Q for all elements 
considered. 

The energy spectrum P at 90° has heretofore been 
measured only for C and Pb.* Unfortunately, these are 
not accurate enough for our purpose. The corresponding 
spectrum Q(£»;Pb) is found to be an _ increasing 
function of Ey up to a maximum at ~40 Mev and 
then to decrease fairly rapidly for larger Eo (Figs. 1). 
Q(Eo; C), on the other hand, has a very broad maximum 
at ~40 Mev. It is expected that the spectrum Q for 
all heavy elements is not very different from Q(Eo; Pb). 
Meanwhile, Q is nearly identical with P for light 
elements irrespective of its energy dependence since 
V, is small in these cases. We may therefore assume 
without serious error that the energy spectrum is 
proportional to that of Pb for all elements. (The 
multiplicative factor is not important for our purpose.) 
We shall assume for simplicity that the energy spectra 
for all elements are given by the solid curves in Figs. 
1, which are drawn more or less arbitrarily out of the 
multitude of curves which might fit experimental data 
just as well. 

Once the energy spectrum is fixed, one can easily 
calculate the atomic-number dependence of Q from 
that of P. In Figs. 2, the spectra Q thus determined 
are given together with the experimental spectra P. 
It is seen that the atomic number dependence of Q 
for both + and mw~ can now be approximated by 
At-curves, as is expected from the interaction of the 
meson with the nucleus.’ One may thus be lead to the 
conclusion that the Coulomb barrier is actually the 
agent which gives rise to the discrepancy between the 
a+- and m~-cross sections. One should, however, keep 
in mind that this is based upon many assumptions and 
approximations. Some of these points will be discussed 
in the following. 

1. In the first place, it should be stressed that we 
have treated the effect of the Coulomb barrier in a 
classical way. Namely, we have treated k and ko as 
simultaneously diagonal operators, and this introduces 
an error of the order of [4aZ/(RR)?]-[(u+£)/k] for 
sufficiently large &.* This is about 20 percent for a 

6C. Richman and H. Wilcox, Phys. Rev. 78, 496 (1950); 
M. Weissbluth, Ph.D. thesis, University of California, 1950 
(unpublished); Richman, Weissbluth, and Wilcox, Phys. Rev. 
85, 161 (1952) 

7 Better agreement may be obtained taking account of the 
collision mean free path of the incident proton and the absorption 
of the produced meson in the nucleus. Both effects will reduce the 


‘aan cross section by a factor A~. More precisely, the 
tter is known to multiply the cross section by a factor 


3{4(1/X)— (1/X4) + (1/X)(14-X)e-¥), 


where X¥=2R/\q, R=aoA! being the nuclear radius, and A, the 
absorption mean free path of a meson in the nucleus. See 
Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 

® An estimate of this error is made by evaluating the upper 
limit for 


(CA, t+EtaZ/r?—p?)_)/(A)- ((u+EtaZ/r)?— p*) 


where (A), etc., mean the expectation value of A, etc., with respect 
to the meson wave function. 
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Fic. 2(a). The variation of Q,(33 Mev) and Q_(35 Mev) as 
well as the experimental data P,(33 Mev) and P_(35 Mev) with 
mass number. The A!-curves are superimposed on the data for 
comparison. (b) The variation of Q,(25 Mev) as well as the experi 
mental data P,(25 Mev) with mass number. The A!-curves are 
superimposed on the data for comparison. (c) The variation of 
Q,(12.5 Mev) as well as the experimental data P,(12.5 Mev) 
with mass number. The A!-curves are superimposed on the data 
for comparison. 











meson of kinetic energy 33 Mev produced by lead. 
Obviously, the errors become larger for mesons of 
lower energies and thus our method cannot be applied 
to very low-energy mesons. 

2. We do not know the nuclear radius exactly. 
Accordingly, we are not sure up to what point the pure 
Coulomb potential can be used. In this note, we have 
adopted R=1.5X10~-"X A! cm as- the nuclear radius. 
The result of our analysis, however, would not vary 
very much for a slight change in the assumed nuclear 
radius. 

3. In the formula (2), we have adopted the surface 
value E+ V , as the initial kinetic energy of the produced 
meson. Strictly speaking, this is not correct since a 
meson can be produced at any place within the nucleus 
and we do not know anything at all about the “meson- 
nucleus potential.” The situation is exactly the same 
in the case of the ordinary treatment where a meson is 
assumed to be produced in a hypothetical nucleus 
which has no surrounding Coulomb field.® In so far as 
one is confined to the analysis of the Coulomb effect 
in terms of the formulas (1) and (2), one need not 
worry about the details of the behavior of mesons 
within the nucleus since they will cancel each other, 
being common to both (1) and (2). 

4. Finally, an objection might be raised against the 
assumptions we have imposed on the energy spectrum. 
The present experimental data are very crude so that 
they cannot determine the energy spectrum with 
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sufficient accuracy. The spectrum used in our discussion 
is so chosen out of the variety of spectra which fit 
the data that the Coulomb effect is seen clearly. It is 
easy to see that another choice would modify our 
result to a considerable extent although it would not 
change the qualitative feature of our argument. One 
should also notice that the energy spectrum is slightly 
different for different elements. Since this is disregarded 
in our treatment, some amount of error will be involved 
systematically in the atomic number dependence of Q. 
It is therefore highly desirable to have accurate energy 
spectra for meson production in order to settle these 
points unambiguously. 

Our treatment of the Coulomb effect is merely of a 
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Fic. 3. The predicted variation of P, and P_ with mass number 
at a meson energy E=50 Mev. Here Q, are assumed to be propor- 
tional to Al. 


provisional character and we must refrain from coming 
to the final conclusion until more accurate experimental 
data as well as a more refined theoretical treatment are 
available. In the following, we shall give some comments 
which might be useful for checking or establishing our 
way of approach. 

1. If one knows the meson energy spectrum for all 
elements and if furthermore one knows the atomic 
number dependence of Q for one meson energy Eo, 
one can in principle determine the atomic number 
dependence of Q for any other meson energy. This 
statement may be useful in checking the consistency 
of data at various energies. The results given in Figs. 2 
are consistent with each other within the accuracy 
of experiments and theory. Even more interesting 
will be the prediction of the atomic number dependence 
of P for E250 Mev, since we are then in the energy 
region beyond the maximum of the energy spectrum. 
Curves are shown in Fig. 3 to illustrate what will 
happen in such cases if one assumes an A! variation 
for Q,. It is seen that P, will now increase more rapidly 
than P_ as a function of atomic number, contrary 
to the low-energy case. This conclusion depends, of 
course, critically on the shape of the energy spectrum 
and will be modified considerably by further experi- 
mental findings. 

2. From the observation of the meson production 


cross sections at other angles than 90°, one may be 
able to find the same effect of the Coulomb barrier. 
The atomic number dependence of the 53-Mev xt- 
production cross section at 0° seems to be not in- 
consistent with our expectation.’ D. L. Clark measured 
the relative cross sections for 40-Mev mesons produced 
by 240-Mev protons in seven elements.” The at 
mesons were observed at 135°+15° (in the laboratory) 
with respect to the beam direction and the m~ mesons 
at 45°+15°. These data may be analyzed by our 
method as soon as the meson energy spectrum is known 
for this proton energy..Here, we shall only remark 
that 40 Mev will be close to the maximum kinetic 
energy of the + mesons at 135° and thus the Coulomb 
effect will be unimportant in this case. 

3. Our method would throw a new light on the 
energy dependence of the positive-to-negative ratio 
of mesons produced by nucleon-nucleus collisions. The 
ratio Q_/Q, calculated from the present data for Pb 
seems to be slightly inconsistent with the theoretical 
expectation of Chew and Steinberger" since this ratio 
is too large for high meson energies. In view of the 
crudeness of the present data, however, it would be 
premature to draw conclusions about this point. 

4. Finally, it may be mentioned that a similar 
argument will hold in other problems such as the atomic 
number dependence of the cross section of various 
nuclei for photomeson production. 

The author would like to thank Professor R. Sagane 
for informing him of the experimental results prior 
to publication, and Professor Y. Namu and Professor 
T. Miyazima for many valuable discussions. He would 
like to express his gratitude to Professor R. Oppen- 
heimer for the hospitality extended to him at the 
Institute for Advanced Study. 


® Hamlin, Jakobson, Merritt, and Schulz, Phys. Rev. 84, 857 
(1951). The meson spectrum in the direction of an incident 
341-Mev proton beam has been measured only in the case of a 


carbon target by Cartwright [University of California thesis, 
April 16, 1951 (unpublished)]; and by Merritt, Schulz, and 
Heinz (unpublished). 

DP. L. Clark, Phys. Rev. 87, 157 (1952). He also measured 
the atomic number dependence of 20-Mev x* mesons produced 
by 240-Mev protons in several targets. See D. L. Clark, Phys. 
Rev. 81, 313 (1951). 

4G, Chew and J. Steinberger, Phys. Rev. 78, 497 (1950). 
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The differential cross sections for scattering of 217-Mev negative pi mesons by liquid hydrogen have 
been observed at six angles. An analysis of the angular distribution of the ordinary scattering is consistent 
with a small d-wave contribution; the charge exchange scattering angular distribution agrees with the 
assumption of only s and p waves. The integrated total cross sections are 18.2+2.3X10~" cm? for the 
ordinary scattering and 35.8+3.4X10~’ cm? for the charge exchange scattering. Transmission measure- 
ments of the total cross section gave values of 57.2+2.9 10™*’ cm? at 209 Mev and 52.14+2.3X 10°" cm? at 
220 Mev. An analysis of the angular distributions in terms of phase shifts is discussed. 


A STUDY of the pion scattering reactions 


t+ port p, (1) 
+p + p, (2) 
nr +p—n'+n, (3) 


is of considerable value in understanding the interaction 
between pions and nucleons. Angular distributions for 
these reactions have been reported by a number of 
authors.'~* On the basis of charge independence, the 
scattering should be describable in terms of phase shifts. 
At low energies, angular momentum states higher than 
s or p waves may be assumed unimportant. One set of 
six phase shifts should then completely describe the 
scattering at a definite energy. 

An extensive study of these reactions has been made 
at 120 and 135 Mev by AFMN.° Their results enable 
them to eliminate all but two possible sets of phase 
shifts. Observations of the scattering of negative pions 
alone at higher energies (up to 210 Mev) have been 
reported.* A phase shift analysis of these data is more 
difficult."° Because of the higher energy, it is quite pos- 
sible that d states contribute appreciably to the scat- 
tering and need to be included in the analysis. It is also 
not possible to calculate a unique set of phase shifts 
from the negative scattering data alone. Some positive 
scattering data at high energies have recently become 


t Research supported by a joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

*Submitted to the Department of Physics, the University of 
Chicago in partial fulfillment of the requirements for the Ph.D. 
degree. 

RR Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952). 

2 Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 86, 1053 (1952). 

3G. Goldhaber, Phys. Rev. 89, 1187 (1953). 

‘ Bodansky, Sachs, and Steinberger, Phys. Rev. 90, 996, 997 
(1953). 

5 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953), quoted here as AFMN. 

6 J. P. Perry and C. E. Angell, Phys. Rev. 91, 1289 (1955). 

7 J. Orear, Phys. Rev. 92, 156 (1953). 

* Fermi, Glicksman, Martin, and Nagle, Phys. Rev. 92, 161 
(1953). 

® Fowler, Lea, Shephard, Shutt, Thorndike, and Whittemore, 
Phys. Rev. 92, 832 (1953). 
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available*-” and an analysis using these data may prove 
successful in limiting the number of sets of phase shifts 
which agree with the negative pion scattering observa- 
tions. 

It was felt that it would be worthwhile making 
detailed measurements of the negative and positive 
pion scattering at an energy in the 210-Mev region. A 
detailed differential cross section should give some 
information on the importance of d waves and good 
measurements of both positive and negative differential 
cross sections should remove the ambiguity in the 
phase-shift analysis. This paper reports observations of 
the differential cross sections of reactions (2) and (3) 
for an incident pion energy of 217 Mev. The scattered 
pions from (2) and the gamma rays resulting from the 
decay of the r® in (3) (plus a small contribution from 
the reaction x-+p—>y+) were observed at six angles. 
Within the limits of error of the experiment, this allows 
some test of the validity of an analysis in terms of s 
and p waves alone; an experiment on the positive pion 
scattering at the same energy is now being carried out 
here by others. 


I, EXPERIMENTAL ARRANGEMENT 


The arrangement is essentially the same as that used 
in previous work.’ The pions were produced by the 
bombardment of a beryllium target by the internal 
450-Mev proton beam of the Chicago synchrocyclotron. 
Pions of nominal energy 227 Mev are deflected out of 
the cyclotron and focussed in a fairly parallel beam by 
the fringing magnetic field. They traverse a channel 
through the twelve feet of shielding and are then de- 
flected by a steering magnet into the detecting scintil- 
lation counters. A description of the pion beams, target 
and steering magnet has been published.” 

Details of the scattering geometry are given in Fig. 1. 
The pions incident on the liquid hydrogen were de- 
tected by two 2-inch diameter scintillation counters 
(No. 1 and No. 2) with the second counter 5.5 inches 
from the center of the liquid hydrogen cell. Scattered 
pions (and a small number of converted gamma rays) 


" Homa, Goldhaber, and Lederman, Phys. Rev. 93, 554 (1954). 
'"R. A. Grandey and A. F. Clark oye communication). 
‘8 R, L. Martin, Phys. Rev. 87, 1052 (1952). 
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Fic. 1. Details of the scattering geometry. (a) Detection of 
scattered pions. Counters No. 1, 2, 3, and 4 are in coincidence. 
(b) Detection of gamma rays. Counters No. 1, 2, 3, and 4 are in 
coincidence, with counter No. 5 in anticoincidence. 


were detected by two 4-inch wide by 6-inch high liquid 
scintillation counters (No. 3 and No. 4) placed at a 
variable angle with the incident beam. Gamma rays 
[coming mainly from the decay of the r° produced in 
reaction (3) | were detected using three 4-inch by 6-inch 
counters (No. 5, 3, and 4) with 7.30 g/cm? of lead 
placed between counters No. 5 and No. 3. A gamma ray 
was counted with about fifty-percent efficiency by the 
quadruple coincidence of counters No. 1, 2, 3, and 4, 
with counter No. 5 in anticoincidence. Observations 
were made at six angles. In the observation of scattered 
pions, absorbers were placed between counters No. 3 
and 4 at the forward angles to remove the recoil 
protons. This amounted to 12.94 g/cm? aluminum at 
25.7° and 6.19 g/cm? at 51.4°. 

Pulses from the scintillation counter were fed into 
a preamplifier, amplified in a two-stage distributed 
amplifier, fed through some 150 feet of 100-ohm cable 
into another two-stage distributed amplifier and 
through a delay box into the coincidence circuits. The 
output of the coincidence circuits was counted in a 
Hewlett Packard high-speed decade scaler in cascade 
with an Atomic Instrument decade scaler. 

The efficiency of the scintillation counters detecting 
the scattered particles was checked by observing: (1) 
the ratio of quadruple coincidences (counters No. 1, 2, 
3, and 4) to double coincidences (counters No. 1 and 2) 
with the counters in line in the sequence No, 1, 3, 4, 
and 2, and (2) the ratio of quadruple coincidences 
(counters No. 1, 2, 3, and 4 in coincidence, with counter 
No. 5 in anticoincidence) to double coincidences 
(counters No. 1 and 2) with the counters in line in the 
sequence No. 1, 2, 5, 3, and 4. Results of measurement 
(1) were quite close to 100 percent; measurement (2) 
gave something less than 0.1 percent. The counters and 
the anticoincidence circuit were therefore taken to be 
100-percent efficient. 

The incident pion intensity was about 20 000 counts 
per minute. The scattered intensity was about 3 per 
minute for most of the measurements. Of this, from 
20-70 percent was background which remained when 
the hydrogen was removed from the cell. A typical 
measurement would consist of (1) coincidences at 
25.7° without hydrogen in the cell, (2) coincidences 
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at 25.7° with hydrogen in the cell, (3) coincidences at 
51.4° with hydrogen in the cell, (4) coincidences 
at 51.4° without hydrogen in the cell, etc., the complete 
sequence being repeated some five to eight times during 
one run. The coincidence (scattered pions) and anti- 
coincidence (gamma rays) observations were not 
mingled; a run consisted of about twenty-four hours 
running time on the anticoincidence measurement fol- 
lowed by about forty hours running time on the coin- 
cidence measurement. 


Il. EQUIPMENT 
a. Scintillation Counters 


Counters No. 1 and 2 were made thin so that the 
energy loss of the pions in them would be small, and so 
that counter No. 2 would not contribute appreciably to 
the background by scattering pions into the other 
counters. Counter No. 1 was a liquid scintillator 2 
inches in diameter and ;% inch thick, contained in a 
Lucite cell with y,-inch windows. The liquid used was 
phenylcyclohexane with 3 g/liter of terphenyl and 10 
mg/liter of diphenylhexatriene dissolved in it.“ The end 
of the Lucite cell was shaped to fit the photocathode of 
an RCA 5819 photomultiplier and good optical contact 
was maintained with a thin layer of silicone grease. 
The photomultiplier was housed in a cylindrical mu- 
metal shield to minimize the influence of the stray 
magnetic field present. Counter No. 2 was a 4 inch 
thick, 2-inch diameter plastic scintillator making good 
optical contact with a Lucite light pipe } inch thick. 
Silicone grease was used for the scintillator-Lucite and 
Lucite-photomultiplier contact and pressure was main- 
tained to keep the sections in position. The cells of 
both counters were wrapped in 0.004-inch aluminum 
foil to increase their optical efficiency. Counters No. 
3, 4, and 5 were 4 inches by 6 inches by }-inch thick 
over-all Lucite cells with #g-inch windows, containing 
liquid scintillator ; they have been described previously.® 


b. Electronic Equipment 


The pulses from the counters were fed directly from 
the anode of the photomultiplier into an attached pre- 
amplifier’ which produced pulses of a square shape and 
about 2.5 10~* second long. After amplification in two 
distributed amplifiers they went into the coincidence 
circuits. For the coincidence (scattered pions) meas- 
urement, pulses from counters No. 1 and 2 were counted 
in double coincidence in one circuit F, counters No. 3 
and 4 in another circuit B, and counters No. 1 and 3 in 
a third circuit A. The outputs of these three circuits, 
which were about 5X10-* second long, were then 
counted in triple coincidence in a coincidence circuit 
capable of recording double, triple, or quaduple coin- 
cidences. The anticoincidence (gamma rays) measure- 

4H. Kallman and M. Furst, Phys. Rev. 81, 853 (1951). 


18 Glicksman, Anderson, and Martin, Proceedings of the 
National Electronics Conference 9, 483 (1953). 
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ment was similar, with the one change being the 
addition of pulses from counter No. 5 into the 
anticoincidence input of the double coincidence circuit 
B. The outputs of circuit F and the triple coincidence 
circuit each led into a cascade combination of a Hewlett 
Packard high-speed decade scaler and an Atomic Instru- 
ment decade scaler, which then recorded the number D 
of incident pions and the number (Q of interactions, 
respectively. 

The resolving time of the equipment was small 
enough (2.5<X10~* second) to make the number of 
accidental coincidences a negligible correction. The 
counting rates were low enough and the dead time of 
the equipment (about 10~7 second) small enough that 
there was no need to correct the data for counting losses. 


c. Hydrogen Target 


The hydrogen target differs from one previously 
described® only in the physical dimensions of the scat- 
tering cell. The cell has an inside diameter of 3.75 inches 
and walls of stainless steel 0.005 inch thick. Concentric 
with it are the radiation shield (0.002-inch thick alu- 
minum) and the external duraluminum vacuum jacket, 
5 inches in diameter and 0.015 inch thick. Purified 
hydrogen gas was used in the transfer of the liquid 
hydrogen from storage Dewar to target reservoir, and to 
apply the pressure required to remove the liquid hy- 
drogen from the scattering cell during the experiment. 


Ill. ENERGY OF THE PIONS 


The range of the pions in copper was observed by 
setting counters No. 1, 2, 3, and 4 in line in the beam 
and measuring the ratio Q/D as a function of the thick- 
ness of the copper absorber placed between counters 
No. 2 and 3. A typical curve obtained is plotted in Fig. 
2. To the mean range obtained from this curve is added 
1.74-g/cm? aluminum equivalent as the contribution of 
counter No. 3 and part of No. 4 to the range; 1.02-g/cm? 


COPPER 


Fic. 2. Range curve in copper taken during Run 2. 
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TABLE I. Observed values of the fraction (Q/D) of pions inter- 
acting to give a gamma ray, in units of 10~*. 


Lab angle With hydrogen Without hydrogen 


Run 7 


155.2+9.6 
35.445.2 
29.7444 
30.0+4.8 
45.945.5 
81.1468 


Net 


374.9417.4 
216.0+11.3 
107.7+ 8.6 
83.62 8.2 
94.54 9.3 
83.3410.6 


530.14 14.5 
251.4+10.0 
1374+ 7.4 
113.64 6.7 
140.4+ 7.5 
164.44 8.1 


Run 2 


118.7+1 
34.44 


2.2 334.6422.5 
6.2 
410+ 64 
5.3 
5.5 
7.6 


152.1411.4 
83.04 10.2 
80.6+ 8.1 
85.24 9.3 
85.0411.8 


453.34 18.9 
186.54 9.6 
124.0+ 7.9 
106.0+ 7.3 
125.14 7.9 39.9+ 
161.5+ 9.0 76.54 


Averaged values 
Lab angle Net 


25.7° 
51.4° 
77.1° 
102.8° 
128.6° 
154.3° 


25.4+ 


354.8+20.1 
184.1+32.0 
95.4+12.3 
82.14 5.8 
89.8+ 6.5 
84.24 7.9 


aluminum equivalent is subtracted to represent the con- 
tribution of half the hydrogen and the walls of the 
scattering cell. The result is the mean range of the pions 
in the center of the hydrogen cell. This is converted to 
energy using Aron’s tables'* and the value'’ 0.1488 for 
the ratio of the mass of the pion to the mass of the 
proton. Two runs were made on the angular distribution 
of the scattering; in the first of these, the mean energy 
so obtained was 216 Mev, in the second 218 Mev. The 
energy spread of the beam was estimated as +4 Mev 
in each case. The two runs were averaged and the energy 
of the average was thus taken as 217 Mev with a spread 
of +5 Mev. 

From the range curve it is also possible to estimate 
the purity of the beam. The residual counts after the 
pions have been absorbed are due to muons (the muon 
momentum obtained from the range agreeing closely 
with that of the pions). For the geometry used, multiple 
scattering corrections to the muon intensity are large. 
An estimate of these gives 3+1 percent as a value for 
the muon contamination. A later curve (see Sec. VI) in 
which the corrections for multiple scattering are small 
gives a pion content of 97+1 percent, and this value was 
used throughout. 


IV. ANGULAR DISTRIBUTION OF GAMMA RAYS 


The experiments of AFMN'° detected the gamma rays 
and pions by measuring the coincidences Q/D with and 
without lead in front of counter No. 3. The measure- 
ments without lead included the scattered pions plus 
some converted gamma rays; the lead measurement 
included the pions but added about one-half the gamma 

16W. A. Aron, University of California Radiation Laboratory 


Report UCRL-1325, 1951 (unpublished). 
'7 Smith, Birnbaum, and Barkas, Phys. Rev. 91, 765 (1953). 
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Taste II. Differential cross sections for ~+p—vy. 








Mean 
gamma-ray 
energy 


Angle in the 
barycentric 
system 


Solid 


Laboratory “d 
ang 
Aw 


angle 


(deg) (sterad) 


x vi 
(deg) (Mev) ty 


Gamma-ray 
detection 
efficiency 


Differential 
cross section 
in the 
barycentric 
system, for y 
from r® 
(10-27 cm?/ 
sterad) 


Differential 
cross section 
in laboratory 
(10727 cm?/ 
sterad) 


Fraction of 
pions giving 
gamma ray in 
units of 10~¢ 
Q/D 





0.595 
0.573 
0.552 
0.532 
0.516 
0.516 


0.110 
0.110 
0.109 
0.109 
0.110 
0.110 


176 
162 
144 
129 
118 
111 


32.9 
63.9 
91.9 
116.7 
139.2 
160.0 


25.7 
51.4 
77.1 
102.8 
128.6 
154.3 


rays. Because of the need for using both of the measure- 
ments to calculate either of the cross sections for process 
(2) or (3), the standard deviations of the results are 
somewhat larger than those for either one of the meas- 
urements. It is, however, possible to separate the two 
processes partially by using the anticoincidence tech- 
nique described above, which detects only the gamma 
rays. The results of this give the cross section for pro- 
duction of gamma rays, directly. Not only does this 
eliminate the increased standard deviation due to the 
combination of measurements; the much decreased 
background of the anticoincidence observations in- 
creases the accuracy of the measurement itself. The 
observed values of 0/D for the anticoincidence meas- 
urements are given in Table I. The errors quoted are 
the standard deviations. 

The efficiency of the detecting telescope includes a 
large correction for the scattering and absorption of the 
electrons in the lead. The scattering correction can be 
reduced considerably by having the lead as close as 
possible to the last counter, and this was done here; in 
the previous experiment’ the increased background 
prevented this. The probability of detecting the gamma 
rays by the electrons or positrons produced in the lead 
converter was calculated as a function of gamma-ray 
energy and scattering angle 6, making approximate cor- 
rections for the absorption (which decreases the prob- 
ability) and the large scattering (which increases the 
probability) of the electrons.® These corrections varied 
from 1.5 percent at the lowest energy to 14 percent at 
the highest energy. Corrections made in a similar 
manner in reference 5 gave a calculated efficiency in 
agreement with a measured value. 

The resulting probabilities were multiplied by (a) 
0.994 to correct for the gamma rays internally con- 
verted'* and thus not detected, and (b) 0.973 to 0.975 
depending on the energy, to correct for the gamma rays 
converted in the hydrogen, cell walls, and counter No. 5, 
and therefore not detected. To this was added 0.008 
to 0.009 (depending on energy), the probability of con- 
version in counter No. 3 multiplied by the fraction of 
gamma rays reaching the counter, to give the prob- 


1®R, H. Dalitz, Proc. Roy. Soc. (London) A64, 667 (1951); 
Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 (1953). 





9.31+0.61 
5.98+1.11 
4.03+0.56 
4.5340.36 
6.1140.50 
6.40+0.66 


14.68+0.98 
7.96+1.46 
4.29+0.60 
3.84+0.31 
4.313-0.35 
4.02+0.41 


354.8+20.1 
184.1+32.0 
95.4+12.3 
82.14 5.8 
89.84 6.5 
84.24 7.9 


abilities for gamma detection e¢, listed in the fifth 
column of Table IT. 
The differential cross section is then given by 


Q/D 


da 


dw €,(0.993) (0.97) (3.82X10")Aw  €,Aw 





2.69 X 10° 





in units of 10-*? cm*/sterad, where the 0.993 is a cor- 
rection factor due to the attenuation of the beam in 
passing through the hydrogen, the 0.97 is the fraction 
of incident particles which are pions, 3.8210” is the 
number of hydrogen atoms per square centimeter, and 
Aw is the solid angle in steradians subtended by counter 
No. 4. Observations of the pion flux at the target indi- 
cated that the center of the beam did not coincide with 
the scattering center (see Sec. VI). This gives a small 
(one to two percent) correction to the solid angle, 
dependent on the scattering angle 6. Table II contains 
the pertinent data: 6 and x are the angles of observation 
in the laboratory system and in the barycentric system, 
respectively, #; is the medn energy of the gamma rays 
in the leboratory system, and the last column has the 
contribution of the reaction #~+p—n+y7 (which is 
estimated from the inverse process as 0.05X10-?7 
cm*/sterad) subtracted. 

The six differential cross sections so obtained have 
been fitted, using a least squares method” by the possible 
angular distributions 


do /dw= a+b cosx+c cos*x, 
the equivalent 
da/dw= A Yot+ BY i(x)+CY2(x), 


(4) 


(5) 


da/dw= AVo+BYi(x)+CY¥2(x)+DY3(x), (6) 


where Y,,(x) is the mth spherical harmonic. Table IIT 
gives the values for the coefficients applicable to the 
cross sections for gamma rays from the 7° and for the 
’s. Also included are the values of the weighted least 


squares sum, 
A;\? 
ee ae 
ei 


J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171 (1952); 
White, Jacobson, and Schulz, Phys. Rev. 88, 836 (1952). 
” M. E. Rose, Phys. Rev. 91, 610 (1953). 


and 


M=-> (7) 


i=] 
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TABLE III. Angular distribution of charge-exchange scattering. 








da/dw =a +b cosx +¢ costx 


a 


b 





4.32+0.37 
1.36+0.22 


1.80+40.38 
1.23+0.26 


Weighted least 
r squares sum, M 


wes aaa 


" 4.85-+0.76 
4.8240.76 





da/dw =AYo+BYi(x) +¢ V(x) +DYialx) 


A B 


Weighted least 


c D squares sum, M 








3.67+0.80 
3.55+0.83 
2.52+0.54 
2.42+0.57 


Yo=1/(4r)t, 


21.06+0.88 
20.65+ 1.03 
10.53+0.44 
10.3340.51 


1.35 
0.78 


5.12+0.80 
5.54+0.96 
5.10+0.80 
5.51+0.96 


0.79+ 1.02 


1.18+1.52 


Y= (3/4) cosx, 
Y2= (5/49)4(¥ cos*x— }), 


Y3= (7/4x)4(5 cos*x—3 cosx)/2. 


which serve as an indication of the goodness of the fit. 
Here A, is the deviation of the calculated ith cross 
section from the observed value and ¢; is the assigned 
error to the observed cross section. 

If the coefficients for (do/dw), are represented by the 
subscripts y and those for (do/dw),» with subscript 0, it 
can be shown that 


A y= 2A 05 
2y 1 


B= ( 


n 


y+n 
mes In aes ") B= 1.464Bo, 


vy y9 
6 Sty 
pal 

n° 


y+n 
n = 


)e = 1 .005C 5, 


Ries 


3/5 4 Y+n 
RN 
2\n' 


G7. 9 
where n and y are the momentum and energy of the x” 
in the barycentric system, in units of we and uc’, 
respectively. 

Figure 3 is a plot of the two fitted angular distribu- 
tions, with the experimental points included. Good 
agreement is obtained with the first three spherical 
harmonics alone. 


Do = 0.666Do, 
U] 


V. ANGULAR DISTRIBUTION OF SCATTERED PIONS 


The observed values of Q/D for the coincidence 
measurement are given in Table IV. However, in this 
case each of these numbers is the sum of: (a) the number 
of pions emitted into the solid angle multiplied by an 
efficiency to account for their absorption in the hy- 
drogen, target walls and counter No. 3, and (b) the 
gamma rays converted in the hydrogen, target walls 
and counter No. 3. The efficiencies for detecting the 
pions and gamma rays are included in Table V; the 
cross sections obtained from the anticoincidence meas- 
urement were used in correcting the data for the gamma- 
ray contribution. Table V is similar to Table II, with 
the first and second columns giving the angles of ob- 


servation in the laboratory system and the barycentric 
system, respectively, the third and fourth columns the 
efficiencies for detecting the pions (¢€,) and the gamma 
rays (¢,’), and the last two columns giving the dif- 
ferential cross sections in the laboratory system and in 
the barycentric system, respectively. The reduced 
values for e, at 25.7° and 51.4° are caused by the ab- 
sorption of the pions in the aluminum absorbers placed 
in front of counter No. 4 at these angles to keep all 
recoil protons from reaching the last counter. 

The differential cross section in the laboratory is 
given by the relation 


(Q/D) 


da 
— = 2.69 10? 
dw €,Aw 


— (€y'/€y)(Q/D)y 
—_—_—_—_—-——10-*’ cm?/sterad, 


where (Q/D), refers to the values in Table IV, (Q/D), 
to those given in Table I. The corrections due to the 
gamma ray sensitivity are from six to thirteen percent. 

As in the case of the gamma-ray measurement, the 
differential cross sections were analyzed in the form of 





432 4 -@0cesx + 405 cos? — 
2065 %e 3-564 +5604 40797, --- 








GARYCENTRIC SYSTEM SCATTERING ANGLE x 


Fic. 3. Differential cross sections of x+y. The curves are 
least squares fits to the expressions a,+5, cosx+cy cos*x and 
AyVotByVi(x)+CyV¥2(x)+Dy¥ a(x). 
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TaBLe IV. Observed values of the fraction (Q/D) of pions elas- 
tically scattered, in units of 10°. 


Net 


Lab angle With hydrogen Without hydrogen 


Run 1 


665.04 16.8 
96.84 6.8 
83.44 4.7 
71.64 4.9 
97.54 5.9 
194.24 6.6 


175.7+23.2 
96.2+10.1 
42.1+ 6.9 
39.94 7.2 
46.7+ 8.3 
54.44 9.3 


840.7+ 16.0 
193.04 7.5 
125.54 5.3 
111.54 5.3 
144.24 5.9 
248.6+ 6.6 


25.7° 
514° 
771° 
102.8° 
128.6° 
154.3° 


Run 2 


124.24+-16.1 
85.14 8.3 
25.64 6.9 
26.34 5.9 
41.24 8.2 
69.2+11.5 


§87.3411.2 
169.54 6.3 
125.74 5.1 
105.04 4.2 
147.94 6.1 
2784+ 8.6 


25.7° 
51.4° 
8 be 
102.8° 
128.6° 
154,3° 


Averaged values 
Lab angle Net 


150.0425.8 
90.74 6.6 
33.94 8.3 
33.14 6.8 
43.94 5.8 
61.84 7.4 


25.7° 
51.4° 
77.1° 
102.8° 
128.6° 
154.3° 


Eqs. (4) and (6) using a least squares method. The 
results, including the values of the weighted least 
squares sum M, are given in Table VI and plotted in 
Fig. 4. 

Rose has shown” that M should be about equal to 
the number of data minus the number of parameters 
of the fit. For the angular distribution fitted here, M 
should then be about 3. If it is considerably larger, 
there are two possible conclusions: either there are 
systematic errors in the experiment or the fit is being 
made with too few parameters. Bodansky, Sachs, and 
Steinberger‘ have made use of the Monte Carlo method 
to estimate the probability of a given value of M; this 
analysis gives the result that here M is expected less 
than 2.3 in 50 percent of the cases. The probability of 
an M of 4.3 (the s- and p-wave fit) or larger would then 
be about 20 percent. An analysis of the ordinary scat- 
tering is therefore compatible with a small d-wave 
contribution with coefficient D= —0.80+0.43; on the 
other hand the charge exchange scattering was ade- 
quately fitted assuming no d-wave contribution. 


TABLE V. Differential cross sections for r+ p—>4~ + p. 


Angle in the 
barycentric 
system 


Gamma-ray 
detection 


Pion 
detection 
Ni efficiency efficiency 
(deg) tr ty’ 


Laboratory 
angle 
6 


(deg) 


Solid 
angle 


dw 
(sterad) 


GLICKSMAN 


VI. TOTAL CROSS SECTIONS 


The differential cross-section measurements in the 
laboratory system can be integrated to give the total 
cross sections for ordinary and charge exchange scat- 
tering. Such an integration gives the values in the 
third line of Table VII. A comparison of these results 
with a previous angular distribution measurement* and 
a separate transmission measurement” indicates some 
disagreement in the ordinary scattering cross section. 
A third run was then made, in which the total cross 
section was measured by a transmission measurement 
and the differential cross section at 90° for process (2) 
was also observed at the same time, for pion energies 
of 209 and 220 Mev. 

The electronic equipment and the hydrogen target 
used were the same as those used in Runs 1 and 2; 
however, a completely different set of counters was 
employed. The details of the geometry are given in 
Fig. 5. Counters No. 1 and 2 were } inch thick by 2 
inches by 2 inches plastic scintillators, with counter 
No. 2 three and three-quarters inches from the center 
of the hydrogen cell. Counters No. 3 and 4 were at 90° 
to the incident beam direction and counters No. 5 and 
6 were in line with the first two counters. Counters No. 
3 and 5 were plastic scintillators 7 inches wide, 9 
inches high, and } inch thick ; counters No. 4 and 6 were 
liquid scintillation counters 8 inches in diameter and 
? inch in overall thickness. Observations were made of 
the quadruple coincidences (Q) of counters No. 1, 2, 3, 
and 4, the quadruple coincidences (Q’) of counters No. 
1, 2, 5, and 6, and the double coincidences (D) of counters 
No. 1 and 2. 

The incident pion energy was measured by taking a 
range curve in copper as described above. This was 
done for the incident beam with no absorber and for the 
case where 5.0 g/cm’ of polyethylene was placed in the 
pion beam between the steering magnet and counter 
No. 1. The energies of the beams in the two situations 
were calculated using the mean of the two range meas- 
urements and the calculated loss of energy in the poly- 
ethylene. The beam without absorber had an energy of 
220+6 Mev and the beam with the polyethylene in it 
an energy of 209+6 Mev, where the +6 Mev is an 


Differential 
cross section 
in barycentric 

system 

(10>? em?/ 

sterad) 


Differential 
cross section 
in laboratory 
(107-27 em?/ 
sterad) 


Fraction of 
pions elastically 
scattered 
units of 10~¢ 
0/D 





33.9 0.824 0.026 
65.7 0.896 0,025 
77.1 94.1 0.968 0.024 
102.8 119.0 0.968 0.024 

141.0 0.968 0.024 


25.7 
51.4 


0.110 
0.110 
0.109 
0.109 
0.110 
0.110 


2.42+0.49 
1.67+0.15 
0.73+0.21 
0.93+0.22 
1.57+0.24 
2.62+0.35 


4.02+0.82 
2.28+0.20 
0.77+0.22 
0.76+0.18 
1.02+0.16 
1.47+0.19 





128.6 
154.3 161.0 0.968 0.024 








*! Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 934 (1952). 
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SCATTERING OF 
estimate of the spread of the beam energy taken from 
the absorption curve. 

A check was made of the beam spread at the hydrogen 
target using a terphenyl crystal scintillation counter 
movable in the horizontal direction, with the crystal 
zs inch wide by 1 inch high. This distribution was 
integrated numerically over the cell to give an effective 
pion length in the hydrogen. This correction amounted 
to two percent. 

From the observations of (’/D, the cross section was 
calculated using the expression 


e~Ne= R—r(1—R), 


where JN is the number of hydrogen nuclei per square 


TasBie VI. Angular distribution of the scattering 
a +p—2 +p. 


da/dw =a_+b_ cosx +¢-~ cos*x 
Weighted 
least squares 
sum, M 


a. b c 


0.7520.22 2.36:0.44 


: da/dw =A_Yo+B_¥i(x) +C¥2(x) +D_YVilx) 


0.85+0.15 


4.33 


Weighted 
least 
squares 
sum 
A B ( D M 


4.33 
0.50 


D=0 5.80+0.35 1.5340.44 2.50+0.47 
3. 


3540.43 0.9540.55 2.01+0.54 —0.80+0.43 


TABLE VII. Total cross sections. 


Differential 
cross section 
at 90° in the 
laboratory for 

lotal x +por +p 
a(n) (107%? em? 
(10°27 em?) sterad) 


1.47+0.29 


nergy a(n” nr) a(n” —+y) 
(Mev) (107%? cm?) (10°?7 em?) 
210° 28.743.1 69.147.2 
217° oO +6 

217 18.2+2.3 72.2+6.8 54.545 

209 57.242.9 
220 52.142.3 


64 +5 
0.7640.21 


0.86+0.20 
1.03+0.16 


* See reference 8. 
b See reference 21. 


centimeter, 3.69 10", o the total cross section, r the 
ratio of the number of muons to pions in the beam, 
0.03, and R the ratio of Q’/D with hydrogen to Q’/D 
without hydrogen, 0.98056+0.00073 at 209 Mev and 
0.98213+0.00059 at 220 Mev. A number of corrections 
were made to these values for o. They have to be 
increased because of the scattered pions, gamma rays 
converted in the hydrogen target and counter No. 5, 
and the protons counted by counter No. 6. These cor- 
rections were made using the 210-Mev data* and the 
results reported above; they were about 1.5 percent, 
less than 0.1 percent, and 2.5 percent for the three kinds 
of particles, respectively. The values of o would be 
decreased by the corrections for the multiple scattering 
out of the pions in the hydrogen and scattering out of 


NEGATIVE 


PIONS BY HYDROGEN 





0-00 + O-7Sc0nx + 236 cos"x — 
$35Y, + O96, +201¥,-0-807, ---- 


BARYCENTRIC SYSTEM SCATTERING ANGLE x 








Fic. 4. Differential cross sections of x". The curves are 
least squares fits to the expressions a_+b_ cosy+c_ cos*x and 
A_YVo+B_Y¥i(x)+C_¥2(x)+D_¥a(x). 


the beam from increased w-y decay due to the hydrogen. 
However, these were less than 0.1 percent because of 
the large angle subtended by counter No. 6 at the 
hydrogen cell and were neglected. The corrected values 
for o are then 57.2+2.9X10-? cm? at 209 Mev and 
52.14+2.3X 10-7 cm? at 220 Mev. 

The observations of Q/D were treated as described 
previously, and the values of the differential cross- 
section at 90° in the laboratory system are given 
in Table VII. The corrections for gamma rays included 
in Q/D were about eight percent. 

The measurements of the total cross section given in 
Table VII thus seem to agree satisfactorily; there is 
some indication of a small decrease in the total cross 
section with energy in this energy interval. The ob- 
servations of the differential cross section at 90° of the 
ordinary scattering reported here are all considerably 
lower than the value at 210 Mev reported previously*® 
of 1.47+0.29X10-*7 cm?/sterad. It would be fair to 
conclude that the actual value in this interval is of the 
order of 0.9 10-*? cm?*/sterad, and that the figure re- 
ported earlier is a high measurement. 


Fic. 5. Details of the geometry used in measuring the total 
cross section, and the differential cross section at 90° for the process 
«+p-—+x~ +p. Counters No. 1, 2, 3, and 4 are in coincidence; 
counters No. 1, 2, 5, and 6 are also in coincidence. 











1342 


TABLE VIII. A few of the possible sets of phase shift solutions 
to the negative pion scattering data at 217 Mev. 
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those of Fowler ef a/.? at a mean energy of about 235 
Mev but with an energy spread from 210 to 330 Mey. 
Because of the difficulty of interpolating satisfactorily 


Total 

cross sections to data based on such a broad spectrum, an analysis 

" ~. ea ite mn a Calculated  USing some interpolation of this data was not made. 

(deg) (deg) (deg) (deg) (deg) = (deg) (10-7 cm?) Because of these difficulties, it was thought that an 

20 7 722 12 SS eal 157 analysis in terms of fewer phase shifts might prove 

20 7 42 —79 —5 —5 160 interesting. It should be stressed that the author 
—69 —J 33 45 + —12 160 : 








VII. PHASE-SHIFT ANALYSIS 


The scattering of pions in hydrogen has been analyzed 
by AFMNS® in terms of phase shifts of the states of 
isotopic spin } and 3, and total angular momentum } 
and 3. They find two sets of these six phase shifts which 
fit the nine data [the coefficients a, b, and c for reac- 
tions (1), (2), and (3) ] at 120 and 135 Mev fairly well, 
and these sets are given in reference 5. However, an 
analysis of the scattering of negative pions in hydrogen 
at higher energies in terms of these six phase shifts 
gives a large number of possible solutions because 
there are only six data to determine the six phase shifts. 
A graphical method™ was used to obtain some of these 
sets as approximate solutions and these are given as 
examples in Table VIII, along with the predicted total 
positive pion cross sections. They are approximate in 
that they were checked against the cross sections to see 
that the fits were good, but they were not varied to 
make M go all the way to zero or very near it. With 
the negative data alone, an analysis using the six phase 
shifts of s and p waves gives ambiguous results; if 
d waves are to be included, the situation is still more 
confusing. The use of positive scattering data would 
help remove this ambiguity. The present positive data 
in this energy region consist of the observations of 
Homa, Goldhaber, and Lederman" at 188 Mev, and 


presents this analysis only as an interesting calculation: 
there is no evidence that the assumption that some of 
the phase shifts are zero is correct, nor is there a sound 
theoretical basis for the choices made here. 

The phase shifts used in reference 5 were labelled as 
Q@3, 1, @33, @31, 13, and a, where the first subscript is 
twice the total isotopic spin, the second is missing for 
s waves and is twice the total angular momentum for 
p waves. The results of AFMN% indicate that ay, a, 
and a; are small in the “first” solution; it was con- 
sidered worthwhile, seeing how good a fit could be 
obtained with a33, a3, and a alone.** The scattering 
at 120, 135, 169, 194, and 217 Mev was analyzed in 
this way; the data used are summarized in Table IX. 
Here & is the wave number in the barycentric system, 
and the positive pion values are interpolated from the 
known data.?-!-!2.25 

As a trial set of phase shifts, a33, as, and a were 
obtained from a graphical analysis™ using the relations 


|X+ ¥ |*=36k(a_+6_+c_), 
| X— Y|?=36#(a_—b_+c_), 





. Co 4 
ta(a+—ta0+~) = —— Re(X+ YP), 
3 3 6k? 


where the first two equations come from the expressions 
for the phase shifts, and the last from the “Optical 


TaBLeE IX. Angular distributions used in phase-shift analysis. 








da/dw =a +b cosx +¢ cos*x 


Process x- +p—x~ +) 


Process x~+p—4x°+n 
























Energy 
(Mev) 36 k®a_ 36 kb_ 36 R®c_ 18 kao 18 k2bo 18 k%o 
120 1.38+0.31 0.96+0.45 3.28+0.96 0.85+0.56 — 2.68+0.71 4.524+2.40 
135 2.26+0.45 1.87+0.64 4.48+1.45 1.42+0.73 —3.06+0.81 5.88+43.06 
169 3.14+0.93 2.31+1.42 14.9343.05 4.5441.77 —1.50+1.52 10.44+5.58 
194 5.50+1.18 3.19+1.97 14.10+3.93 4.25+1.97 —0.22+1.82 14.47+641 
217 4.73+0.85 4.18+1.15 13.14+2.36 3.79+0.57 3.42+0.71 13.42+2.00 

Energy Process #*+p—4*+ +p 

(Mev) 4 k®a, 4 kb, 4 kc, 

120 1.16+0.41 —1.79+0.50 3.6741.22 

135 1.40+0.82 —2.54+1.00 6.45+2.44 

169* 3.85+1.40 —1.95+1.00 7.3 42.3 

194 5.20+1.84 —1.3 +1.0 8.8 +3.5 














satisfy 








these requirements. 


# J. Ashkin and S. H. Vosko, Phys. Rev. 91, 1248 (1953). 


% The suggestion of an analysis in terms of only these three phase shifts was made to the author by Professor G. Wentzel. 
4D 


* It should be noted that the positive data used here do not conform to the requirements of the “‘Optical Theorem” and analysis for the positive scat- 
tering phase shifts (see reference 22); this is due to the asymmetries of the measured angular distributions. The best-fit values, however, do of course 


r. R. L. Martin of Cornell University has made a similar analysis (assuming however only a13;=a:,=0) using four phase 


shifts; see R. L. Martin, Phys. Rev. 94, 765 (1954). 
257 am grateful to Professor Fermi for making available his analysis and interpolation of the positive pion data. 
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SCATTERING OF NEGATIVE PIONS BY HYDROGEN 


TaBLe X. A set of phase shifts assuming a3; =a13=a11:=0. 

































Pion momentum Total cross Weighted least ia 
in barycentric section for x* squares sum : 

Energy system a a, aT (10-27 cm?) M - 

(Mev) 2 (deg) (deg) (deg) (calculated M (expected) 
120 1.24 32 —13 9 100 3.9 6 
135 1.33 40 —11 11 121 4.7 6 
169 1.51 65 —15 10 174 6.1 6 
194 1.63 84 —5 14 184 43 6 
194 78 —12 —16 179 5.7 6 
217* 1.76 100 —23 —4 171 8 9 

® The phase shifts at 217 Mev predict the angular distribution for positive pion scattering: (de/dw),+=7.3+5.4 cosx +18.8 cos*x. ® 


Theorem” @ which states that the total cross section 
is equal to 4x/k times the imaginary part of the forward 
elastic scattering amplitude. X and Y are given by 


X=E™@+ 22-3, Y=2e2n—?, 


By using the a’s, b’s, and c’s in the above expressions, a 
set of three phase shifts can be calculated graphically; 
these values were then used to try to fit all nine coef- 
ficients except at 217 Mev, where they were tested 
against the twelve measured differential cross sections 
for negative pion scattering. It was found that the 
values of M obtained were somewhat insensitive to small 
variations of the phase shifts, and there is some con- 
siderable scatter of the- value of a3, for example. The 
phase shifts were calculated by numerically minimizing 
M; this was not exhaustive nor was a search for other 
possible solutions made. However, at 194 Mev, another 
similar set giving a poorer fit was found and is included 
in Table X, which gives the results of the analysis. The 
signs of the phase shifts were chosen so that a3 was 
negative, in agreement with present experimental 
evidence.*:** At 217 Mev, a positive a; could correspond 
to ass, being 80° instead of 100°. The last column gives 
the value of M expected from the least squares cri- 
terion” discussed in Sec. V. The total cross sections for 
positive pion scattering calculated from these best fits 
are included, as well as the expected values of a,, 5,, 
and c, for the 217-Mev positive pion scattering. It is 
seen that all the calculations give fits within the M 
criterion, indicating that this analysis is a good fit to 
the data. 

The phase shifts obtained in this way are plotted in 
Fig. 6 against n, the pion momentum in the barycentric 
system. The phase shift a33 behaves as 18° n° and passes 
through 90° in the vicinity of 200 Mev; a; probably 
varies as — 8° n, and a; seems to be a constant 10° with 
some possibility of a decrease at the highest energy. 
The behavior of a33 in this particular solution would 
agree with the existence of a resonance in the 3, $ state 
as suggested by Brueckner.”’ 

In Fig. 7 the positive pion cross sections calculated 
from the above set of phase shifts are compared to the 

% Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 
(1954); J. Orear, Phys. Rev. 93, 918 (1954); Barnes, Angell, 


Perry, Miller, Ring, and Nelson, Phys. Rev. 92, 1328 (1953). 
7K. A. Brueckner, Phys. Rev. 86, 106 (1952). 






































measured values. The values calculated in the 170—220- 
Mev region are in agreement with the data presently 
available. A check of this analysis can be made when 
positive pion data will be available for comparison of 
total cross sections and angular distributions in this « 
region. 

With a knowledge of the phase shifts it is possible 
to estimate the influence of the Coulomb scattering on 
the measured angular distribution: the main contri- ; 
bution at the smallest angle measured is from the inter- j 
ference between Coulomb scattering and the pion- 
nucleon scattering. A calculation has been made using 
the three phase shifts alone, as given in Fig. 6, and also 
using the last of the six phase-shift examples of solu- 
tions given in Table VIII. At an angle of 33.9° in the 
barycentric system the correction is —0.15 or 0.12 
X10-*" cm?/sterad, for the three phase-shift and six 
phase-shift analyses, respectively; this is to be com- 
pared with the observed cross section 2.430.49X 10-77 
cm?/sterad. A correction was therefore not made to the 
data in calculating the coefficients of the angular dis- 
tribution. 


VIII. CONCLUSIONS 


The differential cross sections for the processes 
x —x, and x —+7 have been measured at 217 Mev and 
the results fitted using a least squares method to an 
angular distribution a+6 cosx+c cos*x. The fit for the 




















PION MOMENTUM 9 


Fic. 6. A possible set of phase shifts obtained by setting a31:=a13 
=an=0, plotted versus pion momentum in the barycentric p 
system. The values plotted fory <1.0 are thesolutions of Bodansky, 
Sachs, and Steinberger, references 4 and 26 (58 and 65 Mev), 
Orear, Lord, and Weaver [Phys. Rev. 93, 575 (1954) ] (45 Mev), 
and from AFMN, reference 5 (78 Mev). 
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30 100 80 800 350 300 — 
PION ENERGY (Mev) 

Fic. 7. Total cross sections of positive pions in hydrogen. The 
curve is that predicted by the three phase-shift sets given in 
Table X. Experimental values plotted include those of references 
5, 9, 11, 12, and 28. 


process m— vy is excellent, and the experimental 
results are compatible with assuming no d-wave con- 
tribution here. For the process *—, the fit is only 
fair, the value of the weighted least squares sum M 
being 4.3 for six data fitted by three parameters; a 
value of M as large as this has about 20 percent prob- 
ability of occurring. Increasing the number of terms 
of the angular distribution to include p- and d-wave 
interference gives a good fit; the analysis is compatible 
with a small d-wave contribution. 

A phase shift analysis of the type carried out by 
AFMN’ is ambiguous for the negative scattering alone 
because of the large number of possible solutions. As 
an interesting exercise, three of the phase shifts were 
somewhat arbitrarily set equal to zero, and a solution 
attempted using only a3, ai, and a33. Such an analysis 
gives the curves plotted in Fig. 6. They are presented 


only as a possible set that does represent the data. When 
accurate data, both of positive and negative pion scat- 
tering, become available in this energy region, it should 
be possible to decide how the phase shifts behave 
between 135 and 220 Mev. 

The integrated total cross sections are 18.2423 
X10-*? cm? for the ordinary scattering and 72.2468 
X 10-*’ cm? for the process #-— vy, giving a value for the 
total cross section of 54.5+5X10-*" cm*. Transmission 
measurements gave 57.2+2.9X10-*" cm? at 209 Mey 
and 52.1+2.3X 10~”’ cm? at 220 Mev, in good agreement 
with the value obtained from the differential cross 
sections. These values are also lower than the values 
66+6X 10-7 cm? at 176 Mev” and 74+5X10- cm? 
at 194 Mev,' indicating that the cross section has gone 
through a maximum in this energy region. The observa- 
tions of Yuan and Lindebaum** in the energy range 
265-700 Mev give the extent of the drop from the 
maximum: their results give a total cross section of 
about 25X10-*’ cm? in the region 340-500 Mev. 

Observations of the differential cross section for 
process (2) disagree with the values obtained earlier at 
210 Mev,* the measurements at 217 Mev being con- 
siderably lower than those at 210 Mev. The cross section 
was then measured at 90° at 209 and 220 Mev; the 
results agree with the measurement at 217 Mev and 
are compatible with the conclusion that the actual 
value in this energy region is probably about 0.9X10- 
cm?/sterad. 
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A method is developed for normalizing WK B-type approximations to wave functions for a simple potential 
well type of problem. The procedure closely resembles Furry’s method of finding the normalization for the 


usual WKB approximations. 





I. INTRODUCTION 


N a recent paper' a WKB-type approximation for 
the solutions of the one-dimensional Schrédinger 
equation was described. The method was illustrated in 
that paper by using, as an example, the problem of a 
potential well with two classical turning points of the 
motion. In addition, for this example, an approximate 
method for normalizing the wave function was given. 
In the present paper an alternate method for obtaining 
the normalization is discussed. This treatment closely 
resembles one given by Furry? for the normalization of 
the usual WKB approximate wave functions in the case 
of a potential well problem with two turning points. 
The function y for which an approximation is found 
by Miller and Good! satisfies the one-dimensional 
Schrédinger equation,* 


dy (x)/da?-+ p*(a)W(x)=0, (1) 
P(2)=W-V (2). (2) 


Here W is 2m times the total energy of a particle of 
mass m moving in a potential V(x)/2m. The function 
V(x) will be limited to the general form shown in 
Fig. 1, a potential well giving two turning points x; and 
% with x,;<22. The approximation is based on the 
function ¢(S) which satisfies a Schrédinger equation, 


dp (S)/dS’— P?(S)o(S)=0, (3) 


where 


for some function 


P*(S)=E—U(S), (4) 


in which the parameter E is independent of S. The 
function U(S) will here be taken qualitatively similar 
to V(x), a potential well giving two turning points s, 
and sp with s;<s2. Moreover, it will be assumed that 
the normalizing constants of the bound states ¢,(.S) are 
known. The approximate wave function is 


v=S''9(S), (5) 
where S is given as a function of x by 
8 z 
f Peorde= fries. 6) 


4953)" Miller, Jr. and R. H. Good, Jr., Phys. Rev. 91, 174 
2W. H. Furry, Phys. Rev. 71, 360 (1947). 
* Units have been chosen so that h=1. 
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Also the equation 
fo Pedo= fae (7) 


gives the functional relationship between W and E. 
If E, is the eigenvalue for the mth bound state of U(S), 
the corresponding W=W,, given by Eg. (7) is the 
approximate eigenvalue for the mth bound state of V (x). 


Il. NORMALIZATION 


In this discussion ¥.(x) corresponding to any W will 
denote a solution of Eq. (1) which goes to zero as x 
approaches minus infinity but which does not neces- 
sarily go to zero as x approaches plus infinity. Likewise 
¥a(x) is a solution which goes to zero as x approaches 
plus infinity but not necessarily as x approaches minus 
infinity. Furthermore the relative amplitudes of these 
two functions will be chosen so that when W is an 
eigenvalue W, for the mth bound state, the functions 
Wa and Wg are both the same function y,. This function 
goes to zero as x approaches either plus or minus 
infinity. Each of the functions Ya and yg satisfies 
Eg. (1) 

va’ (x) + (W—V)Pa(x)=0, (8) 


Vs" (x) + (W—V p(x) =0. (9) 
Likewise, the complex conjugate of ¥, satisfies 


Vn®" (x2) + (Wa— Va" (x) =0. (10) 














ae ee ee cee ee ee eee cee ee eee ee ee 





Fs 


x Xe 


Fic. 1. Type of potential considered. 
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Upon multiplying Eq. (8) by 3¥.* and Eq. (10) by $v, 
subtracting one equation from the other, and integrating 


from — © to a point a, one obtains 


3 f Vn Vade= —3(W-W,) 
x (Una —Wn* Wa)rmay (1 1) 


since the term in parentheses on the right is zero at 
x=—. If Eq. (11) is added to its complex conjugate, 
the result is 


3 f Wn PatWrWa*)dx= a 2 (W—W,)" 


x [y.* (Wa'—n') —Vn (Wa*—n*)+0.C. lone, (12) 


where terms have been added and subtracted on the 


right and c.c. means complex conjugate. Similarly 


using Eqs. (9) and (10), one obtains 


} f abet Vas" )dx= 3 (WW) 


X Ln* (Vp —Wn')—Wn’ (Wa*—Wn*)+0.C. Joma. (13) 
In the limit as W approaches W,, a term such as 
(Wa'—wWn')/(W—W,) becomes df.'/9W. Therefore, the 
sum of Eqs. (12) and (13) in this limit is 


M3 In| 2da= —3[Yu*9 (Yo! —vp")/aW 


—Yn'd(Wa*—Wp*)/IW+C.C. Joma, (14) 
evaluted at W=W,. 

A similar expression holds for the integral of |¢,{? 
over S in terms of ¢q and ¢g and their derivatives with 
respect to S and £, evaluated at S(a) and E,. The 
functions ¢_ and ¢g are to have the same properties for 
large S as Wa and yg have for large x. 

An approximate expression for the integral in Eq. (14) 
is obtained by substituting for y from Eq. (5) in the 
right side of Eq. (14) and changing variables from x 
to S and W to E. Since, from Eqs. (6) and (7), S’ is 
here real and positive, this approximate expression 
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simplifies to 


|Wn| dex 
= —}(dE/dW)[bn*8(dba/dS—dd/dS)/AE 
sa (do,,/dS) 0 (ba*—g*)/IE+C.c. ]s— sa) 
= (dE/dW) f leal2d5, (15) 


where each of the expressions is evaluated at E=E,, 
With the definitions of p? and P? in Eqs. (2) and (4) 
differentiation of Eq. (7) leads to 


dE/dW = J " Cotas / i "[P(e) Pde. (16 


’ 


If, then, A,, is the approximate normalizing constant of 
y, and A,’ is the normalizing constant of $n, Eq. (15) 
can be written as 


aya f “[P@)Tde / f “Cpe Pde. 


This is the desired approximate expression giving the 
normalizing constant A . 
For the particular P(S) used in reference 1 for which 
U(S)=S, 
¢on=H,(S) exp(—.S?/2), (18) 


where H, is the mth Hermite polynomial. Also for this 
case one has 


82 
f [P(c) }"do=z, (19) 
Z A,!= (2"ehn!)-1 (20) 
Therefore the normalizing constant is given by 
22 —l 
At=n'fon! f Ce@rae} ab 
71 


For a representative case such as the potential V(x) 
used in reference 1, the approximate normalizing con- 
stant is correct to about three significant figures. This 
method of normalization should give as accurate results 
for high-energy levels as for low ones with no appreci- 
able change in the labor of computation. A possible 
defect in this method is that there appears to be no way 
to estimate the error in the approximation. Also there 
does not seem to be any way to generalize the method 
to give matrix elements of general functions. 
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This is the second part of a paper under the same title (quoted as I) and deals with an adaptation of the 
formalism developed there to the Dirac “hole theory.” This adaptation is achieved by the application of 
methods which are based on the (relativistic) configuration space concept and, simultaneously, on second 
quantization. The electrons (and positrons) are thus divided into “configurational” and “background” 
electrons (and holes). This separation may be believed to give appropriate means for handling bound state 
problems with a finite number of configurational particles. The background is then the Dirac (“physical”) 





I. INTR »DUCTION AND SUMMARY 


T has been shown in [' that the many-time wave 
function for v electrons ¢(x1,---2,) can be given by 


g(t, “ig * ty) 


- [1/m!][1/ihe} J = “f 


—2o 2. 


+20 
dix)... d4y(™) 


K PL ICR (aes ay, ++ +a) oo 
X ICRC”) 5 ay, ++ -a,) x(a, +a), (1) 
and satisfies the equation 
x(%1, oe *X,) 
eo (or v) 


= XL Ci/mic—aineye ff ae. 


X dx) PHL FeRet (4g) : M1, °° * Xy) eee 
xX ICRet (s(n) >%1, °° ty) eo (x1, ay *Xy), (2) 


only the first »y terms of the expansion of its right hand 
side being not identically zero, as it follows easily from 
the relation : 


PIL SRet (-'— x)O(x’—x), SRet (x! — x)O (x! x) ]=0. (3) 
The following notation has been used here: 
HR (xe; 1, °° *Qy) 


=—e > S,Fe!(x,—x)Ai(x)QO(x 2), (4) 


i=1 
the operators being defined by 
(xx) f(a, asi *Xy) = f (x1, °° *Ue_1, XY, Vit, °° *r), (5) 


Pand P! denoting the chronological and antichrono- 
logical ordering operators, respectively. Further, 


A(x)=7"A, (x), (6) 
1 Marian Giinther, Phys. Rev. 88, 1411 (1952). 








where A,(x) are the electromagnetic radiation field 
operators in the interaction representation, x (%1, - - -%,) 
being a function generated by the Dirac field-free 
operators [‘y“(0/dx")+ (mc/h) ] from the initial condi- 
tion imposed on g(x, ---x,) at —o. There is an 
obvious general disadvantage of the formalism based 
on the above equations. In the case of a finite number 
of physical particles one would actually have to deal 
with an infinite number of x arguments. The “‘sea”’ of 
negative energy electrons would have to consist en- 
tirely of configurational “individuals,” there being no 
place for the electron field aspect. In the formalism 
developed so far, use has nevertheless been made of the 
quantized electromagnetic field concept. Consequently, 
as repeatedly pointed out in I, the wave function 
¢(%x1, --+,) should not be regarded as a function of the 
x arguments only, but should depend on the radiation 
field variables also. The latter dependence of the wave 
function (i.e., as far as the radiation field only is con- 
cerned) is exactly of the same type as that of the state 
vector W[o] of the Tomonaga-Schwinger theory. 
Therefore it would be most desirable to generalize this 
formalism by generalizing the wave function concept, 
so that it should become a function of the occupation 
numbers of a certain number of electrons, which we do 
not wish to treat configurationally, while it should still 
be possible to represent other electrons more explicitly 
by the x arguments. The former we shall call in the 
sequel “background electrons,” the latter “configura- 
tional electrons.” The aim of this paper is to show that 
a generalization on these lines is indeed possible. The 
new wave function v(x, ---,) (in the case of » con- 
figurational electrons) will then be shown to satisfy an 
equation of exactly the same shape as (2), the only 
formal difference being that one should substitute for 
A,(x) the radiation field operators in the Heisenberg 
representation, and not, as hitherto, in the interaction 
representation. One should therefore perform the fol- 
lowing substitutions in Eq. (2): 


(x1, ++ *%y)—0(H1, ++ Xr); 
(7) 


Ret (x; M1, °° * Xy)—> ICD Ret (yg; M1, °° *%y), 
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where, instead of (4), 


HM) Ret (x; M1, °° * %y) 


= 0D SF4(x,—2)A™,(x)0(xx), (4 


i=l 
A® (x)= yA, (x); 


6’ 

X (x)= U—[o, — © ]X(x)ULo, — & |, ai 

and where the superscript (H) following an operator X 

denotes X in the Heisenberg representation. The well- 

known transformation matrix U[e,oo] will later be 

defined by Eqs. (24) and (25) of Sec. II. Our new forma- 

lism will furthermore enable us to introduce configura- 

tional positrons, so that in a still more general case of v 
configurational particles one has instead of (4’), 


TC) Ret (¢- X1, os * Xp) 


=> 6S:F4(x,—2)A™,(2)0(x—>x), (4) 


i=1 


where ¢,=+e or —e according to whether the ith 
particle is an electron or a positron. Equation (2) with 
the substitutions (7) and (4’) or (4’’) performed will be 
referred to in the sequel as (2’) or (2”), respectively. 
The generalized formalism we shall call the “mixed 
representation formalism” to emphasize its intermediate 
character between the configurational representation 
and the methods of the second quantization. The 
Heisenberg operators A‘),(x) which appear here 
obviously cannot be expressed in terms of the free 
radiation field operators A,(x) only, the transformation 
formulas containing also the operators ¥(x) and p(x’) 
of the electronic background. The substitution (4’) or 
(4) brings about a nontrivial modification of the 
formalism as the operators A“#),(~%) when applied to 
the v(x, ---%,) function will induce changes of the 
occupation numbers of the background particles. The 
result of such an operation of A“,(x) on v(m, ++ +4) 
would in fact be a rather complicated expression, so 
that, whenever it needs to be explicitly computed, it 
should be given in terms of an e-power expansion, use 
being made of plane wave approximations for the 
background particles. This enables us also to get some 
information concerning the practical application of the 
mixed representation. One should use the configuration 
space to describe particles whenever their mutual 
interactions can be expected to be strong, and where 
the use of plane waves would lead to badly convergent 
or even divergent e-power expansions. For example, 
the bound state electrons of an atom are to be treated 
as configurational electrons. On the other hand, those 
particles whose motions either are only slightly influ- 
enced by the interactions, or else make their appearance 
in one or a few elementary processes (e.g., pair creation) 
are most conveniently chosen as background particles. 
The actual derivation of the mixed representation 
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equations (2’) and (2”) is outlined in the following tw 
sections respectively. The derivations are carried oy 
for two-particle systems only (electron-electron and 
electron-positron problems) in order to avoid long 
formulas. A generalization leading to substitutions (4’) 
and (4’") will then be obvious. It might, however, be 
interesting to observe that in the two-body case some 
terms are absent which appear in the more general 
case. These are of the form 


+00 +00 
[e/ihc |" Sy Ret (x,— 2) K++ 
KS, (x,—2™) PLA (2), «+ - ACD, (2m) 
Xv(e, -s “4, Xnti, °° -xy)d4x™. ° “dig, (8) 


These terms correspond to many-body forces and appear 
before any approximation method has been applied, 
whereas in the case of the nonrelativistic configuration 
formalism such terms appear only after the elimination 
of virtual processes, formally as a result thereof. The 
method of elimination of the virtual processes is how- 
ever still to be used in our relativistic formalism. This is 
explained in Sec. IV, which is devoted to the bound 
state problem of a two-particle system, the following 
two definitions being the starting point of its con- 
siderations: (a) A state of a number of configurational 
particles will be called stable if all components of its 
wave function (V|v(x1, ---x,)) with the exception of 
the one corresponding to the (physical) vacuum are 
permanently zero for all space-like configurations of the 
particles. (b) Such a stable state for which the wave 
function is normalizable, in the sense that the condition 


foc, X2) | ViniXV | v(x, X2) do "+0 (9) 


does not imply 
(V | v(a1, %2))=0 (10) 


for all configurations on the o-surface, will be called a 
bound state. 

An example of a stable state which is not bound is 
the case of elastic scattering of two electrons. Although 
use has already been made of these definitions in I, it 
should be pointed out here that the “selection rule,” 
forbidding emission of light quanta in a stable state, is 
here extended to the emission of background particles, 
so as not to allow for pair creation. Finally, it should 
be noted that the component of the mixed representa- 
tion wave function for some v electrons corresponding 
to the fictitious “completely empty space” (no back- 
ground electrons even in the negative energy states) is 
simply equal to the wave function used in I. The wave 
function of the mixed representation in. the case of no 
configurational particles is, on the other hand, equal to 
the state vector in the Heisenberg representation of the 
usual quantum electrodynamics. 
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RELATIVISTIC CONFIGURATION SPACE FORMULATION 


II. TWO-ELECTRON PROBLEM 


To arrive at a proper definition of the wave function 
in the mixed representation describing two configura- 
tional electrons, it is most convenient to start with the 
case of space-like distances between these two electrons. 
Furthermore, we shall confine ourselves at first to the 
case where the occupation numbers of the background 
dectrons refer to states on a space-like o-surface which 
passes through both argument points of the con- 
figurational electrons. These two requirements can also 
be formulated simply by saying that what we are going 
to consider first is the case of space-like distances of all 
the electrons, background as well as configurational. For 
the purpose of the ultimate most general definition of 
the wave function, the above two limitations will be 
removed in different ways. The background particles 
will always “remain” on a given fixed surface, i.e., the 
occupation numbers of the background will always be 
referred to as corresponding to states it assumed on a 
fixed oo-surface. The argument points of the configura- 
tional electrons, on the other hand, are in general going 
to be “removed” from oo and allowed to assume quite 
arbitrary space or time-like mutual configurations. The 
actual separation of all the electrons into configura- 
tional and background is explained as follows: Consider 
for simplicity the case of one electron and write 


9(x) = Lin Un(w)(0, oof 1,, 0, -++|W[o]). (11) 


This corresponds to the way we have introduced the 
configuration space in I, i.e., to there being no other 
electrons than just the single configurational one. g(x) 
represents the wave function of this electron. The right 
side of (11) is the sum of all products of the components 
(0, ---0, 1, 0, ---|W[o]) of the state vector satisfying 
the Tomonaga-Schwinger equation, 


(ihe) [6/80 (x) W(c) =H (x)¥[o], 
H(x) = —ieh (x) A(x)¥(x), 


by the appropriate spatial (free-particle) wave func- 
tions “,(x). This means that it is the sum (extended 
over all states » of the free electrons) of products of 
the following probability amplitudes: (1) The amplitude 
of the probability of finding an electron which is in the 
state m, at point x, by (2) the amplitude of the prob- 
ability of finding an electron in state . If we now were 
to deal with some u-+1 electrons, we could still ask 
questions concerning the probabilities of finding only 
one electron at x, provided the states of the others are 
also somehow completely determined. The latter can 
be done by stating that the electrons are to be found at 
some other points, and our problem is reduced to that 
considered in I for the case of u+1 configurational par- 
ticles. We can, however, also say that the electrons are 
to be found in the free-particle states my, ---m,, 
respectively, in which case any question concerning our 
tlectrons can certainly be answered in terms of the 


(12) 


(13) 


with 
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state vector components (0, ---0, 1m, 0, ---0,1,, 0, 
++ +0, 1my,0- ++ |W[o]) only. In particular the probability 
amplitude of finding (any) one electron at x is then 
easily seen to be 


(0, eas -0, 1m, 0, BS -0, my, 0, [7 | (a) ](x)) 
=) n(—1)7-u,(x)(0, a 1m, 0, & -0, 1,, 0, ees 


0, Imy, 0--- |¥Lo Js), (14) 
where 


J ,=number of m <n, (15) 


the summation being extended over all states available 
to the (u+1)th electron, i.e., over all states except 


.™, ***m,. The right side of (14) is namely the sum of 


all products of probability amplitudes of finding an 
electron in the state m provided other electrons occupy 
the states m1, ---m,, respectively, by the appropriate 
probability amplitudes of finding one electron at x 
provided the latter is in the state m. The sum is extended 
over all states m. Using the following expansion of the 
electron field operators y(x) and p(x): 


¥(%)=Don Gnttn(X), V(x)=Don an*tin(x), (16) 


where a, and a,* are the well-known creation and 
annihilation operators of the electron field, we can 
rewrite (11) and (14) as 


(x)= (0, ---|¥(x)¥Le)), (17) 
and 
(0, =. -0, 1m, 0, = -0, 1m,, 0, oes | oLo ](x)) 
=(0, wie 0, Imi, 0, -- 6s 0, Im,, 0, nie ly(x)¥Lo]). (18) 


If the state of our background electrons Q[¢ | is a given 
superposition of the various possible (0, ---0, 1m, 0, 
-++0, 1m,, 0, «++ |-states on a, (18) reads 


(Le) Lo ]}(x))= CLe]|¥(«)¥Le]). 


Therefore, we are naturally led to the following defi- 
nition of the one-electron wave function in the mixed 


representation 
vLo }(x) = (x)¥Lo]. 


The foregoing argument can be applied to the case of 
more configurational electrons. For two electrons in a 
completely empty space, we have instead of (11) 


9 (%1,%2) = (3) D0 [tens (x1) X una (x2) 


(19) 


(20) 


— tng (x1) X ii Cou] 
X(0, «+ -O, Ini, 0, «+ -O, Ine, 0, «+ -|¥Lo]) (21) 
which can also be written as 
9 (1,%2) = (3)0, ++ |W(a1)X¥(x2)¥Lo]). (22) 


Consequently, the definition of the wave function in 
the mixed representation for two configurational elec- 
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trons is easily seen to be 
Lo] (3,02) = (3) (a1) Xv¥(x2)¥Lo], (23) 


if the points «; and 22 lie space-like with respect to each 
other. It must be pointed out that the o-dependence of 
vLo ](x) or vo ](x1,%2) is nontrivial, in the sense that 
they do change in general, even if a deformation of ¢ 
outside x; and 22 is being performed. This is because the 
state vector of the background particles Q[¢] will 
undergo changes when passing from one o-surface to 
another. This vector must also satisfy the Tomonaga- 
Schwinger equation (12), the only difference from V[¢ ] 
being, that the former corresponds to a lesser number 
of electrons than that represented by the latter. This 
difference in the number of electrons is obviously equal 
to the number of configurational ones. It should, how- 
ever, be remarked in advance that we are going to 
introduce still more general wave functions in the mixed 
representation by means of which the configurational 
positrons can also be described, and that the difference 
of the number of electrons represented by [oc] and 
QL | will then be equal to the number of configurational 
electrons minus the number of configurational posi- 
trons. It will therefore be either positive or negative in 
general. The functional o-dependence of the wave 
functions defined by (20) or (23) makes them useless 
for our purposes, since we are still (as was the case in I) 
seeking for integral or integro-differential equations 
satisfied by “pure” functions of distinct points only. An 
application of a suitably chosen unitary transformation 
to these functions can however make them pure func- 
tions again. The transformation matrix used must 
obviously be o-dependent itself in order to cancel the 
o-dependence of »[¢](x1,%2). It is most natural to 
assume therefore, that this transformation matrix be 
simply equal that defined by the well-known relations: 


(ihc)[6/60(x) JULo,o0]=H(x)U(e,00], (24) 


Ulo0,00] =1 ’ 


and 
(25) 


and being equal to the S-matrix for o=— and 
o=+, Weare thus led to the following more general 
definition of the wave function for two configurational 
electrons 


0(%1,%2) = Uo, 00 Joo ](x1,2) 
= (3)!U-[o,00 W (a1) Xo (a2) ¥Lo]. 


This function will indeed turn out to be pure, so that 
the functional argument ¢ has already been omitted on 
the left side of (26). It is nevertheless still understood 
that x; and 2 lie space-like with respect to each other. 
As the space-like surface oo on which the left side of 
of this equation still depends, we will choose a fixed 
one, most conveniently one corresponding to the 
remote past. The physical interpretation of the wave 
function defined by (26) is quite simple. To obtain 
probability amplitudes corresponding to a given state 


(26) 
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of background electrons and the radiation field on g 










(denoted by 2[¢ ] )we must multiply our wave function bs 
from the left by the transformed “bra” (Q[oo]. Since a 
foo]=U-o,00 fo] (27 a 

is then simply a state of the background (including an 
radiation field with all the interactions caused thereby | Hei 
being taken into account) on oo, the components of the § 450 
new wave function refer always to the latter surface, I 
0 





notwithstanding the fact that the argument points of 
the configurational electrons are no longer compelled to 
remain on it. To conclude the preliminary remarks 
concerning the construction of the mixed representa- 
tion, it should be pointed out that the separation of all | ™ 
electrons into configurational and background has 
indeed been performed in such a way as never to come 
in contradiction with Fermi statistics or with the 
principle that all the electrons should remain indis- 
tinguishable from one another, the configurational elec. 
trons being just any electrons we are supposed to try 
to find at the x-points. Further generalization of the 










definition of our wave function in the mixed represen- vi 
tation which we have yet in view, namely, that of oth 
allowing the distance between x and x2 to be either Th 
space or time-like, will be of somewhat more formal * 


character because we are mainly interested in its 
physical interpretation for space-like distances. Asin I, } (x 
it will be important to perform this, as it will lead us 
to an everywhere-compatible integral equation satisfied 
by our wave function. The method employed is now | 
very similar to that already used in I and is based on 
solving some functional differential equations. Denoting 





by x: and «1, respectively, the points x; and a in J an 
chronological order of their occurrence in time, and bya: § tim 
and oy, two space-like surfaces passing through these § (32 
points (either having no common points or else being | esp 
identical), we can define the following functional tion 
wit 
T'Lo }(x1,42) = + (3)! fun 
(U-"[o, =e W (x1) X¥ (a1) Uo, = L- 20 | der 
for o sooner than x; and «11, Fo 
U-[o, — © W(en) x ULo,o1 War) . 

x: XU(o1, —2© [—«] foro sooner than (28) 
xy but later than x1, (ih 

U-Lon, — © W(x) X ULon,o1 (a1) 
XU[o1, — © W[— @ J 
for o later than x; and 211, 

— or + being taken according to whether I, II is an x" 
even or odd permutation of the numbers 1, 2; where we | 

have already put oo=— ©. The idea underlying the 

construction of this functional can be explained as 
follows. Consider x; and xy: as fixed and let the “inter- J “| 
action front” o advance towards the future. Before a0 fF fu 
x-point of an electron is reached by this front, it is i 
represented by a free-particle operator (x). After fp, 














that, it gets “‘immersed” in the interaction, the corre- 
gonding operator ¥(x11) being then “separated” from 
ig nearest sooner neighbor ¥(x1) by the factor 
Ufon,or]. The latter can also be expressed by saying 
that the free electron operators ¥(x) are one after 
another changed by the interaction into corresponding 
Heisenberg operators, because instead of (28) we can 


also write 


Ifo] (1,42) = (3)4 
[O-Le, — © W (x11) X¥(a1)U[e, — » W[- © ] 


for o sooner than x; and x1, 
U-[o, — © W(an)XUL[o, — © YW (a1) ¥L— @ | 





x for o sooner than x1 but later than x1, (29) 
V™ (x1) XY (a1) ¥L— © ] 
( for o later than x; and 411. 
It is immediately clear from (28) that 
v(«1,42)=T'L+ © ](a1,x2), (30) 


whenever x; and 22 lie space-like with respect to each 
other and with oo corresponding to the remote past. 
Therefore our most general definition of the wave 
function, describing two configurational electrons and 
valid for arbitrary configurations, suggests itself as 


(1,42) = + ()?U— Lon, — © Jy (x11) 


XU[on,o1 (m1) ULon, — © WL-~], (31) 
or, according to (29), 
(1,42) = + (3) !PLY™ (a1), WP (xe) WL— J, (32) 


and is now evidently c-independent for both space and 
time-like distances between the electrons. The form 
(32) of the definition of our wave function could also, 
especially in view of its immediate physical interpreta- 
tion for space-like interelectron distances, be postulated 
without introducing the functional I'L ](x1,%2).2 This 
functional, however, plays an important role in our 
derivation of the integral equation satisfied by 0(«1,%2). 
For that purpose we differentiate (28) with respect to 
cat some point x lying on a. Taking into account (24), 
we then get 


(ihe) [8/80 (22) 0 Lo] (21,42) = + (4)# 
U-[o, — © ly (an) X¥ (a1), A(x) - 
Xx U(s, sie N- ” 
for o sooner than x; and x1, 
X}U-[o, — © [iy (xn), A(x) 
Xx U[o,01 (x1) U(o, — N- © ] 


for o sooner than xy but later than 2, 


(33) 


0 for o later than x; and 211. 





*The component corresponding to the physical vacuum of a 
function defined in this way has already been introduced by 


M. Gell-Mann and F. Low [Phys. Rev. 84, 350 (1951)] as a 
= definition of a wave function for two-body bound state 
problems. 
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Because of the well-known anticommutation relations 
for the y and y-operators 
(V(x), Ve) = (1/)S(e—#’), 


Vo) IL V,ve-0, 


we have 
[Vy (an, H (x) ]-=—eS(au—«) A(x)¥(x) ; 
[v (xn) X¥ (a1), A(x) - 
= — eS (x%y1— x) A(x)p (x) X¥ (a) + 
— ep (x11) X S(a1—x) A(x) (x), 


(35) 


and therefore 


(ihc) [6/50 (x) Lo ](x1,42) 
= — eS, Rt (¢,;— x) A™(x)T Lo ](x,¥2) + 
~ eS 2F*t (x.— x) A (4)>(%)T'Lo ](x1,«), 
where the S¥*'-function is defined by 
SRet(x— a’) =y(x,2')S(x—2’), 


(36) 


(37) 
where 
1 for x later than x’ 


/ 
xx’) = 
a(x,2) 0 for x sooner than 2’. 


The appearance of the latter, somewhat unexpected at 
first sight, is caused by the fact that after the o front 
reaches point +, the corresponding ¥(x1) operator 
stands to the right of U[e,01] in (33), so that in this 
case it does not get commuted with H(«). Using the 
notations (4’) of the preceding section we can now write 
(36) in the form 


(ihc) [6/80 (x) IT Lo }(x1,%2) 
= JC (H) Ret (y=) vo) Lo ](41,%2).2 (38) 


Solving the last equation by the Dyson method of 
chronological products we get 


Io] (1,2) 


=F [1/n! [1 /ihe} f a f dix. edb 
n=) —2 —2 
X PL ICH Ret (4 5X1, x2) ° we 


4 5C(H) Ret (¢(n) - x1, xo) Ix (x1,%2). (39) 


If we now let o tend to + © and use the definition (31), 
we finally get 
+00 


rs) +20 
0(21,%2)= D[1/n nv/ancye f - f dix) .. .g4g() 


X PL HEH Ret (4 5X1,X2) eee 


X IH) Ret (y(™) 1 9) Ix (a1,%2) (40) 


3 T'[o ](x1,x2) is not to be considered as a generalization of the 
functional ®[o](x1,x2) used in I because it does not in general 
obey the field-free Dirac equation as a function of the x-arguments. 
If it were otherwise, only the S-functions and not S¥¢ would 
appear on the right-hand side of Eq. (38). 
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where x(%1,%2) satisfies the field-free Dirac equation, 
Ly #(0/dx#)+ (mc/h) ]x(a1,%2)=0; i=1,2, (41) 


as a function of every x-argument and is equal to 
I'[— © ](x1,%2). To obtain an integral equation satisfied 
by »(%1,%2), it is sufficient to “invert” the relation (40) 
and express x(%1,%2) in terms of 0(%1,%2), getting 


eo (or 2) 
xX (21,%2) = XL [1/n!]L[—1/ihe]" 


+00 +00 
x f - f dix)... g4y(») 
—o —oo 


x PIL HCD Ret (7) 245 9) + + 


XK HH) Ret (aC) 4,009) Jo(a,x2). (42) 
As in I, we can now argue in favor of the greater useful- 
ness of (42) compared with (40), especially in the case 
of bound states. Equation (40) is, namely, an expansion 
of v(x1,%2) in a power series in the coupling constant e, 
corresponding to the building of the actual state of our 
system as a result of elementary scatterings of plane 
waves, whereas (41) is an exact equation written in a 
finite form (containing two terms in the case here con- 
sidered). Even if e-power expansions are to be used 
again when practically solving (42), they may be made 
to correspond to the elimination of virtual processes 
of the background and of the radiation field only, and 
may be expected to be sufficiently rapidly convergent 
for bound states. In the case of two configurational 
electrons, (42) is identical with what we have called 
(2’) in the preceding section. At the same time, we may 
consider the general validity of (2’) as demonstrated 
also, since the generalization of the methods employed 
in deriving (42) can easily be extended to any number 
of configurational electrons. 


III. ELECTRON-POSITRON PROBLEM 


We wish now to construct wave functions describing 
configurational positrons. In accordance with the basic 
principles of the hole-theory, the components of such 
wave functions must be understood as probability 
amplitudes of finding Dirac holes (no electrons) at their 
argument points. Using the word hole instead of the 
word electron and vice versa, we can construct the wave 
function in the mixed representation for one configura- 
tional positron in strict analogy to the case of one con- 
figurational electron. The definition of a component of 
this function which corresponds to the presence of 
holes in the states m, ---m,, one extra hole at x and 


all other states being occupied by electrons, is the fol- 
lowing: the sum of products of probability amplitudes 
of finding a hole at x, provided a state m is empty, by 
appropriate probability amplitudes of finding holes in 
the states m, ---m, and in the state » only. This sum 
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is to be extended over all states m from which an electron 
can be removed. If we use charge-conjugated wave 
functions to describe positrons and denote the above. 
defined component by (1, ---1, Om, 1, +1, Om, 1, 
--+|vLo](x)), we have instead of (14): 


(1, a ol, Om, 1, vs “1, Om, 1, Bia | xLo ](x)) 
=D n(—1)7 uy’ (x)X1, “il, Om, 1, mes “1, On; 1, ove, 
Om, 1++-|WLo]), (43) 


where the functions u,’(x) are the charge-conjugated 
free particle wave functions given by 


tn’ (x) = Li, (x), (44) 


and where the operator L satisfies the well-known rela- 
tions 
L*¥L= 1 : L*y*L= ‘om (-y#) transposed (45) 


Using the charge-conjugated electron field operators, 
W (x) =LP (x)= Yon an*ttn' (x), (46) 
we can rewrite (43) as 
(1, -++1, Om, 1, -++1, Om,, 1, «++ |oLo](x)) 
= (1, +++1, Om, 1, -++1, Om, 1, ---|W/(x%)¥Le]), (47) 


and therefore, exactly in the same way as that which 
led us to the definition of the one electron wave function 
(20), we can define the mixed representation wave 
function describing one configurational positron as 


ole ](x)=y («)¥[o]. (48) 


By an easy generalization we can now construct wave 
functions in the mixed representation describing any 
number of electrons and positrons. They will be equal 
to diadic products of a number of the y and y’-operators 
multiplied from the right by the state vector ¥{[c]. 
Their components will be obtained by multiplying them 
by another state vector Q[c] corresponding to the 
background and the radiation field only, i.e., to a state 
which would result if the configurational particles were 
absent. As already mentioned in the preceding section, 
the state vector 2[c | does not need to correspond toa 
lesser number of electrons then those represented in 
W[o ], because not only configurational electrons are to 
be removed from W[o], but also configurational holes 
must be filled. By exactly the same argument as in the 
preceding section, we arrive at the following most 
general definition of the wave function in the mixed 
representation for the electron-positron system : 


v(a1,%2) = + (3)'PLY™ (a1), Y™’" (x2) W[— 0], (49) 


which corresponds to the definition (32) for two elec- 
trons and is likewise valid for all types of mutual con- 
figurations of our two particles. The function defined 
by (49) can again be obtained from a functional 
I'[o](x1,"2) by letting o tend to +. The functional 
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t{o](«1,%2) must here be defined as follows: 


Io] (#12) = — (2)! 

(U-[o, — 0 W (x2) X¥(a1)ULe, — © WL— © J 
for o sooner than x; and *e, 

U-[o,— © Jy’ (x2) X ULo,o1 WY (x1) 


XU[a1, —~ W[- ©] (50) 








for o sooner than x2 but later than x, 
U-[on, — © J’ (a2) X ULon,o1 WY (x1) 
XULor, =— N- 2 | 


L for o later than x; and x2, 








for configurations where the argument point of the 
dectron x; lies earlier in time than the argument point 
1, of the positron, and 


Mo )(x1,42) = + (3)! 
U-[o, — © (x1) XY (x2)ULo, — © W[— 0 ] 
Xfor o sooner than x; and x», 
U-[o, — © (a1) X ULo,01 WW’ (x2) 
XU[o1, — © ¥[—- © ] 
for o sooner than x; but later than x, 
U-[on, — © W(«1) X ULon,o1 WW’ (x2) 
XU[o1, — © W[- 2] 


for o later than x; and x2 


. (51) 


if the argument point of the positron is earlier than 
that of the electron. The indexes I and II of the o-sur- 
faces passing through the two argument points, unlike 
1, and x2, do not refer to electron and positron, but are 
always connected with the earlier and later of the 
points, respectively. For spacelike distances between 
dectron and positron definitions (50) and (51) are 
identical, because then the operators ¥(x1) and y’ (x2) 
anticommute. It can now be easily seen that the func- 
tional Lo ](x1,%2) satisfies the equation 


(ihe) [6/80 (x) Lo ](x1,%2) 
= — 6S, Pet (x,— x) A (x) TLo ](x,x2) 


+ eS2%*!(x2—x)A™.2(x)P [Lo ](x1,x). (52) 


A characteristic change of sign of the S¥*'-function 
referring to the positron is to be noticed when compared 
to the analogous Eq. (36). This is formally caused by 


the fact that for charge-conjugated y-operators we 
have, instead of (34), 


[V (2), v(x) 1, = (1/LS(x—2’) ; 


[Ly (x), W(«’)],=0. (53) 
Consequently, instead of (35), we have 
LY’ (x2), H (x) |= +eS (x2—x) A(x)y’ (x); 
[v(a1) XW (x2), H (x) = —eS(*1—x) A(x) (2x) 
XW (x2) +e (41) XS (x2— x) A(x)W'(x). (54) 
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Our wave function (49) therefore satisfies an integral 
equation of the form (42), except that we must put here 


HOM) Ret (4p «395 79) = — 0S Rt (4,— 2) A, (2) O(a) 


+eS2¥**(x2—%)A%2(x)Q(%2x), (55) 


and this corresponds to the substitution (4) for the 
case of one electron and one positron. The considera- 
tions of this section can now be easily extended to any 
number of configurational particles, so that the general 
validity of (2’’) can also be considered as proved. This 
completes the derivation of our general “mixed repre- 
sentation formalism” outlined in Sec. I. 


IV. TIME INVERSION 


Before outlining some more practical means of calcu- 
lation with the help of our new formalism in Sec. V, 
we shall investigate its general transformation proper- 
ties with respect to the inversion of the direction of 
time. These properties are not exactly identical with 
the transformation properties of the Feynman theory, 
notwithstanding the fact that the two formalisms are 
equivalent, since they are only two different formula- 
tions of quantum electrodynamics. This might lead to 
an interesting question (not dealt with, however, in 
this paper) of comparing methods based on these two 
ways of approach in some more practical cases, especially 
in view of the fact that several attempts have already been 
made to apply the Feynman theory to bound-state prob- 
lems. To avoid once more all unnecessary complications, 
but to deal at the same time with the most interesting case 
of “coexistence” of configurational electrons and con- 
figurational positrons, we shall simply continue with the 
electron-positron problem of the preceding section. If 
x2 is earlier than x;, then a component of the function 
v(x1,%2), corresponding to the state of the background 
in the remote past Q[— @ ], is: 


(QL — 20 J] v(ar1,472))= (3) KOL+ © | UL + ©, on (x1) 

X UL[on,o1 WW (x2) XULor, — © ]|¥[—~ ]). (56) 
Because of the diadic product which appears here, this 
is a two-index spinor and we can subject it to charge 
conjugation with respect to the spinor index, referring 
to either of the particles. To do so, we should take first 
the conjugate of (56), 

(3)(¥L— © ]| U“Lor, — © W’* (x2) 
XU-Lon,o1 W*(2)U-[+ ©, on ]|9[+2]), (57) 


multiply it by yi‘Xy2' to obtain the corresponding 
“‘y-bar” expression, 


(3)K¥[— 0 ]| U[or, — © W’ (x2) 
X U-[or,01 W(«1)U“[+ ©, on ]|2[+ & J), 
and finally multiply it again from the left by 
I1XL2, 


(58) 
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where the operator L is given by (45), the index “1” 
and “2” referring to the spinor index of the electron 
and positron respectively. The charge conjugate of 
(56) therefore is 


(3)(&[— © ]]| U Lor, — © (x2) 
XULon,o1W (*:)U“L+ ©, on ][9[+@ ]). (59) 


If we now invert the direction of time, the above can 
be considered as a component of another “inverted” 
wave function in the mixed representation 


vinv (x1,%2)= (3)4UL+ ©, o1 (x2) 


XU" [Lon,orW (11)U“[+ ©, on 0+], (60) 
which has developed from the “initial condition” 
x (1,22) =p (x2) XY (ax1)Q[+ © ] (61) 


and which corresponds to the “final” state of the back- 
ground W[ — © |. Equation (60) can now also be written 
as 


viv (274,22) = + PLY cay’ (%1) XW (a2) OL + & J, 


where the Wy’ (x1) and Wa) (x2) operators are Heisen- 
berg operators again, but are not identical with those 
hitherto used. They are defined, not by (6’), but by the 
relations: 


XH ) (x) a U[+ ~, o |X (x) “T+ oO; a]. (63) 


These operators are equal to the corresponding free 
particle operators for the infinite future, while those 
defined by (6’) were equal to the corresponding free 
particle operators in the remote past. There is, however, 
a simple relation between these two types of operators, 
expressible in terms of the S-matrix, namely 

X (wy (x) = SX“ (x) S71, (64) 
By introducing an auxiliary functional, analogous to 
that defined by (50) and (51), but with the domain of 
interaction beginning on the future side of the “‘inter- 
action front” o, we can show that the time inverted 
wave function (60) satisfies, instead of (42), the 
equation 


o (or 2) 
xinv(x,22)= DO [1/n!+1/ihe} 
n=0 


+00 +00 
xf - f dig)... g4g(n) 
—oo —o 


X PLH ay Ad (™ 521,02) - + + 


(62) 


XK Hay A%” (a 5ar1,2¢2) Jo” (11,42), (65) 
with 
KH cay) A*Y (x 5071,02) = +S A4¥ (4 — 2) A aay, (x) 
XQ (xix) — S24" (2— x) Acay2(%)Q(a2x), (66) 
and with the advanced S-function defined by 
SAI (4— 4’) =[1—n(x,2’) ]S(x—2’), (67) 
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and where now, contrary to (4”), the + sign refers to 
the positron and the — sign to the electron. The result 
of the time inversion can therefore be expressed within 
the framework of our formalism by saying that the 
symbols used to represent the electrons (¥-operators, 
— sign of e) are to be replaced by symbols which 
hitherto referred to the positrons (y/-operators, + sign 
of e) and inversely. This obviously corresponds to the 
Feynman positrons as electrons “traveling backwards 
in time.” The essential difference, however, seems to lie 
in the fact that all the particles have here to “travel” 
in a common direction in time, there being no electron 
world lines which are continued by positron world lines 
(i.e., whenever the former turns back in time). Further. 
more we have, in our general formalism, not yet en- 
countered the Feynman (causal) S-functions, as they 
will appear for the first time in the course of the elimina- 
tion of the virtual processes. 
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V. BOUND STATE PROBLEMS 


As indicated in Sec. I, we will now develop some 
methods suitable for practical applications of the theory, 
Starting from the definitions of a bound and stable state 
adopted there, these methods will enable us to write 
down equations satisfied by a narrower class of wave 
functions describing these states. However, explicit 
methods of solving the resulting equations will not be 
given in this paper, as we are here chiefly concerned 
with developing further, namely up to the terms of the 
order of e*, the method of eliminating the virtual proc- 
esses, on lines strictly analogous to those already 
explained in Sec. III of I. The carrying out of such an 
elimination further than up to terms of the order of ¢ 
within the scope of a more rigid formalism of solely 
configurational particles would be meaningless because 
of the effects of the polarization of the vacuum. The 
resulting equations in the e*-approximation cannot be 
given here because of their considerable length. Instead, 
stress is laid here on the generalization of the method of 
eliminating of virtual processes so as to cover all the 
processes of the background and not only those of the 
radiation field. We start with the exact two-body 
equation (40), which we now write in the form 


x (%1,%2) = 0(21,"2)+Le/the ] 


meat neanewesestwa Ss ee 


+00 
x f SyRet(x,—2) yA, (10 (2e2)0"e 


se 


e 
a 


+00 
+[e/the] f SP! (xo— x)yoA ©, (x)0(x1,0)d4e 


+0 7 +00 
+(e/me] f f S Ret (x, — a!) So Ret (xg— axl) 


Xyity2’PLA®, (x1), AM, (2M) 
Xo(al al) dtyldtel, (68) 
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where the upper and lower signs will refer to the two- 
dectron and electron-positron problems, respectively. 
for problems involving more particles the corresponding 
exact equations will contain terms of the form of (8). 
The function (21,2) which appears in (68) is here 
assumed to correspond to a true two-body problem, 
the background corresponding to the Dirac (physical) 
vacuum. Equation (68) can also be rewritten as 


+00 
ns) =0(eista)+Le/ihe] f Sy Ret (4) — x) yy 
X(V|A™, (a) | Vo (a,ar2)d4x 


fe/ine] f S2F*#(xo—x)yX(V | A, (x) | V) 


Xv(x1,")d'x+]1(x1,%2), (69) 


where 


00 
I1(41,42) = [e/ine] Sy Pet (x, — x) yi" 
X[A®, (%)—(V | A, (a) | V) Jo(a,22)d4x 
+00 
s{o/inel S2Ret (xo— x) ye" 


X[A®, («)—(V | A, (a) | V) Jo (a,x) dt 
+20 ate 
+[e/hPc?] f f Sy Pet (x,— 21) 


XSi (a2) yhyyPILA®, (22), A®, (28) 


Xov(al aM )dtaldtal, (70) 
and where (V|---|V) are expectation values corre- 
sponding to the physical vacuum. Equation (69) 
represents a division of the right side of (68) into two 
parts. The first part is simply equal to the vacuum 
expectation value of this right side, to which only the 
diagonal elements of the A “,,(x) operators contribute. 
The other, denoted by J1(%1,x2), is the “rest,” and, con- 
sequently, the vacuum expectation value of its operator 
is equal to zero. The operators contained in J; (%1,x2) 
always induce changes of the occupation numbers of 
the radiation field and of the background. It will be 
with the help of J:(x1,x2) that we are going to perform 
the elimination of the virtual processes. As a consequence 
of (69), we can write 


+00 
0(1,0¢2) = x (21,2) —[e/the] f S12! (a,—ax) yi" 
X(V|A®, (x) | V)o(x,02)d4x 


+00 
#[e/ihe] f Sa (_—2)yX(V|A®,(2)|V) 


Xv(a,")d4a—1,(x1,%2), (71) 
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and substitute its right side for v(x1,%2) in I1(%1,x%2) of 
(69). The equation which thus results will not contain 
x (21,%2) on its right side. The vacuum component of 
the expression J;(%1,%2), with x(«1,%2) substituted 
instead of v(%1,%2), vanishes. This is caused by the 
fact that x(x1,%2) corresponds to completely uncoupled 
fields, all its components except (V|x(x1,%2)) being 
permanently equal to zero. The resulting equation will 
again contain terms of nonvanishing vacuum expecta- 
tion value in addition to those already separated in (69). 
These terms correspond to virtual emission and sub- 
sequent reabsorption of photons and background pairs 
caused by the operators contained in J1(%1,%2) and 
applied twice. The next step of the procedure is to 
repeat the division of all terms in our resulting equation 
into those corresponding to the vacuum expectation 
value of its right side operators and the rest. This rest 
is now denoted by J2(x1,x2). It is done in exactly the 
same way as before. No details of the computation 
need be given here, as at this stage of the procedure, 
they are exactly the same as in I. The result, now in 
the form of an integral equation, is: 


(V | x (1,42) )=(V | 0(a1,%2)) 

+20 q+ 
+Lie/hc] f f Sy Pet (4, — al py tS 2P*t (49— xl) 
KytDe (xt —a2)(V | v(t acl) \dtactdtel 

“+00 “+00 
+Lie/nel ff Setar (ata) 
Xyv'Dr (at—2l)(V | v (al xe) dtatdtnlt 

+00 to 
+ Cie nc ff Sate atyreseta(at— att 
XyeDrp (at — 2l)(V | v(a1,0%) dtaldtnlt 

+20 pto 
+fie/ne] ff Sita ye D™ (ata 
XTrly4SH (at — al) ]V | v(al are) \d4xtdtclt 

+00 +00 
+ [iet/ic) f SRet (%2— a!) ye DFet (xt — gil) 


XTrly*S (xt — aM) KV | 01,2") 
X deld4el+ TJ, (x1,%2), 
SH (4—2’) = —Sp(x—2/) + S?*(x—2’). 


(72) 


The exact form of J2(%1:,x2) need not be given here, as 
no explicit use is made of it in this paper. To proceed 
further we now insert »(x1,x2) as determined by (71)'in 
all terms of J2(21,%2), perform a separation as in (68), 
etc. This then corresponds to the elimination of virtual 

















Fic. 1. The nets corresponding 
to the second order in e. 
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processes of the third order. The procedure is in general 
guided by the recursive rule, 

After the elimination of virtual yee of the mth order is 
accomplished, one should use Eq. (71), in all terms of the corre- 


sponding rest J,,(%1,x2), i.e., in all terms of the resulting equation, 
the vacuum expectation value of which vanishes. 


Then, on taking the vacuum expectation value again, 
one obtains the stable state contributions due to virtual 
processes of the order of (w+1). To be sure that all 
terms up to the order of e* are accounted for, all com- 
putations must be carried out to the fourth order in 
virtual processes. The remaining task is then to calcu- 
late the following vacuum expectation values: 


(VIA™,(x)|V); (VIAM.@)A™,(2)|V); 
(V| Ay(a)A,(x’)A n(x") A,(x”)|V). (73) 


Following the general idea of Sec. I of considering the 
background as representing weakly coupled particles, 
these expectation values are most naturally to be com- 
puted with the help of standard S-matrix methods. 
After all this has been done, the final equation satisfied 
by a wave function of a stable state (vacuum com- 
ponent of the wave function in the mixed representa- 
tion) in the e*-approximation will be a sum of a number 
of integrals involving argument points of this function. 
The kernel of every such integral will be in general 
itself an integral of products of S and D functions, and 
can easily be represented by ordinary Feynman dia- 
grams. The only difference from those met in S-matrix 
computations is, that not only the Feynman (causal) S 
and D functions will appear but also S¥*', D¥¢* and 
SAdv, DAdv. Tn case of our two configurational particles, 
every such kernel depends on one or two argument 
points, repeated on the left side of the equation as 
argument points of the (V|x(x1,%2)) function, and on 
one or two argument points, repeated as arguments of 
(V|v(x!,2")) and then integrated over space-time. If 
we draw first all the diagrams corresponding to different 
kernels which appear in our equation, and then draw 
two thick dotted lines through all points corresponding 
to arguments of the former type and two thick con- 
tinuous lines through all points corresponding to argu- 
ments of the later type, we obtain an easy graphic 
representation of our equations.‘ 

4 Interaction patterns corresponding to different kernels in our 
equation can also be represented by the so-called “ladder dia- 
grams.” We would get such a ladder diagram by drawing, one 
after another, a number of identical Feynman diagrams corre- 
sponding to a particular kernel, and then by joining the “free- 
particle ends” of every diagram with the corresponding “bound- 
particle ends” of the next. A ladder diagram makes clear to which 
part of the S-matrix a particular interaction pattern corresponds, 


in case the problem in question allows for the application of the 
usual S-matrix computation techniques. 
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The two thick dotted lines will represent two nop. 
interacting particles, and the two thick continuous]j 
the two particles with all the interactions taken inty 
account. The latter lines will be connected with 9 
“suspended” on the former two by means of various 
“nets” of thin lines representing the Feynman diagrams 
corresponding to different interaction patterns, The 
thin dotted lines correspond here, as usual, to virtual 
photons, and the continuous lines to virtual electrons, 
As not only Dr and Sp functions are to be represented 
by these lines, one should, to be strict, introduce 
further distinctions among them. As this is only a pre. 
liminary survey of the interaction patterns, we need 
not do so and will only give (in brackets) the number of 
different patterns corresponding to a given net. A few 
of these nets are given in Figs. 1-3. First of all (Fig. 1), 
there are the three corresponding to the second order 
in e and, consequently, to terms already written down 
explicitly in (69). They represent the one-quantum 
interactions (10), the self-energy or self-action terms 
(SE), and terms corresponding to internal vacuum 
polarization (VP). The most important terms of the 
fourth order in e are represented by the diagrams in 
Fig. 2. They represent two-quantum interaction terms 
(2Q/), terms corresponding to the vacuum polarization 
corrections to one-quantum interactions (V P-1QJ), and 
finally, three types of nets accounting for ‘Lamb-shift- 
like” corrections due to the mutual interactions of two 
particles (MJ“ZS”). As the latter are certainly the 
most interesting interactions of the fourth order, we 
shall write down the appropriate two integrals appear- 
ing in the equation for bound states and corresponding 
to the net marked X. They are 


+0 p~to ~to Ato 
+(a/nte) f f f S,Fet (4, — a) yy 


KS Ft (ae! — all) 2S Bet (gl — gl) ye 
XK SF! (x2—alV)ye"DO (xt — gl) 
x [DO (2! a¥) + DO (etV—211)] 
X(V | v(al at) \dtaldtatidtyltidsylV, (74) 
D@ (x—x’) = Dr (x—x’)+ DA% (x— x’). 














Some techniques are yet to be applied to make all the 
above terms finite. If the infinities are entirely on 
account of some part of the net itself, as in the case of 
the VP-terms, the problem of their removal is exactly 
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Fic. 2. The nets representing the most important terms 
of the fourth order in e. 
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the same as the corresponding one for the S-matrix. 
The regularized infinities will appear as some multi- 
plicative constants and will not depend on the form 
of the wave function (V|»(z1,2)). The terms like SE 
and MI“SL” on the other hand, seem to involve 
(V|»(x1,2)) more deeply, the arguments of the latter 
being integration variables with respect to which the 
most dangerous integrations are being performed. The 
function (V|v(21,42)) certainly cannot be represented 
by plane waves, and by some particular choice of it the 
infinities can be even made to disappear. It seems 
therefore that some additional techniques have to be 
developed in order to regularize such terms for a wide 
enough class of wave functions. If on the other hand the 
S-matrix techniques were to turn out to be adequate for 
the above purposes, it would not be, in the author’s 
opinion, without some adaptations made in the actual 
computation rules of the integrals concerned. In this 
case one might even hope to get a deeper insight into the 
physical meaning of these methods. In addition to 
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reach far down the nuclide chart. 


I. INTRODUCTION 


HE nuclei which result when target nuclei are 

struck by high energy projectiles have been 
investigated in several instances by measurement of 
the yields of various radioactive products." 


* This investigation was supported by the U. S. Atomic Energy 
Commission. Part of this work is taken from the doctoral thesis 
of R. W. Fink, who acknowledges with appreciation the award 
of an Atomic Energy Commission Predoctoral Fellowship in the 
Physical Sciences, 1951-1953. 

U. S. Atomic Energy Commission contract Postdoctoral 
Fellow, University of Rochester, 1953. Present address: Depart- 
ment of Chemistry, University of Arkansas, Fayetteville, Ar- 

sas. 

‘Cunningham, Hopkins, Jr., Lindner, Miller, O’Connor, 
Perlman, Seaborg, and Thompson, Phys. Rev. 72, 739 (1947); 
H. H. Hopkins, Jr., and B. B. Cunningham, Phys. Rev. 73, 
1406 (1948); M. Lindner and I. Perlman, Phys. Rev. 73, 1124, 1202 
(1948); 78, 499 (1950); H. H. Hopkins, Jr., Phys. Rev. 77, 717 
(1950); L. Marquez, Phys. Rev. 88, 225 (1952); Miller, Thompson, 
and Cunningham, Phys. Rev. 74, 347 (1948); Rudstam, Stevenson, 
and Folger, Phys. Rev. 87, 358 (1952); G. Wagner and E. O. 
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Fic. 3. Ten nets completing the interaction patterns in 
the e* approximation. 








those already given, Fig. 3 shows ten nets completing 
the interaction patterns in the e*-approximation. These 
are less interesting, as they may be decomposed into 
simpler parts encountered before. It might, neverthe- 
less, be of some interest to observe that the charac- 
teristic vacuum polarization loop “attached” to one 
photon line appears where the external potential would 
also appear, should it be postulated. The meaning of 
this loop is simply an (infinite) potential produced by 
the Dirac “sea,” and it might be physically considered 
meaningless. With regard to all nets given above which 
are not already symmetric with respect to both par- 
ticles, we finally observe that they are to be repeated 
with the roles of the particles exchanged. 
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Absolute yields of radionuclides produced in the spallation of cesium with 240-Mev protons have been 
measured from barium to ruthenium. The yields are based on the known cross section for the monitor 
reaction Al?’(p,3pn)Na*. In agreement with the well-established pattern for high-energy spallation yields, 
the results indicate that the majority of reactions occur as primary knock-on collisions in which the incident 
proton interacts with only a few nucleons. This primary interaction is followed by a dissipation of the 
residual nuclear excitation, whose energy spread is very broad, leading to a distribution of products which 


Measurement of absolute x-ray counting efficiencies for the K x-rays of Xe"! and Mn* in a methane 
beta-proportional counter and in a helium-alcohol G-M tube is also reported. 


An outstanding feature of high-energy reactions is 
the wide distribution of spallation products which 
result from dissipation of the excitation energy of the 
struck nuclei. In all cases where spallation has been 
studied at energies above 100 Mev, it has been found 
that while the distribution of products spreads far 
down the periodic chart from the target element, the 
distribution of yields is sharply accentuated in the 
region close to the target. A proposal by Serber and 
enlarged upon by Goldberger’ gives a qualitative mecha- 
nism whereby fairly small excitation energies may be 
transferred to the target nucleus by projectiles of 


very great energy. 


Wiig, J. Am. Chem. Soc. 74, 1101 (1952); S. G. Rudstam, Phil. 


J 
Mag. 44, 1131 (1953). See also the reviews by G. T. Seaborg 
and D. H. Templeton, Ann. Rev. Phys. Chem. 2, 83 (1951) and 
G. W. Wilkinson, J. Chem. Soc. $366 ( 
2R. Serber, Phys. Rev. 72, 1114 
74, 1269 (1948). 
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(1947); M. L. Goldberger, 
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A study has been made of the distribution of radio- 
active products formed when cesium is irradiated with 
240-Mev protons in the Rochester 130-inch cyclotron. 
Cesium was chosen since it is monoisotopic (Cs™), 
which enables specific reactions to be established even 
though the reaction path is not always known. 









II. EXPERIMENTAL PROCEDURE 





Targets for irradiation consisted of approximately 
200 milligrams of spectroscopically-pure cesium chlo- 
ride’ which was wrapped in a single sheet of aluminum 
foil 3.8 cm long, 0.3 cm wide, and 0.2 cm thick, covered 
by monitor foils 0.001-inch thick. To avoid errors 
caused by inexactitude in alignment of the target with 
the beam direction, the monitor and guard foils were 
placed both before and after the target proper. To 
minimize the error caused by recoil of Na™ out of the 
monitor foil, a guard foil was placed in front of each 
monitor so that any loss of Na™ by recoil out of the 
monitor foil would be offset by the gain in Na™ from 
the guard foil. It was found that more accurate meas- 
urement of absolute cross sections could be made using 
a target square in cross section as illustrated in Fig. 1. 
This minimizes the effect of beam penetration cutoff 
in the aluminum foil surrounding the target. In this 
way, it was possible to increase the accuracy of meas- 
uring absolute cross sections by a factor of almost 1.5. 
Measurement of the cyclotron beam current was made 
using the Al?’(p,3n)Na™ reaction in the monitor foils. 
After irradiations of about one hour, the target was 
processed chemically. The aluminum monitor foils 
were dissolved separately in 1 ml of concentrated 
hydrochloric acid. After dilution, an aliquot of each of 
these solutions was mounted on {-inch filter paper 
disks backed by 0.005-inch thick stainless steel counting 
plates one inch in diameter and counted in the standard 
manner adopted for spallation products under a high- 





















































G= GUARD FOIL 
Me MONITOR FOIL 1 Cnt 


Fic. 1. Cyclotron target, showing placement of 0.001-inch thick 
guard foils (G) and 0.001-inch thick monitor foils (/) of alumi- 
num. Target wrapping was 0.005-inch aluminum. 


8Specpure” brand CsCl obtained from Johnson, Matthey, 
and Company, Ltd., London, Cat. No. J. M. 15. The accom- 
panying spectrographic report lists barely visible lines for Na, Si, 
and Cu; faintly visible lines of K, Ca, and Mg: and no lines for 
Ag, Al, As, Au, B, Ba, Be, Bi, Cd, Co, Cr, Fe, Ga, Ge, Hg, In, 
Li, Mn, Mo, Ni, Pb, Rb, Sb, Sn, Sr, Ti, Tl, V, W, Zn, and Zr. 
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resolution beta-proportional counter. In every case the 
activities observed were 2.0-hour F'8, 15.00-hour Na& 
and long-lived activity, presumably a mixture of Be! 
and Na”. 

The CsCl target itself was dissolved in 6N nitric acid 
for subsequent separation into various elemental frag. 
tions. Chemical exchange of radioelements with the 
inert carriers which were added was assured through 
vigorous oxidation-reduction steps. The general chem. 
ical methods employed were taken, with some modif. 
cations,‘ from the fission product procedures discussed 
by Coryell and Sugarman.® In various bombardments 
the following elements were separated and studied: 
lanthanum, barium, cesium, xenon, iodine, tellurium, 
antimony, tin, indium, cadmium, palladium, and 
ruthenium. 

After chemical separation and successive repurifica- 
tions of the desired elemental fraction, the final precipi- 
tate was vacuum filtered in a Hirsch funnel onto a 
weighed disk of Whatman No. 42 filter paper ¢ inch in 
diameter which had been treated previously with 
ethanol and dried under a heat lamp. The chemical 
yield was then determined gravimetrically. The disk 
containing the active deposit was cemented with Duco 
to a one-inch diameter stainless steel plate, covered 
with a thin film of collodion, dried under heat, and 
counted under a beta-proportional counter, sodium 
iodide scintillation counter, or beta-ray survey spec- 
trometer. 

Yields were computed starting with the raw counting 
yields obtained from an extremely-stable methane flow 
beta-proportional counter which is a duplicate of the 
Los Alamos model.* The electronic units were custom- 
built.” The counter consists of an aluminum cathode 
counting chamber with a 2}-inch diameter window of 
thickness 4.9 mg/cm? and a 0.002-inch diameter stain- 
less steel central anode wire held at a potential of 
4600 volts. Pulses from this chamber pass through 4 
feet of RG-13/U coaxial cable to the Model PA-2 pulse 
amplifier where they are amplified linearly, passed 
through a trigger circuit after amplification, and then 
equalized to about 1 volt in amplitude. These are then 
fed into a fast scaler. The chamber is flushed with pure 
methane gas*® and operated at a slow flow rate giving 


4 For detailed chemical separation procedures, see R. W. Fink, 
Ph.D. thesis, University of Rochester Library, 1953 (unpublished). 

5C. D. Coryell and N. Sugarman, Radiochemical Studies: 
Radiochemistry of the Fission-Product Elements, (McGraw-Hill 
Book Company, Inc., New York, 1951 and 1952), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9. 

6 E. L. Kemp, Los Alamos Laboratory Report La-1207, 1950 
(unpublished); J. H. Larkins, Los Alamos Laboratory Report 
La-1238, 1951 (unpublished); V. C. Rexroth, Los Alamos Laho- 
ratory Report La-1259, 1951 (unpublished). 

7 By Trott Electronics Company, 1944 Clinton Avenue North, 
Rochester, New York. 

8 “Q6 percent pure” methane with not more than 4 percent 
ethane, 2 percent nitrogen, and 0.1 percent oxygen, and sulfur- 
free. Obtained from Industrial Gas Department, Carbide and 
Carbon Chemicals Corporation, 30 East 42nd Street, New York 
17, New York. 
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rise to a pressure slightly above atmospheric. With this 
arrangement, a plateau about 350 volts long with a 
slope of less than 1 percent per 100 volts was obtained. 
The resolving time, less than (0.070.03) X10-* min- 
ute, was determined by using two Y” half-samples 
which together gave approximately 120000 counts/ 
minute. By using the decay of a very active source of 
Na’, it was found that the coincidence correction was 
negligible up to 500 000 counts per minute. Above this, 
a small but increasing resolving time correction was 
found to apply. Saturation set in at 1.310 counts 
per minute. In all cases, where the counting rate of the 
sample was excessive, a lower geometry was used. 
Because a greater amount of active precipitate can be 
counted than with a G-M tube, the error in the chemical 
yield determination can be materially reduced with this 
instrument since weighing errors become less significant. 
The counting efficiency for gamma rays, x-rays, and 
particulate radiation is very similar to that of a standard 
helium-alcohol G-M tube. All samples were counted 
on a 74-inch thick shelf of stainless steel and an appro- 
priate estimate of the correction factor for saturation 
backscattering was applied. 

It is worthwhile to give the method and assumptions 
under which yields were computed from the raw 
counting yield, A°, obtained by back extrapolation of 
the decay curves to the time of cessation of bombard- 
ment. 

The absolute disintegration rate, V°, may be related 
to the observed raw yield, A°, by the relation 


0 


 fofwfafefesaGE 


where fc=correction factor for counter resolution 
(taken as unity for beta-proportional and scintillation 
counters). fw=correction factor for total air-window 
absorption. Under our conditions, the total air-window 
thickness was about 5 mg/cm*. Values of fw were 
interpolated from data of Gleason, Taylor, and Tabern® 
for particles of various energies while for electro- 
magnetic radiation a value of 0.99 was used. Where 
weak conversion electrons are present, this factor may 
constitute a serious correction. Values for each nuclide 
were computed as a weighted mean using known or 
estimated branching ratios for the respective radiations 
emitted. f4=correction for air scattering of particles; 
taken as unity. fg=correction factor due to back- 
scattering in the source." For saturation backscattering, 
fe varies with Z of the backing material. Burtt" gives 
about 1.3 for beta-particles scattered from filter paper 
or cardboard of infinite thickness. In this work, the 
following values of fg were used : for negative electrons, 
1.25; for positrons, 1.2; and for electromagnetic radi- 


N° dis/min, 





*Gleason, Taylor, and Tabern, Nucleonics 8, No. 5, 12 (1951). 
See L. Yaffe and K. M. Justus, J. Chem. Soc. $341 (1941). 
4B. P. Burtt, Nucleonics 5, No. 2, 28 (1949). 
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TABLE I. Experimental values for counting efficiencies of xenon 
and manganese x-rays. 








Values in percent 
Xenon K x-rays Manganese K x-rays 
(30 kev) 





Detector (6.4 kev) 
Methane beta-prop. 
counter 0.25 0.83 
Tracerlab TCG-2 GM 
tube, He-alcohol 0.15 0.2 








ations, 1.0. That fg is definitely larger for negatrons 
than for positrons has been demonstrated by Seliger” 
for all cases. f~=correction factor for scattering of 
particles from the housing (taken as unity for the 
Lucite and aluminum housing used). fss4=correction 
factor for effect of self-scattering and self-absorption 
owing to the finite source thickness. For each nuclide 
in each individual sample, a value of this factor was 
interpolated from the data of Nervik and Stevenson.” 
For electromagnetic radiations, fss4 was assumed to 
be unity. In cases of nuclides having known branching 
ratios between particles of various energies and electro- 
magnetic radiations, or where these ratios could be 
estimated from absorption curves in aluminum, a 
weighted mean value was calculated. This factor be- 
comes the more serious the weaker the particle energy 
and the thicker the sample. G=correction factor for 
geometry. G is the solid angle fraction subtended by 
the sensitive volume of the counter. The value of G 
was calculated from geometrical measurements as 
0.347, while from an absolutely-calibrated Co source, 
assuming 2 percent efficiency for Co™ gamma rays, the 
value was 0.316. For all corrections used here, G was 
taken as 0.32. E=correction factor for counting effici- 
ency, defined as the ratio of the number of events 
recorded by the counter to the total number of particles 
or photons traversing the sensitive volume of the 
counter. This factor constitutes the largest over-all 
error to the determination of absolute cross sections. 
In order to establish the true counting efficiency for 
x-rays, samples of Fe®® and Cs"! were prepared and 
taken to Brookhaven National Laboratory“ where they 
were calibrated using a high-pressure argon-methane 
x-ray proportional chamber and pulse analysis equip- 
ment. These calibrated x-ray standards were subse- 
quently used to measure the x-ray counting efficiency 
of the beta-proportional counter and a helium-alcohol 
G-M Tube. The experimental results are shown in 
Table I. In this work, E was taken as 0.25 percent for 
30 kev x-rays, 1 to 2 percent for high-energy gamma 


2H. H. Seliger, Phys. Rev. 78, 491 (1950); Phys. Rev. 88, 
408 (1952). 
( 13 .) E. Nervik and P. C. Stevenson, Nucleonics 10, No. 3, 18 
1952). 
14 We appreciate the hospitality extended to us by the Brook- 
haven National Laboratory and assistance with the equipment 
provided by Dr. M. L. Perlman, of the Department of Chemistry. 
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TABLE II. Experimental results of 240-Mev 
Cs-p-spallation studies. 
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Average absolute 





Nominal Assumed counting cross section in 
half-life Nuclide efficiency, E millibarns 
15.0 hr Na* 1.0 11.0 (Monitor) 
2.4 days Ba’ 1.0 8.1 
2.0 hr Ba” 1.0 3.6 
12.0 days Bal! 0.72 5.3 
5.5 hr Cs??? 1.0 4.5 
31 hr Csi? 0.39 15 
9.8 days Cg3! 0.0025 460 
7.1 days Cs™ 0.005 117 
1.6 hr [20+121 1.0 11 
13 “ar [33 0.17 21 
4.0 days yj 0.30 8.4 
12.5 days y's 0.53 5.0 
2.5 hr Te!" 1.0 2.4 
6.0 days Tells 1.0 4.8 
16 hr Tel?» 0.002? 50? 
17.0 days Te* 0.09 "5 
90 days ae 1.0 0.3 
2.8 hr SbU* 0.15? 4.2 
6.0 days Sb! 0.1? 4 
2.6 days Sb! 1.0 0.3 
60 days Sb! 1.0 0.07 
4.5 hr Sn08 0.05? 0.3 
2.0 hr Tn108,110 1.0 0.02 
4.2 hr In’ 0.9 0.05 
6.7 hr Cd" 0.05 0.9 
50 min Cd104,105 1.0 0.2 
4.0 days Pd 0.05 1.5 
1.7 hr Ru® 1.0 0.2 
2.8 days Ru” 0.07? 3? 
4 hr Lal? 1.0 0.005? 








rays, and 99 percent for particulate radiation. The 
actual counting efficiency assumed for each nuclide is 
listed with the final results in Table II. 

To convert the absolute counting rate N° into an 
absolute cross section, it is necessary to correct each 
yield to saturation bombardment. By assuming a 
constant rate of production in the cyclotron, we obtain 
the relation 

No®(A)=N°(A)/(1—e4”), 


where J,,°(A) is the yield of species A at infinite 
bombardment, 7 is the actual duration of irradiation, 
and dx is the decay constant of species A. Since I’ 
was the only species determined in all bombardments, 
it was chosen as the internal monitor to which all other 
yields were compared. To convert these relative yields 
into absolute cross sections, it is first necessary to 
evaluate the absolute cross section of the internal 
monitor I? by comparison of its yield with that of 














Na*™ from the Al?’(p,3pn)Na*™ reaction'® assuming thin 
target formulation. The result is 






a (I!6) ie N.° (128) 
a(Na™) W,.°(Na™) 











Xf, 





"ses oOo fs — — = 





where f=6.24X (weight of aluminum monitor/weight 
of CsCl target). The factor f corrects for the fact that 
the total number of cesium atoms exposed to the proton 
beam is different from the total number of atoms of 
aluminum monitor. By this method, the absolute cross 
section for formation of I'®* from cesium at 240 Mey js 
5.0 millibarns. 









III. DISCUSSION OF ERRORS 





In addition to the error in the absolute cross sections 
due to errors in interpolating values of absolute counting 
correction factors, chemical yields, counting efficiencies, 
resolution of decay curves having many components, 
which lead to an estimated total indeterminate error 
of from 20 percent to 60 percent in general, there are 
some intangible effects which cannot be evaluated 
directly. 

These effects are associated with the fact that in most 
cases one is dealing with short lived, highly neutron- 
deficient nuclides whose yield may be partly primary 
and partly the result of the decay of very short-lived 
parent nuclides produced as primary spallation prod- 
ucts. For example, the cross sections of [!°+!!, Tell’, 
Cs’, and other neutron-deficient nuclides having 
unknown or very short-lived parent nuclides, may quite 
possibly be excessively large due to contributions from , 
short-lived parents. It is clear that yields of those 
species subject to this effect are much more susceptible 
to such bombardment conditions as intermittent beam 
intensity fluctuations and variations in the duration of 
bombardment. Indeed, from bombardment to bom- 
bardment, the yields of I, I'?6, Cs'®, and other 
shielded nuclides appear to be smoother and more 
reproducible than of such species as ['°+!!, Tell”, Cs, 
and other similar species. It is known,'* for example, 
that Ba’ has a 12-minute half-life. Thus, during the 
2 to 3 hours required for chemical separation, this 
nuclide decays out before the barium fraction can be 
separated from the cesium fraction. What the inde- 
pendent yield of Cs’ is, therefore, has not been 
determined. 

Errors can be caused by lack of radiochemical purity. 
In this work, the purity of the various elemental 
fractions was satisfactory as evidenced by decay curves 
and beta-ray spectrometer spectra. In the case of the 





15 Values of the cross section for Al??(p,3pn)Na™ were interpo- 
lated at 240 Mev from data of V. Peterson et al, University of 
California Radiation Laboratory file compiled by W. W. Meinke, 
Jr., 1950 (unpublished). Values are also published by N. H. 
Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952), and by 
L. Marquez, Phys. Rev. 88, 225 (1952). 

16M. Lindner and R. N. Osborne, Phys. Rev. 88, 1422 (1952). 
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lanthanum fraction, however, that yield assigned to 
hour La may be due entirely to the carrying of 
hour In or Sn'®* even through the many steps and 
repurification procedures used. Although the question 
of whether La’ was formed by a secondary (a,4m) 
reaction, not previously observed in spallation, is 
interesting, it has not been established in this study. 


IV. INTERPRETATION OF RESULTS 


The experimental values of the absolute cross sections 
of various nuclides formed when cesium is bombarded 
with 240-Mev protons” are given in Table II. 

These data indicate that the yield pattern of radio- 
active spallation products is as follows. 

1, From mass numbers 131 to 127, a loss of up to 6 
nucleons, the absolute cross sections drop by a factor 
of 50. The largest yields by far are represented by mass 
numbers 131 and 132, one and two neutrons removed 
from the target. Presumably this reflects the primary 
knock-on reaction whereby the incident proton interacts 
with only one or two nucleons according to the mecha- 
nism of Serber and Goldberger.? The struck nucleons 
are then emitted in the order of 10-” second as high- 
energy secondaries sharply peaked in the forward 
direction. Forward peaked neutrons and charged parti- 
cles'® have been observed in high-energy spallation 
reactions. At an energy as high as 240 Mev, the contri- 

bution of the neutron “pickup” reactions (p,d) and 
(p,4) would not be expected to account appreciably 
for the very large yields of Cs and Cs"; rather, it 
would be expected that the instantaneous knock-on 
process caused by glancing collisions in which only a 
small excitation energy is imparted to the struck 
nucleus would be the responsible mechanism. 

2. From mass numbers 127 to 120, a further loss of 
up to 7 nucleons from the excited nucleus, the yields 
are fairly constant and of the order of 10 millibarns. 
This constancy of yields reflects the fact that the 
residual excitation energies left to the struck nuclei 
after the primary knock-on process are broader in 
distribution and generally much larger than in typical 
low-energy cases where the Bohr-Wheeler compound 
nucleus mechanism" prevails. The wider and higher 

distribution of excitation energies results in a broad 
distribution of end products, a phenomenon which is 
in contrast to the narrow distributions prevailing in 
low-energy reactions. 


” Results of excitation studies of 60 to 240-Mev protons on 
cesium will appear in a forthcoming paper. 

18 J. Hadley and H. York, Phys. Rev. 75, 1467 (1949); Phys. 
Rev. 80, 345 (1950). 

N. Bohr, Nature 137, 344 (1936); Science 86, 161 (1937); 
N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 





WITH 240-MEV PROTONS 


1361 


3. From mass numbers 120 to 110, a further loss of 
up to 10 nucleons, the yields decrease by another factor 
of 10 and continue to decrease at the same rate down 
to mass number 95, the lowest measured. At still lower 
mass numbers, the yield curve should rise again because 
of the contribution from the competing process of 
fission. The study of cesium fission has not been 
included in the scope of this work. 

4. Ordinarily, in a chemical study it is not possible 
to ascertain whether the nucleons ejected come off 
singly or in fragments. The fact, however, that such 
products as Ru®, Pd, and Cd" are found chemically 
leads to the conclusion that fragmentation must play 
an important role in the evaporation process. For the 
formation of Ru®, Pd™, or Cd" from cesium by 
evaporation of single nucleons, the energetic require- 
ment is much larger than the actual bombardment 
energy of 240 Mev. Thus, only by the emission of alpha 
particles and larger fragments can one account for the 
presence of Ru®, Pd’, Cd’, etc., among the end 
products. Evidence for alpha-particle emission has been 
given by Wagner and Wiig,' while heavier fragments 
have been identified by Wright® and by Marquez and 
Perlman.” 

Yields of those elements more likely to be formed 
through the evaporation process following the initial 
knock-on step are accentuated toward the most neutron- 
deficient nuclides. This is true for iodine, tellurium, 
antimony, and possibly barium nuclides, the latter 
arising from neutron evaporation from excited Ba'™ 
formed by the (p,m) charge exchange reaction. It is 
decidedly not true for cesium isotopes whose yield 
pattern is mostly due to the primary knock-on process. 
Accentuation of the yields of the most neutron-deficient 
species is more marked the higher the energy and the 
heavier the target element as expected from the increase 
in the Coulomb barrier with increasing atomic number. 

These data are in agreement with the general pattern 
for all cases studied. About 80 percent of all interactions 
leads to nuclides in the vicinity of the target element, 
followed by respectable and comparatively constant 
yields to about 15 or 16 mass numbers below the target, 
and finally a sharp and continuing drop in yields until 
the fission product region is reached where the yields 
are expected to rise again. 
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”S. C. Wright, Phys. Rev. 79, 838 (1950). 
21. Marquez and I. Perlman, Phys. Rev. 81, 953 (1951). 
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This paper treats the effect of a time-independent external 
electromagnetic field upon a Dirac field by constructing the trans- 
formation function in a representation adapted to the external 
field. In addition to the alteration of the Green’s function, the 
structure of the transformation function differs from that of the 
zero field situation by a factor which describes the energy of the 
modified vacuum state. A formula for the vacuum energy is 
obtained and expressed in a form appropriate to a Jocalized field, 
in terms of the energy eigenvalues of discrete modes, and of the 
phase shifts associated with continuum modes. Determinantal 
methods are then introduced, and the class of fields is established 
for which a certain frequency-dependent modified determinant is 
an integral function of the parameter measuring the strength of 
the field. The properties of the determinant are investigated in 
the two frequency regions | fo|<m and |o| >m, with regard to 
the zeros of the real determinant in the former region, which are 
the frequencies of the discrete modes, and to the phase of the 
complex determinant in the latter region. In the second situation, 
a connection is established with a unitary matrix defined for 
modes of a given frequency, and the phase of the determinant is 
expressed in terms of the eigenphases of this matrix. Following a 
discussion of the asymptotic behavior of the determinant as a 
function of fo, the modified determinant is constructed in terms 
of the discrete mode energies and of the eigenphases. This yields 
a more precise version of the vacuum energy formula, in which a 
single divergent parameter is exhibited, for a suitable class of fields. 


(Received January 22, 1954) 


The scattering description is introduced by an evaluation of the 

Green’s function, for a sufficiently large time interval, in terms 
of the discrete modes, and of linear combinations of free particle 
modes expressed by a unitary matrix which is an extension of that 
referring to modes of a single frequency. Transition probabilities 
are derived and summarized in a generating function that serves 
to evaluate occupation number expectation values for the final 
state, upon which is based the definition of differential and total 
scattering cross sections. A discussion is presented of various 
symmetry operations and the resulting properties of cross sections, 
Then, a determinantal formula for the individual transition prob- 
abilities is used to examine the probability for the persistence of 
a state, in its dependence upon occupation numbers. An incidental 
result of this analysis is a qualitative upper limit to total cross 
sections in relation to the character of the angular distribution. A 
section is devoted to the properties of eigenphases, including the 
demonstration of equivalence between phase shifts and eigen- 
phases, and the discussion of alternative procedures for their 
evaluation in terms of quantities exhibited as convergent power 
series in the potential. Finally, the determinantal asymptotic 
behavior is used to obtain a high-energy approximation to the 
eigenphases for an isotropic scalar potential. The resulting high 
energy, small angle, form of the scattering cross section is dis- 
cussed in the extreme quantum and classical limits. An alternative 
derivation of the high-energy scattering formula is provided in 
terms of an approximate construction of the Green’s function. 





HE influence of a time-independent external elec- 

tromagnetic field upon a Dirac field can be dis- 
cussed either by adapting the representation to the 
external field, or by considering that the given field is 
part of a larger time-dependent one that vanishes outside 
suitable boundaries. With the latter approach, the 
results of the previous paper! are applicable, and the 
question is recast as the problem of separating the 
properties of a system for a certain time interval from 
the known behavior over a larger interval. We shall 
defer consideration of this problem and employ the 
first method for the treatment of time-independent 
fields. 


TIME INDEPENDENT ELECTROMAGNETIC FIELDS 


It is natural to use a gauge in which the potential 
vector is time-independent, A,(x). Since fields of 
physical interest are spatially localized, we also impose 
the convention of vanishing potential in field-free 
space. The field equations in the absence of sources can 
be written as equations of motion‘in"the form (IV? 5), 
where H, acting on y, is 


H=eAo(x)+-oveL—t0.—eAx(x)]+myo. (1) 


We introduce a basic restriction on the class of time- 


1 J. Schwinger, Phys. Rev. 93, 615 (1954). 
? This refers to the fourth paper of the series, J. Schwinger, 
Phys. Rev. 92, 1283 (1953). 
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independent fields by requiring that the spectrum of H 
eigenvalues fall into two distinct sets, of positive and 
negative frequencies, with a finite interval separating 
each set from zero frequency. This excludes the homoge- 
neous electric field,* for example, where the H spectrum 
forms a continuum, extending from — © to ©. 

The procedure employed in IV for zero electromag- 
netic fields is readily adapted to this class of static 
fields. Projection operators can be defined [IV 6] that 
separate y and y into positive and negative frequency 
parts [IV 11]. One can construct generators of infini- 
tesimal changes in the positive or negative frequency 
parts of y and y [IV 17-22], and derive therefrom 
commutation relations referring to a given time [IV 23, 
24]. Complete sets of anticommuting operators for a 
fixed time are provided by the positive frequency, or 
the negative frequency parts of the fields, and one can 
introduce their right or left eigenvectors. The con- 
struction of the transformation function describing a 
time translation, in terms of that referring to zero 
eigenvalues, is expressed by the substitution (IV 33). 
The dependence of Wo upon the sources is given, as in 
(V 2), in terms of a Green’s function obeying the dif- 
ferential equations (V 4). But this Green’s function 
depends only upon x»—4%0’, and contains positive or 


3 That is, fields of magiente E that are essentially homogeneous 
over distances greater than m/eE, where this distance is not many 
orders of magnitude in excess of 1/m. 
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negative frequencies for x> %o', OF Xo<%o', respectively. 
The principal deviation from the zero field situation is 
the occurrence of w, which characterizes the null eigen- 
yalue transformation function in the absence of sources. 

Concerning the dependence of w upon the electro- 
magnetic field, we must notice that the definition of the 
eigenvalues involves A,(x). Hence the change in the 
transformation function (001|0c2) Jo, induced by 6A,, 
arises from potential variations in the interior of the 
region and on the boundaries, 


§4(001|0o2) o= ae 


=i( 00, 





g (01) ~—G,s (o2) 


+f (s)04y(0) (8) 





Ov.) (2 


The infinitesimal generators, Ga(o1) and G4(o2), differ 
only in their dependence upon dynamical variables 
referring to the surfaces co; (time 4) and o2 (time és), 
respectively. But the zero eigenvalue state is the mini- 
mum energy state of the system and, as the phrase 
“stationary state’ indicates, expectation values of 
dynamical variables in an energy eigenstate are inde- 
pendent of the time to which the dynamical variables 
refer. Hence, 


(0o1| (Ga (01) —Ga(o2)) |Oo2) Jo=0, (3) 


and the same development as in V yields 
ol 
jw= f (dx) triey,bAy(x)G, (x,x). (4) 
o2 


We shall suppose that the time-independence of 
A,(x) is maintained by any infinitesimal variation, 
6A, (x). Since the Green’s function only contains xo— 9’, 
G, (2,22) is independent of xo and the integrand of (4) 
is time-independent. The time integral thus supplies the 
factor 

T = t— le. (5) 
On writing 
=—TE(0), (6) 


we obtain the differential expression 
sE(0)=— f (dx) triey,b4,@)G,@2), (0) 


which is to be integrated subject to the initial condition, 
A,=0: E(0)=0. (8) 


The resulting transformation function describing a 
time translation differs in form from that given in IV 
only by the additional factor exp[—i£(0)T]. When 
extended to include a phase transformation, the trans- 
formation function for a source-less system is given by 
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[IV 66] 


(x ora1|x ore) Jo 
=exp| —i£(0)T—i | do | do’ (x)y 
»| HBO if dof dda 
XeteaG, (x,x’ yop’ (x’) 
—if do] dof’ (x)ywG,(x,x’) 
fel : 
xen) | (9) 


There are no terms in which both integrals refer to a 
common surface [IV 65], since the three-dimensional 
symbolic form of the Green’s function, (IV 49), is still 
applicable in this static field situation. 

Let us introduce a complete set of discretely labelled 
eigenfunctions for H, 


Ay, (x) = 6 Eady (x), V: (x)yoH — EW (x)Yo, 
Dietk (x)y.(x’) = 08 (x—x’), 


where E,>0, and e,= +1 characterizes the positive and 
negative eigenvalues. Hence, 


(10) 


P‘+)y5 (x—x’) = Ls Ve(x)e(X’), (11) 
and, as the analog of (IV 55), we have 
Gy (x,2")=i Da ve(e)ve(a’), Xo > ato" (12) 
=D V(a)ve(x’), X0<a0', 
in which 
Wu (x) =u (xe exBaro, (13) 
With the notation 
r"'= fi dod (rraba(s, 
«=! ™ 
ra" fi dovilxvob"(), 
i (14) 
xe"= f dobar" @), 
«=—1 7 
x0" fi dod (rabe() 
o2 
the transformation function (9) is obtained as 
exp[—i£(0)T+D. xe’ exp(—iE. T+ ieee)xe" J 
=La(x@’ |) exp(—iPo'T+iQ’a) (n|x"), (15) 
where 
Pol =EO)+X mE m=0,1, O=Le mee, (16) 






and 


(n | x’) =I (xu°*)")™, 
xo” | n) : Tle(x.’)™. 


Evidently, Z(0) represents the energy of the modified 
vacuum, the minimum energy state of the system, 
n= 0. 


(17) 


The Vacuum Energy 


To obtain a formula for E(0), we remark that 6A, (x) 
induces a modification of the Green’s function which is 
described by 


{yu —i0,— eA, (x) ]4+-m}dG, (x,x’) 
= ey,5A,(x)G,(x,x’). (18) 


The left side of this equation can also be written 
(—iyod0t70H) 6G, (x,x’), and, therefore, 


6E(0)=— f (dx) tr(yoOot+tyoH 6G, (x,x") Je42. (19) 
Now H isa differential operator referring only to spatial 
coordinates, so that the averaged limit of equal times 


can be performed in the Green’s function for the second 
term of (19), 


— f (dx) triyoHbGy (%,%") Jer+e 


=3f (dx) try V(r. (20) 
In virtue of the formal Hermitian property of H, which 
is assured by the use of discrete eigenfunctions, yoH can 


always be applied to an unvaried eigenfunction in (20), 
whence the latter becomes 


15. £a( f oder.) =0. (21) 
We can now integrate (19) to obtain 


E(0)=— f (dx) tryedo(Gy-(x,2”) —Gy9(x,2")) Jeon. (22) 


Since 


f (dx) tryoGs(x,x’) Jerux=4 Diy em tBa(=0-20'), x9 > 249! 
(23) 
=-j , e*Bx(xo—z0') Xo< xo’, 
the averaged limit is given by 


A variation of this procedure that leads directly to (24), 
employs the eigenvalue property 


bE, = — «f (dx) P,ev,5A Wes (25) 


which is equivalent to (20) and (21). 
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For static fields that are effectively localized in g 
finite volume, the spectrum of E, will consist of a cop. 
tinuum extending from m to infinity, and possibly of 
discrete values less than m, which are associated with 
bound modes of the Dirac field. The completely discrete 
spectrum that we have employed can be attained by the 
familiar artifice of considering a large but finite volume 
of three-dimensional space, as defined by a radius R. 
An eigenfunction is specified by an energy eigenvalye 
E, and a set of other quantities y. An eigenfunction of 
type y with E>m will have an asymptotic form in. 
volving trigonometric functions of p|x|+¢, where 
p= (E*—m’)!, and ¢ is a constant phase. If we impose 
some elementary boundary requirement at |x| =R (say 
By=0, where B is a matrix of rank two), the eigenvalue 
equation is obtained as 


pR+o=nr+B, 


where 8 depends upon the particular boundary condi- 
tion. Thus the number of eigenfunctions of type y in an 
interval dE is 


n=0, se tesy (26) 


1 
dn=—(dp/dE)RdE=dE/AE, (27) 
Tv 


where AE is the interval between adjacent eigenvalues. 
The eigenvalue equation for zero external field simi- 
larly reads 


pR+¢°= nx+B, (28) 


so that the static field produces an energy displacement 
of a given mode, 


E— E°= (dE/dp)R(p— p)R= —AE(8/x), (23) 


where 6,z is the phase shift, ¢—¢°. Thus, if =m, 
v=1,2,---, the effect of the static field has been to 
displace the mth mode to the level occupied by the 
(n—v)th unperturbed mode. Otherwise expressed, 7 
modes (of type y) have been pushed below the energy 
level E. Let us think of a bound mode as one which has 
been displaced below the minimum unperturbed energy, 
E=m, and become detached as a true discrete mode. If 
there are v, bound modes of type y, that many modes 
have been pushed below E=m, and we must have 


Sym= Vy. (30) 


In consequence of this remark on the origin of the 
bound modes from the unperturbed modes with £ 
differing infinitesimally from m, we see that the con- 
tribution of the bound modes to (24) is —4 > (E,’—m), 
where we have written £,’ for the discrete eigenvalues, 
E,/<m. For modes with E>m, we combine (27) and 
(29). Thus, for a given type 7, 


dn(E— E)= —dE(5/n), (31) 
and £(0) is obtained as 
1 -} 
E(0)=4 Le(m—EL)+— f dEEy dyn, (80 


27 Ym 
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in terms of the discrete energy eigenvalues and the 
phase shifts for the continuum modes. 


Determinantal Methods 


We shall now obtain more precise results by using a 
three-dimensional version of the techniques developed 
in the previous paper for space-time localized fields. Let 
us introduce the Fourier transform of the Green’s 


function, 


G,.(x,x’, po) = f dxge*Po(ro-70G (x,x'), (33) 


or, in terms of the eigenfunction representation of the 
Green’s function, 


G,.(x,x’, Po) =1 f dt Y+ V« (x)Pe(x’)e~ 12a?) ’ 


-if dt y~ W(X) Pe (x’ Jem Bat po) t, (34) 


in which we have placed ¢= | %9—xo’|. The characteri- 
zation of G; by means of an infinitesimal negative 
imaginary addition to m is useful here. 

The effect of the latter on the energy eigenvalues of 
the continuum modes is expressed by dE,/dm=m/E,>0. 
For bound modes, we use the following form of the 
virial theorem (obtained by differentiating with respect 
to m after introducing 1/m as the unit of length): 


m(dE,'/dm) = Ex'+« f (dx) De(x) (14%: V7 (x) 
Xvi (X). 


Thus, for the Coulomb field, m(dE,’/dm)=E,’, and 
dE,'/dm=0 can only occur when £,’=0, which is pro- 
hibited. Incidentally, the latter situation exists for the 
lowest energy state at Z= ‘137’. Only for fields more 
singular than the Coulomb field will dZ,’/dm>0 not be 
a consequence of E,’>0. Excluding such fields, we can 
assert that 


(35) 


dE,/dm>0, 


and every energy eigenvalue acquires an infinitesimal 
negative imaginary part on replacing m with m—ie, 
¢>0. This means that all the time integrals in (34) are 
convergent, for real po, and 


V(x) Ye(x’) 
G4.(x,x’, po) =, ————. 
e &k— Po - 


(36) 


We see that, as a function of po, G;(x,x’,0) has poles 
at po=E,, «=1, and p=—£,, &=—1, which are 
infinitesimally displaced below, and above the real axis, 
respectively. For the spatiaily localized fields that we 
are considering, there may be isolated poles, corre- 
sponding to the discrete bound modes, while the con- 
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tinuum modes produce two lines of poles, beginning at 
+m and extending to infinity. That is to say, +m con- 
stitute branch points of G;(x,x’,po), as a function of po. 
This Green’s function obeys the differential equation 


{ul Pu— eAu(x) ]4+-m}G,(x,x’,po) =5(x—x’), 
p= —10x, 


(37) 


and we seek the solution that, for real po, is a regular 
function of the complex variable m in the lower half- 
plane, Imm<0. Of course, we are only interested in the 
limit of real m, approached from the lower half-plane. 
The transformation inverse to (33) is 


1 C-) 
Gx) =— f dpoe-ivv'ar-201G,,(x,x',po). (38) 
T Vx 


That the function so described satisfies the outgoing 
wave condition, characteristic of G,(x,x’), follows from 
the location of the singularities in (36), which reproduce 
the expansion (12). 

The Green’s function defined by ingoing wave con- 
ditions, 


G_ (x,x’) =1 pt We (x)Vx (x’), 
=—1 a Ve(x)Ve(x"), Xo< 20" 


Xo> Xo’ 


(39) 
has the Fourier transform 


G(xx',p)=i f dt Y_ W(x) Ve (x’ei( Etro) 


0 
—if Xe vei erm, (40) 
0 
and this exists if m is given a positive imaginary part, 


V(x) Pe (x’) 
62 - 
& ¢.E.— Po 


(41) 


The Green’s function G_(x,x’,po) obeys the differential 
equation 


{yulPu— ¢Au(x) ]+-m}G_(x,x’,po) =5(x—x’), (42) 


and is the solution which is a regular function of m in 
the upper half-plane, Imm>0. It is clear from (36) and 
(41) that G_ is the analytic continuation of G, into the 
upper m half-plane. 

The discontinuity across the real m axis is given by 


G_(x,x’,po) —G4.(x,x’, po) 
=D. We(x) Ye (x) { LecE.(m+ie)— pot as) 
—[eE.(m—ie)— pot} 
= — Dwi Ye 5 (eeEe— po) ee X)Ve(’). 


Hence, if | po| <m, we have G_=G, almost everywhere, 
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the exceptions being delta-function discontinuities at 
po= «.E;’, which are associated with bound modes. The 
continuous spectrum yields a finite discontinuity for 
| po| >m. These statements are an expression of the 
nature of the Green’s function’s singularities, isolated 
poles and branch points. A simple illustration is provided 
by G4 °(x,x’,po), describing the zero field situation. 
Thus, 


G2 (x,x’, po) = (yp-+mFie)—6 (x—x’) 
= (m—-p) (p?— (po?— mie) |'5(x—x’) 
= (m+yopotty: V){[1/(4r|x—x’|) ] 


Xexp[i(po?—m)!|x—x’| }}, (44) 
where 


(45) 


We see that G°=G,° for | po| <m, corresponding to the 
absence of bound modes, while for | po| >m, G°—G,° is 
finite, marking the existence of a continuous spectrum 
extending from m to infinity. 

We now return to the differential expression for E(0), 
and write 


si(po?—m*)'= — (m?— po?)*, | po| <m. 


1 =) 
5B(0)=—— f th f (dx) trieys6Ap(x)G,.(x,x,po) 


vs 
4 t) 

—— dpy Trey6AG; (po), (46) 
T V2 


where the latter version represents the introduction of 
matrix notation for the spinor indices and space coordi- 
nates. In this notation, the differential equation (37) 
reads 


[y(p—eA)+m]G,. (po) =1, (47) 
while that for the field-free case is 
[yvpt+m]G,°(p0) = 1. (48) 


In analogy with the four-dimensional situation, we can 
construct integral equations [V 22] and use their 
formal solution [V 23] to evaluate 


TreydAG, (Po) 
= Treyb AG," (po) [1—evyAG4°(po) } 
= —5 log det[1—eyAG49(po) ]. (49) 
Thus, ee 
EO=— f py log det[1—eyAG,%(pa)], (50) 
or 


t 


EO=— f dps Tr logl1—eyAGs%(po)]. (51) 


We must notice that 


D,.(po) = detl1—eyAG"(po) ] 


is not an even function of e, in contrast with its four- 


(52) 


JULIAN SCHWINGER 


dimensional counterpart. Rather, we have 
D,.(po)=detLit+eyAGy°(—po)]. (53) 


This is a consequence of the structure of the charge cop. 
jugate Green’s function, 


Ay (x,x’, Po) = CG," (x’,x, oF po)C, (54) 


where — fo appears as the Fourier equivalent for the 
interchange of xo and x9’ in (V 6). Since 


eG 4°(x,x’, Po) =G,°(x,x’,po), (55) 


the transposition of the matrix in (52) yields (53). Of 
course, 

4 ro) 
~~ f dpo logD (po) 


4 0 
-* ig dpy log Ds.(p0)D+(—po)] (56) 


is an even function of e. 

In order to establish the nature of the functional 
dependence of D,(po) on e, or on the parameter meas- 
uring the strength of the external field, we write 


D,.(po) =exp{ —TrLevAG4°(po) ] 


—} TrleyAG,°(po) P}Ds"" (po), (57) 
where 


D," (po) = det” [1—eyAG,°po], (58) 
and also 
LD, (po) P 
= det[1—eyAG,°(po) ] detl1+eyAG,°(— po) ] 
= det{1—eyA[G,"(po) —G°(— po) J 
—eyAG,"(po)eyAG+"(— po)} 
=exp{—2 TrleyAG,°(po) ]—TrLevAG,(po) 
XevAG,(— po) ]} det’(1+AK). (59) 


Here we have employed the charge symmetry relation 
TreyAG,° (po) = — TreyAG+°(— po), (60) 
and introduced the symbol 


AK = —eyA[G,4(po) —G4°(— po) ] 
—eyAG,°(po)eyAG,°(— po). (61) 
Hence 
[D,” (po) P=exp{} TrLeyA(G,(po) 
—G4°(—po)) P} det’(1+AK), (62) 


and a demonstration that the right side is an integral 
function of e establishes the same property for D,’’ (po). 

We have shown that the criterion for det’(1+X) to 
be an integral function of is the finiteness of 
Tr\K (AK)t. To apply this test we need the information, 
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derived from (44), that 
G,° (x,x’, Po) ~ | x— x’ | ~? 


G,° (x,x’, Po) — G,° (x,x’, e° po) + | x—x’ | s. 


/. 
x~x: (63) 


We consider the question of convergence in the vicinity 
of a point Xo, where 


A (x)~|x—xo|-¢-*. (64) 
The second term of (61) provides the three-dimensional 
analog of (V 74), and it will be seen from the dis- 
cussion of the latter integral that the convergence 
criterion is now 12>4(1—8)+8, or B>0. It is easily 
verified that the additional terms arising from the first 
part of (61) are more convergent, in virtue of the 
reduced singularity of G,°(po)—G,°(— po). The same 
statement applies to the argument of the exponential 
function in (62). 

We shall also give a more precise characterization of 
the restriction to spatially localized fields, by consider- 
ing potentials that have the asymptotic behavior 


A(x)~|x|-@+8”), (65) 


Ix|—>2>: 
The corresponding property of the Green’s function is 


|x—x’| 2 : G.(x,x’, po), [G,.(x,x’, po) 
—G,(x,x’,— po) ~|x—x’|- 
Xexpli(po’—m?)!|x—x’| ], (66) 
where |exp[i(po?—m?)!|x—x’|]| <1. On considering 
the second term of (61), for example, we are led to 
examine the convergence at infinity of 


f (dx) (dx’) (dx:) (dx2) A (x)A (x) A (x1) A (Xs) 
XC|x—x1| |x1—x’| |x’—xe| |x2—x| °, 


for which the condition is 12<4(2+6’)+4, or p’>0. 
All other relevant terms lead to the same condition. 
We conclude that, for potentials‘ not as singular as 
[x—xo|—!, which vanish at infinity more rapidly than 
\x|-*, D,’’(po) is an integral function of the parameter 
measuring the strength of the field, and is represented 
by the convergent power series 


oo —e)” 
Ds" (bo) = 14+ 





f (dx) ++ - (dxXn) 


n!' 


Xtr II Ly:A (xs) ] det ¢ny"G°(Xx:,x;,P0) ¢. (67) 


i=l 


‘In the nonrelativistic limit, the singularity of the Green’s 
function is reduced to |x—x’|~!, x~x’, and the corresponding 
class of scalar potentials includes those less singular than |x—xo|~*, 
which vanish at infinity more rapidly than |x|~*. For potentials 
with a singularity only at the origin, these criteria are combined in 
Jo*d|x| |x| |eAo(x)|<°, which agrees with the condition (46) 
of Jost and Pais (reference 5 of V). 
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We can now exploit (V 61), which yields the elements 
of the matrix 

[1—eyAG,° (po) -'—1—eyAG,° (po) 

= eyA[G (po) —G+"(po) J, 


in analogy with (V 69). We need only transcribe (V 70) 
into 


Dd," (Po) [Gy (x,x’, po) sal G,° (x,x’, po) | 


(68) 





9 f (dx;)-- « (dxn) tr TID (x,)] 


n=1 n! i=l 
0, G °(x,x hy ) 
asset ||: (69) 
G4°(x:,x’,po), G+°(xi,x;,Po) 


which exhibits G,(x,x’,o) as the ratio of two integral 
functions. We can ulso present this result in terms of 
the matrix I(po), defined by 


Xdetin”| 





Gs. (po) =Gy°(po) +G,°(po)I(po)G1°(po). (70) 
Thus, 
D,."" (po) I (x,x’, po) 
2 (—e)” n 
= f a) (en) tf THE 
Xdetiuts"| : es |} (71) 
5(xi—x’), G,°(xi,x;,po) 


The properties of D,’’(o) differ in the two regions 
| po| <m and | po| >m. We first notice that D, (po) and 
D,!"(po) are real if |po|<m. This follows from the 
remark that 

D_(po) = D,(po)* (72) 
is obtained from D,(po) by substituting G_° for G,°, 
which Green’s functions are equal if | po| <m. A second 
statement applicable to the latter domain is that 
D,’"(po) has at least one zero’ as a function of the mag- 
nitude of the parameter measuring the strength of the 
field. This we shall prove for electrostatic fields where 
the potential Ao has a single sign. 

We begin with 


D4. (po) Ds(— po) 
= exp{Tr log1—(eyAG,°(po))*}} 
= exp{—TrleyAG,° (po) ?} Dy” (po) D,.” (— po). 


For sufficiently weak fields, we can expand the loga- 
rithm, and obtain 


D,"" (po) D+" (— fo) 


(73) 


o | 
= exp —Z~ Tel eye *(p) » (74) 


5 This is the analog of Schmidt’s theorem, E. T. Whittaker 
and G. N. Watson, Modern Analysis (Cambridge University 
Press, Cambridge, 1927), p. 223. 
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where the individual traces are all finite. We are con- 
sidering electrostatic fields for which A(x) is of definite 
sign. Since (74) is an even function of eAo, there is no 
restriction in taking the sign of the latter to be positive ; 
reversing the sign of Ao interchanges D,’’(po) and 
D,,!"(— po). Now observe that 


TrLeyAG,°(po) P= TrK”, 
K=[ (eA o) G49 (po) (eAo)* P 


is Hermitian and positive-definite. Hence TrK” is real 
and positive. These traces obey the inequalities 


(75) 


where é 
(76) 








Trk"*™ <TrK" TrK", (77) 
(TrK")?<TrK" Trk"*!, (78) 
from which we derive 
TrK"<(TrK?)'", n=2,3,---. (79) 
Thus, the expansion (74) is convergent if 
TrK?= Tr[ eA oyoG4"(po) <1. (80) 
But the inequality (78) also asserts that 
TrK™"* TrK* TrK* 
> +++ ato, (81) 
TrK" Trk"' TrK? 


and therefore the sum of positive terms in (74) is surely 
divergent if 
TrK*/TrK?>1, (82) 


which shows that D,’’(po)D,’"(— po) vanishes for some 
strength of field, equal to or less than that determined 


TrLeA oyoG4(po) = TrLeAvvoG,°(po) #. (83) 


To establish which is the vanishing factor, for a given 
sign of eAo(x), we assume a sufficiently weak field, and 
examine 


D.""(po)/D+" (— po) 
1 
2m+1 


in its dependence upon fo. For this purpose, we remark 
that 


(84) 





=exp;—2 2) TrLeyAG,°(po) Pm 
m=1 


(yp+ m) (0/Apo)G4" (po) = 0G," (po) (85) 
has the unique solution 
(0/Apo)G+"(po) = G+ (po)voG4 (po). (86) 


Let us suppose that eA (x) is positive. Then 
(8/Apo) log D.” (po)/D.” (— po) ] 
=2 >> Trl (eAo)*(yoG+%eA o)™yoG,° 


m=1 


“yoG4" (eAvyoGs")"(eAo)*] (87) 


JULIAN SCHWINGER 








is real and positive since each term is of the form 
TrKK'. Hence, the logarithm increases monotonically 
as Po is increased from zero, and 


po>O: Dx" (po)/D4"(— po)>1, (88) 


which shows that, for positive eAo, it is D,”(—p)), 
po>O that vanishes for a suitable strong field. Similarly, 
D,""(po), po>O is the vanishing factor for negative eA), 
Thus, for any ~o+0 in the interval | po| <m, there isa 
definite sign and strength of field for which D,”’(po)=0, 
The qualitative dependence of this field magnitude 
upon fo can also be inferred from (87). Let d(p») be 
the value of the parameter specifying the strength of 
the field for which D,’’(po)=0. The expression (87) is 
valid for 4<A(po). Considered as a function of }, 
D,!"(po) evidently contains the factor \(po)—A, which 
contributes to the derivative (87) the term 


[A (po) —AT "Lad (po) /dpo]. 


This dominates as \ approaches A(o) from below, and 
must therefore be positive. We conclude that 


ad(po)/dpo>0 (89) 


for positive ¢Ao. Thus, as po increases from —™m, the 
critical strength of the field must increase. If ¢Ap is 
negative, the logarithmic derivative (87) is negative, 
and dX(po)/dpo<0; as po decreases from m, the mag- 
nitude of the field must increase to maintain D,,’ (po)=0. 

We have obtained these results without reference to 
the fact that the roots of D,’’(po) are the frequencies 
of the bound modes. The equation 


Gy (po) ia G,° (po) = G,° (po) evyA Gy (po) 
= G,.(po)eyAG+°(po) 
show that, at a zero of D,’’(po), assumed nonmultiple 


for simplicity, D,’’(po)G;(x,x’,po) obeys the homo- 
geneous integral equations 


(90) 


#(2)= f (dx’)G,9(x,x',polevA (x’W(x’), (91) 
and 


(= f (dx'\(x’eyA (x')G4°(x’,x,po), (92) 


which govern its dependence upon the variables x and 
x’, respectively. Hence, in the neighborhood of a root 
¢,E,', we have 


Ve(X)¥x(x’) 
¢.E,'— Po 


G, (x,x’, po) jor (93) 


The implied normalization of the eigenfunction ¥,(x) 
can be deduced from 


(0/80) logD, (po) 
= —Tr{L1—evyAG," (po) ey AG4"(po)voG+° (po)} 


=—Tr{[G,(po)—G°(po) tro}, (94) 











Cally 


hich 








namely 


f (dx) x(x) vobe(x)=1. (98) 


For real values of po that exceed m in magnitude, 
D,(po) is a complex number. Its phase is determined by 


D_(po)/ D4. (po) =det{ 1+7 (po) [G° (po) —G_ (po) ]}, (96) 
as follows from the relation 


[1-eyAG,°(po) JL 1—eyAG_"(po) ] 
= 1+] (po) LG" (po) —G_ (po) ]. 


On interchanging G,° and G_®, we get 
D,.(po)/D_(po) = det{1—I (po) [G9 (po) -G9(po) }}. (98) 


The direct verification that the product of these two 
determinants is unity employs the Fourier transform of 
(V 94), 


I (po) — I (po) =I (po) G+ (Po) —G_° (po) 1 (po) 
= I (po) [G° (po) —G_"(po) I (po). 


The equation analogous to (96), relating to the phase 
of D," (po), is 
D_" (po)/ D+." (po) 

=exp{— Trl (po) [G4°(po) —G_"(po) }} 


(97) 


X det{ 1+ (po) [G+°(po)—G_(po) ]}, (100) 
in which we have introduced the abbreviation 
I (po) =eyA+eyA3[G,° (po) +G_°(po) leyA. (101) 


On referring to (43) and (IV 55), we see that 


G4°(x,x’, po) —G_°(x,x’, po) 
=2mi X 5(€(A)Ep— pode(AWrp (x) rp (x’), (102) 


where (we have previously used the symbol fo for this 
quantity) 
E,= (p’-+m’)}, (103) 
and the y,(x) are the eigenfunctions 
(dp) m 


4 
on ie(A) p- x 
rp (x) i a Uy pl 


(104) 


The summation in (102) is limited to modes of fre- 
quency po, that is, modes with E,= | po| and e(A) = e(po). 
For this reason, it is convenient to replace the Ap speci- 
fication of a mode with po=e(A)E, and an index a, 
which combines || and the direction of p. We write 


(dp) = pP’dpdw= pE dE ydw, ~ (105) 
where dw is an element of solid angle, and 


Yap (x) = (dE y)*ap0(x), (106) 
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so that 
mpdw 


4 
apo = Ap ie(po) p- x 
wore) E ak f 





(107) 


Tv 


We can then perform the integration with respect to E, 
in (102), and obtain 


G4°(x,x’, po) —G_°(x,x’, po) 


= 2rie (Po) da apo (X)apo(x’). (108) 
The matrices defined by 
Tuslta)= f (dx) (dx’) Borex) (5x ,Pa) a(x), 
(109) 


Tas' (pa) = f (dx) (dx’) Sapo (x) (x,x’,po)bb00(x’) 


=Tva(po)*, 


possess the following property, according to (99) and 
(108), 


Tac(Po) — Tact (po) = 2mie( po) do Lav (po) be' (po) (10) 
= 2wie(po) do» Last (po) Tbe ( Po). 


We thereby encounter the unitary matrix s(po) with 
elements 


Sab (Po) = bast 2wie(po)lav(po). (111) 


Thus, 


DX Savt (Po) Sve (Po) 
= LL bas—2mie(po)Ias' (po) ISxe+ 2rie(po)Ise(Po) ] 
= Bact 2mie(po)[Tac(Po) — Tact (po) 

— 2wie(po) doo Tavt (po) Tve( Po) ]=Sacy 


and, similarly, we find that s(po)st(po)=1, in which we 
might more properly write 1(po) to emphasize that the 
elements of s(o) refer entirely to modes of frequency 
po. 

To recognize that the determinant of (96) can be 
evaluated as dets(fo), consider the traces of successive 
powers of I'(o) (G1°($0) —G_°(po)). The first two, 


Tr{J (po) LG+° (bo) —G_° (po) ]} = La 2rie(po)Iaa(Po); 
(113) 


and 


Tr{ I (po) LG+°( po) —G_° (po) II (po) G+" (po) —G_°( po) ]} 
= 2 [2c (po) Plas(po)Tva(po), (114) 


(112) 


indicate the general result, that I(po)[G+°(po) —G_°(po) ] 
is effectively replaced by the elements of the matrix 
2wie(po)Ias(po). Therefore, 


det{ 1+] (po) [G,°( po) -—G_°(po) ]} 


= det[ 620+ 2rie (po) Ian (po) | =dets (Po). (115) 
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We can also remark that the original matrix decomposes 
into a product of unit matrices associated with nodes 
of frequency +0, and the matrix s(po) for modes of 
frequency po. Thus, 


D_(po)/D4.(po) = dets (po), (116) 


and 
D_" (po)/D4"" (po) 

=exp[— 2mie(po) Xa Toa“ (po) | dets (po). 
Since the unitary matrix s(po) has eigenvalues s4 (po), 


of the form exp[2i54(po)_], where the phases 54 (0) are 
real, these results can also be expressed as 


D_(po)/D4.(po) = expl2i 0 4 64 (po) J 


(117) 


(118) 
and 


D_" (po)/Ds" (bo) 
=exp{2i[D 4 64 (po) —m€(Po) Xa Loa (po) ]}. 
The matrix elements 5q,(po) and Ias(po) can be ex- 


hibited in terms of the eigenphases 54(po), and the 
transformation function (a|A)po. Thus 


Sab(Po) = >a (a| A) poe?®4 7) (A | b) po, 


(119) 


(120) 


an 


Tav (po) = (1/7) €(po) >. 4 (a| A) poe ®4 (7 


Xsind4(po)(A|b)p0. (121) 


The corresponding eigenfunction transformation equa- 
tions are 


dapo(x) => 4 (a| A) poh 00(X), 
apo(X) = 2) 4 6470(X)(A|a) po. 
As a consequence of the latter, we have 
Lo apo(x)papo(x’)= Lia GAvo(x)4n0(x’) (123) 
Ya Daa (po) = La Taa™ (ho), (124) 


which enables us to write (119) as 


(122) 


an 


D_" (bo)/D4"" (po) =expL2é 204 '5a(po)], (125) 

” Im logD,.”" (po) = — Lia 6a( Po), (126) 
where 

6.4 (po) =54( po) —me(po)Iaa™ (po). (127) 


We must also study the asymptotic character of 
D,,'"(po) as a function of po. It is useful to consider first 
the class of potentials that have no singularity. Then a 
sufficiently large po can be found so that a negligible 
fractional change of the potential occurs in the distance 
(po?—m?)-?, which is the characteristic distance ap- 
pearing in G,°(x,x’,po). Let us write 





(dp) 
G,9(x,x',po) = f ape GsMt, (128) 
T 


G,° (p,po) _ (ypt+ m)", 
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and evaluate the typical trace 
(dp:) — (dp,) 
(2m) (2) 
X trLeyA (xi)e*P!: -*2)G (pi, po)eyA (x2) 
Keips- (x2-23)G, (po, po) +++ 

XeyA (xn)e‘Pn 0G .9(pn,po) ] (129) 








TrLeyAGs(p) P= f (dx,)- ++ (dx) 









with the asymptotically valid approximation of placing 
A (X2)= -+-+A(X,)=A (x1). This yields 


(4x) (dp) 
aay eA GHA 
(13 





Trey AG; (po) P~ f 


and therefore 


det(1—eyAG,°(po) ]=exp{Tr logl 1—eyAG,° (po) }} 





(dx) (dp) 
~ex| f On) tr logl1—eyA (x)G,°(p,po) ]}. (131) 


The modified det’’[1—eyAG (po) ] will be similarly 
exhibited in terms of the modified logarithm 
log’ (1—z) =log(1—z)+2+32". 
These asymptotic results evidently correspond to a 
classical approximation, with (dx)(dp)/(2m)* repre- 
senting the number of modes in the corresponding 
volume of phase space. 
The trace in (131) can be evaluated as 

tr log 1—eyA (x)G,°(p,po) ] 

= tr log{[y(p—¢A)+M](vp+m)"} 

= 2{logl (p—eA)*+-m* ]—log(p?-+m’)}, 


and therefore, 
tr log”’[1—eyA (x)G4°(p, po) | 


wo ] 
=2 ¥ —[—eA (x)4/ap} log (p*+-m" 


n=3 N! 





(132) 


i 2) 1 
=2 5 —[—eA(x)-0/dp—eAo(x)d/dpo}" 


n=3 n! 


Xlog(p?-+-m*— po"). (133) 
On performing the convergent p integrations, we find 
that each term containing 0/dp leads to a vanishing 
surface integral, whence 





(d) 
J cap eT ed 006,000 


4. io Dg 
=-—E [eda r00/pe"(oe—mh, (130 


































los 








(129) 


acing 











and 


z 
beds" (o)~—— f {C(t edolx) mt} 


— (po?— m*)*+ 3¢Ao(x) po(po?—m?)! 
— $[eAo(x) PL (po?— m*)*+ po? (po?— m*)-*}}, 


which is independent of A(x), as required by gauge 
invariance. We see that logD,’’(p0) possesses a finite 
limit as | pol, 


(135) 


i 
logDs"(p—-—e(t») [ (xNLedu(a), (136) 
T 
while, according to the approximation (131), D,’’ (po) 
XD,""(— po) approaches unity as 
log D.” (bo) D_"’ (po) > 
4 m' 


4m | pols 





f (axes. (137) 


Now consider potentials with the singularity 
|x—x0|-"-, B>0. 


The asymptotic form (130) remains valid for the con- 
tributions of distances from the singularity 


Z (po?—m?)-*| o|—. 


The contribution of smaller distances in (129) can be 
verified to have the asymptotic po dependence, | po|~”, 
for |po|—>0. Hence the finite limiting value (136) is 
still valid for potentials that are not as singular as 
|x—xo|—!, but the statement (137) is replaced by 


|pol—o: log Dy” (po)Ds""(— po) ]~| pol. (138) 


We are going to show that the above discussed 
properties of D,’’(o) suffice to determine completely 
this quantity. Let us remark first that the source of 
the complex values assumed by D,’’(po), for real po in 
the interval | o| >, can be transferred from m to po. 
Thus, with e>+0, we can write 


Dy," (po) = D!" (pot ie) 
D.,! (pa) =D!" (po—ie), 


D,"" (po) =D" (po— ie) 
po<—m: 
D_" (po) = D" (pot ie), 


where m is a real parameter in the function D’’ (po). 
These relations assert the equivalence of, say, having a 
line of poles infinitesimally displaced below o, which 
is on the real axis, and finding » infinitesimally above a 
line of poles occupying the real axis. The function 


po>m: 
(139) 


logD’’ (po) is regular in the upper half-plane, Impo>0, 
approaches the constant (i/3m) /(dx)[eAo(x) at 
infinity, and has its imaginary part assume the following 
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values on the section of the real axis | po| >m (reached 
from the upper half-plane), 


po>m: Im logD’ (potie)=— Dia 5a(fo), 
pPo<—m: Im logD” (po—te)=+Do4 ‘54 (Po). 


If fo is on the real axis with | po|<m, the function 
D’' (po)= Dx'"(po) is real and has zeros at the points 
e.,'. Hence Im logD’’ (po) is constant between the 
roots, but discontinuously decreases by w as an in- 
creasing po moves through a root (by a detour into the 
upper half-plane). We must add the remark that 
Im logD”’ (o)=0, in the neighborhood of po=0. For 
zero field, D’’(po)=1 and Im logD’’(po)=0. As the 
strength of the field increases, roots can appear at the 
boundaries of the interval | po|<m and move toward 
the origin. But we have excluded the possibility that a 
root reach the origin, and thus the phase of D’’(o), in 
the vicinity of the origin, must be unchanged from its 
zero field value, which verifies our remark. Now let us 
follow the course of Im logD’’ (po) from po=0 to po=m. 
The initial value of this quantity is zero. As we pass the 
first root, it acquires the value —z, and after traversing 
the zeros associated with the v, positive frequency 
bound modes, it will have the value —v,x. Therefore, 


v= (1/4)Q0 4 'ba(m)=(1/m)20 4 64(m), (141) 


where the second part of this statement is based upon 
the vanishing of the normalization constant in dapp at 
po=m, p=0. The number of negative frequency bound 
modes similarly determines the value of Im logD”’ (po) 
at po= —m, namely v_r. Hence 


v= (1/m)>do4 '84(—m)= (1/9)>- 4 54(—™m). (142) 


With the introduction of a notation in which | po|=£ 
is indicated separately from the sign of po, 54(po0)=5yz, 
we recognize in (141) and (142) consequences of the 
relation (30), which was obtained by more elementary 
arguments. Of course, this agreement is based upon the 
assumed equivalence of the two definitions of phases, 
which we have yet to establish. 

A function of a complex variable, ¢(z)= (x,y) 
+iv(x,y), which is regular in the upper half-plane and 
approaches an imaginary constant at infinity, is ex- 
hibited in terms of its imaginary part on the real axis by 


1 f°? »(x’,0) 
Imz>0: o@=- f dx’ ; 
TY _. 


(140) 





(143) 

x’—z 
where the infinite integral is to be understood in the 
sense of /_x*, X-+«. This statement can be derived 
from the Cauchy integral theorem, applied at the point 
z, and at the image point z*. We shall use it to construct 
the function logD’’(fo). We thereby encounter the 
integral 


, 


1 ¢™ ImlogD’ (p.’) 
pe f ad py.———___—_ 
po'— po 


T Y—m 
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which we subject to an integration by parts. Since 
(d/dpo) Im logD” (po)= —m Liz (Po— eH’) (144) 
and 
Im logD” (m)=—v42, Im logD”(—m)=v_m, (145) 
we get 
— vz log(m— po) — v_ log(—m— po) + dx log(eEx’— po), 


and therefore 


€.E,' — po 
logD”’ (po) = og| 1.) | 
€&m— Po 
ee 
po’ — Po 
1 ag: dpy’ 
AP Gr 
T° Po — po 


—o 0 


Da ba (po) 


Dia '5a(po’). (146) 


On introducing the notation '64(p0)=’b,2, €(po)= €,, 
we find that 


€.E,'— p 
D”(»)=11.( ‘) 
€m— po 


1 i ey ‘OyE 
xexp| -= f dE> | (147) 
T Ym €,E— po 


The connection between the number of bound modes 
and the phases at E=™m insures the absence of any 
singularity at po=-:m. The function D,’’(po), for real 
po, is given by the same formula with m resuming its 
infinitesimal negative imaginary part. 

We now return to the discussion of 


i ) 
E (0) anil f dpo logD, (po) 
2r /_. 
(148) 


i) 


t 
ie ae f dpo logD,.” (po), 


rd _.. 


in which we have used (60), and written 


4 i <) 
B= —— f dpo Tr(yAG4°(po)yAG4(po)) 
=e (149) 


=—}i f (dx) (dx’)dx," 


 trL-yA (x)G49(x,0")yA (x')G4° (xx) J. 


On examining (V 68) and its value (V 88) for a field 
that is time-independent over a long interval, we observe 
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that one time integration can be removed to yield 


E%=C f (dx) LF,2(x)—} f (dx) (dx’) 


X 0,F uw» (x)w(x—x’) dy’ F n(x’), (150) 


where 


w(x—x’)= - ” elated 
ah Mee 
“eal 


The finiteness of the second term in (150) depends upon 
the convergence of the integral 


J dia f (as) (dx’) | x—x9|-@-® |x—x’|-! 


ey 
K ewe x 2"1 jx’—x|-0~ f dx, 


(151) 


which requires that 8>}. Accordingly, the squares of 
the field strengths should not be as singular as | x—xo|~, 
and this class of external fields can be characterized as 
possessing finite total energy. Hence, the coefficient of 
C is also finite. 

The second term of (148) is likewise finite for this 
class of field, as is evident from (138). By applying a 
partial integration to the contribution of the discrete 
modes, we get 


ek! 
f- dpo logD,." (po) = f ap. .. 
€xli~ — Po 


—o 


€,m lie €y ‘by 
ans )-- fax, | (152) 
€m—pol €,E— po 


m 


and a residue calculation can be performed by averaging 
the results of closing the contour in the upper and lower 
half-planes. This gives® 


E(0)=2E 44 E,(m— Ey) 
1 C-) 
+ f dE'byp, (153) 
2r a 


which, with its exhibition of the single divergent quan- 
tity C, for a suitable class of fields, replaces the formal 
expression (32). 


6 For a remark on the order of operations in the last term, see 
reference 8. 














(150) 


(151) 


upon 


1g 
er 











The Scattering Description 


We have used the transformation function (9) to 
obtain eigenvalues and eigenfunctions, with the aid of a 
representation of the Green’s function that puts all 
modes on the same footing. But this is somewhat arti- 
fcial for localized potentials, where the continuum 
modes differ profoundly from the bound modes and are 
most naturally described in terms of the physical picture 
of scattering. We shall now proceed to introduce this 
viewpoint. 

The Green’s function for «»— xo’ = T>0, 


oo 


1 
Ge2)—— f dpoe-'”°TG,(x,x’,po), (154) 


T M20 


can be evaluated by deforming the path of integration 
so that it encircles, in the negative sense, the discrete 
poles at po= E,’ <™m, and the branch line extending from 
m to infinity. As we see from (93), the contribution of 
each isolated pole is iy,(x)y,(x’)e~*”«’?, so that 
Gy (x0) — 4 Dog Hex) a (x’)eW Be’? 

1 (m,—) 


= d poe ipoTG, (x,x’, Po), 


2n / 


(155) 


where the path of integration begins at infinity, en- 
circles the point m in the negative sense, and returns to 
infinity. We insert 


G,.(x,x’, po) = G4°(x,x’, po) + f (dx1) (dxX2)G4°(x,x1, po) 


X 1 (X1,X2,P0)G4°(X2,x’, Po), (156) 
and remark that 
1 (m,—) 
on dpoe~‘7G,°(x,x’,Po)=G,9(x,x"), (157) 
To 
as one may verify directly from 
Wrp(X)Vrp(x’) 

G.%(x,x',p)=————-. __ (158) 


Ap e(A)Ep— po 


In the contribution to (155) of the second term in 
(156), we encounter the integral 


1 (m,—) 1 
f d poe ‘Po? 


z I (po) . (159) 
de J, e(A)E—po _—e(N’)E'— fo 





It is here that we introduce the scattering picture by 
evaluating this integral only for large 7, such that 


T >1/AE, (160) 


where AE measures the smallest change of fo that is 
discernible in (po). We may say that T is chosen to be 
large compared with the duration of the collision. Then 
the variation of I(po) with po can be ignored, and the 
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integral (159) acquires the value 
— il (E)[e#? #7 Y/ (E—B’), 


(161) 


provided, of course, that e(A)=e(A’)=1. We have not 
distinguished between J(£) and J(E’) since the con- 
dition for (161) to be relatively large is that E—E’ 
~1/T<KAE. We thus obtain 


Gy (x2!) =4 Ly Vala we he? 


+i dy Vrp(x)Sr P, npr’ p’ (x’/)e*#7, (162) 
and the analogous statement for xo’—*o=T is 
Gy (x,x’) = — 4 D We(x)Wa (xem Fe? 
—i DY Vrp(x)Sip.n pV p(x’) 27. (163) 
Here, 
Sy pd’ p’=Orp rp 2 (po)br(E— E’) 
X f(a) @x rg 1% Poy) 
=Oyp,n p+ 2ie (po)6r(E— E’) 
X (dEdE’)*Tas(po), (164) 
and 
1 1—et(£-E£’)T 1 T 
57(E— E’) =— —————- = — dte*(2-E’)t, (165) 
2x E-E’ 2r 9 
We also have 
Strp.r' p= Sy pnp (166) 


= yp,» p’ — 2wie(po)ir (E— E’) (dEdE’)*Tq' (po), 
in view of the relation 


5r(E’— E)*=67(E—-E’). (167) 


Other properties of 67(E—£’) are 


f dE'bp(E—E')3p(E'—E")=67(E—E"”), (168) 


57(0)=T/2z, 
and 


fa T 
|8r(E—E’) |?=— — f dt(1—|t|/T)ei2-29* 
2n 2n Y_p 


—(T/2n)i(E—E’), (169) 
where the latter statement expresses the limiting form 
for increasing T. 

One can verify, in the manner of (112), that the 
Syp,x’p’ form a unitary matrix. This matrix is defined 
over the complete mode domain, but its nonvanishing 
elements are confined to an energy range E—E’~1/T. 
With the understanding that the selection of modes 
with equal energy is limited to the accuracy 1/T(«AE), 
we can write 67(E—E’)(dEdE’)'=52, x, which shows 
the connection with the unitary submatrix 5as(po), 


Syp.n’ p’ = Se, Sab (Po). (170) 
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As a special consequence of the unitary property, we 
have 


ISrpre?=I— 2 


[Sapp]? 
d’ p’+rp 


=1- ¥ 


A’ p’+Ap 


(171) 


| Sa-p-ap]?, 


where 

| Sip.rp|2=1—27dEe( po) ImIaa( po), (172) 
and 
Ap#A’p’: | Sypap |?= 2a Td EdE’ 


5(E—E’)|Tax(po)|?. (173) 


We recognize here the diagonal element of the matrix 
relation (110), 


2 Im aa(Po) = 2re(po)>_»| Tan( Po) |2 


= 2re(po)>-»| Tea(po)|?. (174) 


We now insert the Green’s function representations 
(162) and (163), in (9) (omitting the phase transfor- 
mation). The notation (14) for the discrete modes is 
retained, and we write x,,‘*”’ for the analogous quan- 
tities constructed from the free particle mode functions, 
¥rp(x). Then, 


~ | , 
(x"o1|xo2) 
== g~ tH(0)T expl>.. X«' 
+4 Xrp' Srp.r p’X’ p 
+2. Xp’ 
where, for the negative frequency modes, there occurs 


(176) 


y(t er iBT 
+)! @~ iBT 
(+)'e-iBT] (175) 


1° t 
Srp.r’p’ Xr’ p 


Srp npr = Sy’ p’ Ap: 


This is a generating function for the transformation 
function (tt0,|’o2), in which the states are specified by 
the occupation numbers of the bound modes, and of free 
particle modes. We represent this transformation 
function in terms of the elements of a unitary matrix, 


(no,|n'o2) =exp(—iE(n)t;)(n| S| n’) ep GB @h), = 
1 
E(n)= E(0)+-d. mE’ + Dap mpEp, 
which matrix elements, 


(n | S| n') = Snyng’ (detiny Sy pd’ r’) 


XK (det(n_)Syp.arp*"), (178) 


still depend upon 7’. In the first determinant, Ap and 
\’p’ range in standard order over the m, occupied 
positive frequency modes of the final and initial state, 
respectively. The second determinant refers similarly 
to the negative frequency modes. The factor dng, n’ 
describes the stationary character of the bound modes. 

The probability of a transition between states is 
thus given by 


| (n S| n’) | 2a Sng.ma’ Py (n,n’)p - (n,n’), (179) 
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where 
(180) 


(181) 


p+ (n,n’) == | det(ns)Si», d’ p’ |? 
and 
p- (n,n’) = | det(n_)Syp,r’ p’**|? 


are the independent probabilities for the two types of 
particles. A generating function for p,(m,n’), say, is 
provided by 


det (1+ «SySt) = det (1+ StxSy) 
= > T1, (arp) "P4 (n,n’) 11, (yy py)”. (182) 


Thus, the expansion of the infinite determinant yields 
det (1+ xSySt) 


1 

wo 

= p — > detin »)( > Xp iS dpi,d’p’Vr'p’Sd’p’, Ap jt) 
d’p’ 


n+—O0 Ny ! Ape 
arn i 
= LY (—L —2Z I (mro,)| detin,)Sapi.np5| 711 (vane) 


n+—0 My! dpi my! Ape 


= ya Il, (Xp) 9 | det(ns)Sx p, d’ p’ | “TL, (yy 9)”, (183) 


n,n’ 


in which the Ap; and Ap, range independently over all 
(positive frequency) modes. If we place every x)= 1 in 
(182), we get 


DL ps (n,n’) TL, (yrp?)”’ = det (1+) = I, (1+ yp) 


=Dow Te (yrp)™”’, (184) 


which verifies that 
Lin P+ (nn')= 1. (185) 
We similarly find, on putting y,)= 1, that 


Lin’ P+ (n,n') = 1. 


A partial generating function, for given initial occu- 
pation numbers, can be obtained by rewriting the 
determinant (182) as 


(186) 


, 


, 
det(1- —+StxS— -) aet(t+y), (187) 
1+y i+y 


and placing y,»=0 for all except certain modes (m»’= 1) 
where y,»—®. This yields 
Dn TL, (arp) "p+ (n,n’) = det (1—n’+StxSn’). (188) 


To get a useful alternative form we make the substi- 
tution x—+1+4, and remark that (1+)"=1+-nz, since 
n(n—1)=0. Hence, 


Dd n TL, (1+ pxrp) py (m,n’) = det (1+StxSn’) 
= det (1+«5Sn’S'), 


which acts as a generating function for the expectation 
values of occupation numbers, or products of occupation 
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numbers, in the final state. Since (189) is identical in 
form with (182), we see that 


Le TT) (m») p(n,n’) = (Ie) (yp) dn’ 


1 
= pi | det uy Snp.a’p’ | UT ay (m’n-p’), (190) 


1 a’p’ 
where the Ap are k arbitrary modes. In particular, 


Ln Mpp(n,n’)= (mrp) n= | Srp.rp’|2Mrrp’. (191) 
d’p’ 


The latter result is also expressed by 


(Mtn) n— Map = 22 | Srp.r’p/|?(Mr pap’) 
d’p’ 
=T ¥ 2n5(E—E')dE| Ian(E)|?dE' (my y:’— my’). (192) 
d’p’ 


Now 
dE| I as(po) |*dE’ 


(dp) m (dp’) m 
= —— —| (Ap|I(E)|)’p’) |*—— —, 
(27)? E (2r)* E 


Tv 


(193) 


in which we have defined (with po= +£) 
(Ap| I (po) |d’p’) 


= f (ax Gx ying expl—ie(p)0-X] 


XI (x,x’, Po) tr’ p’ exp[_ie(po)p’-x’ ]. (194) 


We further remark that, according to (IV 103), the 
expectation value of the electric current vector, in the 
initial state, is given by 


(Rel (x), v(x) ])= Xap ce(A)Pap(x) rap (x) may’ 
= Dap ce(A) Jry’ 
where, accordingly, 
Jp’ = (p/E)[ (dp)/(2m)*Jmny’ (196) 


is the contribution of a mode to the average flux of 
particles. Hence, (192) can be written 


Mr») n'— Mp = TY 5(E—E’)dEdo(\p,d'p’) Jv 9’ 
P P =, 
P 

~ Ta (Ap)Jiy’; 


(195) 


(197) 


which exhibits the average change in the occupation 
number of a given mode, in the time interval 7, as a 
balance of particles scattered into and out of the mode. 


Here 
2 


(198) 


|m | 
da (Ap,d'p’)/dw= = (Ap|1(E)|’p’)| 


| T 


is the differential scattering cross section, per unit 
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solid angle, for the indicated scattering process, and 


m ! 
0p) = Ey if da! || 1(E)|N'P) 
T 


|2 


m | 
oS f des!|-(N'p’|T(E) Xp). 
ar 





=(2m/p) Im(Ap|7(E)|Ap) (199) 


is the total scattering cross section. The equivalence of 
the various expressions for o(Ap) follows from (174). 

The scattering cross sections for the negative fre- 
quency modes are 


m 2 
do (dp,d'p’)/dw= reed I(—E)|Ap) 
T 








m 
—(Ap| I(—E)|)’p’) 
2r 
and 
o (Ap) = — (2m/p) Im(Ap! 1 (— E)| Ap) 
(201) 
= (2m/p) Im(Ap| I(— E) | Ap). 


For the situation in which the incident particles form 
a beam that is well-defined in momentum and polari- 
zation (spin), (197) asserts that the number of particles, 
which are deflected into a solid angle dw with a particular 
polarization, is given by 


> dw(Mrp) n’ = Tde (Apr’p’)J’, 


where J’ is the total particle current. This is in ac- 
cordance with the conventional definition of differentiz] 
cross sections. One can construct cross sections referring 
to unpolarized particles with the aid of the relations 


(202) 


ps Uy ptr p= (m—*¥- pt+vok)/ (2m), 


A>0 


—ZX Maptinp= (m+: p—yok)/ (2m). 


<0 
Thus 
o4(p)=} D4 o(Ap) 

= (1/2) Im f (dx) (ax) tr exp[ —ip- (x—x’) ] 


x (m— ¥- p+ yol)I (x,x’,E), (204) 


and 


o_(p)=} Lo (Ap) 
= (1/2p) Im f (dx) dx’) tr exp[ip: (x—x’) | 


X (m+ p—yok)I(x,x’,—E). (205) 
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The latter can also be written as 


o_(p)= (1/2p) im f (dx) (dx) tr exp —ip- (x—x’) | 


x (m—y- pt+yok)-I (x,x’,E). (206) 


The result of averaging over all incident directions of 
motion, with a given energy, can be expressed by 
a4(E) = (1/4n) f daw (p) =a(po) 
= (x/2p") Tr{[G_9(po) —G4"(po) ] 
x[1 (po) — 1 (po) }} 
= (x, 2p”) Tr{[G "( po) G4°(po) ] 
x 1 (po) [G49 po) —G_°(po) I (po)}, 


(207) 


or, equivalently, by 
a (po) = (29 p’)e( po) Im yo Wl aa po) 
= (29, P)> a 11 ar( po) | .. 


(208) 


The insertion of (71) and (67) will yield explicit ex- 
pressions for these cross sections as ratios of convergent 
power series in the potential. 

Some invariance properties of the scattering cross 
sections are worthy of note. For an electrostatic field, 
a combination of charge conjugation and time reflection’ 
leaves the Green’s function invariant, 


yovsCG,"*(x’,x,po) (yorsC)*=G,(x,x’,po). (209) 


Since this property certainly applies to G,°, it also holds 
for 7 (x,x’,po), and 


(Ap! 1 (po)! \’p’)= Arov’ — 9’ | 1 (Po) |Arev— Pp), (210) 


where 


Udrey — P= ty pY ovat u Arey ~ p= (yorsC) j My» (21 1 ) 


are related by 
(212) 


; . + 
Udrey ~ P= Udvey ~P Yo, 


and describe the reversed mode, (Arey, — p), which has 
the same frequency as the original mode (A,p). In con- 
sequence of the invariance of G,°, we have (A, Arev>0O 
or <0) 

da Uy ptt» p= 2, hee Udrev PU rev P, (213) 
which implies the following reciprocity property for dif- 
ferential cross sections referring to unpolarized particles, 


¥ | Ap! 7 (po) |d’p’) |? =! A’ — p’| 7 (po) |A— p)|*. (214) 
AW’ 


A.A’ 
With regard to total cross sections, we learn that 


a (Ap) =a (Arev— p) (215) 


7 This is the analog of the nonrelativistic concept of time re 
flection [E. Wigner, Gétt. Nachr. 31, 546 (1932)]. 
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and that 


o4(p)=o4(—p). (216) 


For a potential with the space reflection behavior 


Ao(x)=Ao(—x), A(x)=—A(—x), (217) 


we have the Green’s function invariance property 


yoG,(—x,—x’ ,po)vo=G, (x,x’, Po), (218) 


which implies that 


(Ap! I (po) |d’p’) - (ret P| I (po) Arefl— p’). (219) 


Here 


Urrefi—P=YoUrxp, UWrreti— P= Uy pYo (220) 


describe the reflected mode (Arsen, —p). Statements 
about cross sections derived from (219) are 


> | Cp! 7 (po) |A’p’) |? = 30 | A— pl 7 (po) |A’—p’) |? (221) 


a, A’ a, A’ 


and 


a (Ap) =a (Areti— p). (222) 


With an electrostatic field, the combination of both 
transformations (space-time reflection and charge 
conjugation) gives 


(Ap! I (po) | d’p’) = Sy I (po) | XcompP), (223) 


where the complementary (reversed-reflected) mode is 
described by 


UdcompP = Mn p¥5C, u Acomp P = (ysC) "3 ». (224) 


The basis for this designation is the remark that 


(225) 


(ii pit henaaaiiel = (i pY¥sC typ) ae 0, 


since ysC is an antisymmetrical matrix. Hence (Acomp,P) 
is the mode with the complementary polarization to 
(A,p). Indeed, the ™, can be chosen so that 


Usop=UgipYsC, Msip= —UzopysC. (226) 


We deduce from (223) the validity of the detailed 
balancing principle for the scattering of unpolarized 
particles in an electrostatic field, 


| Ap! 1 (po)|d’p’) |?= | Q’p’| 7 (po) |Ap)|?, (227) 
ALA’ AA’ 


and the fact that 


o(Ap)=a(AcompP), (228) 


which expresses the spin-independence of the total scat- 
tering cross section for an electrostatic field. 

If an electrostatic field is such that 
Ao(x)=Ao(R-x), (229) 


where the orthogonal dyadic R describes an arbitrary 
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rotation, we have the invariance property 


R 1G, (R-x, R-x’, po)R=G, (x,x’, Po) (230) 


provided the unitary matrix R satisfies 


Ry oR™=70, RyR-'=y-R. (231) 
Then 
(Ap! 7 (po)! ’p’)=(AR-p| 7 (po)! X’R-p’), (232) 
where 
UDR: p= Rix», tyr. p=tpR™ (233) 
describe the rotated mode. We have not written Ayot, 
with the understanding that the two modes of polari- 
zation are to be distinguished by the eigenvalues of 
a: p/p, which are unchanged under rotations. A rotation 
of r about the axis of p+p’ will result in R- p= p’ and 


R- p’= p, so that 


(Ap! 7 (po)|d’p’)=(ap’! 1 (po)! d’p), (234) 
which leads again to the detailed balancing principle 
(227). The result of combining (234) with (223) is 


(Ap! T (po) 'd’p’) - (Cacomp P| I (Po) Lunas}, (235) 
which includes the statement 


(Ap! 7 (po) |Ap’)=QCeompP! 1 (Po) |Acompp’). (236) 


A rotation of x about the axis of p—p’ gives 


Cp! (po)|\'p')=Q—p'| 1 (po)!\’—p), (237) 


from which we can derive the reciprocity principle 
(214). We deduce from (232) that the differential cross 
sections for unpolarized particles depend only upon the 
scattering angle, and that the total cross section is 
independent of the incident direction. Since the total 
cross section is also spin-independent, it is identical 
with the averaged cross section o(ppo). 

A determinantal formula for the individual transition 
probabilities can be obtained from (188) by placing 
*%,p=O0 for all except n,=n,’ modes where x,=1. In 
view of the fixed number of particles, this isolates the 
transition probability for the final state with occupation 
numbers m p= Xx», 


p+(n,n') = det (1—n'+StnSn’) 
=det{1—S'(1—n)Sn’]. 


(238) 


We shall apply this formula to find the probability that 
no change in state occurs, 


ps (n,n) = detl1—nS'(1—n)Sn], (239) 
which form is distinguished by the fact that diagonal 
elements of S)»,4’p do not appear, since n(1—n)=0. It 
will be noted that p,(n,n)=1 in the two extreme situ- 
ations where no mode is occupied or where every mode 
is occupied. Indeed, this probability is unchanged by 
the substitution S«+S!, n«+l—n (more generally, 
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n'«+1—n). We shall be concerned with the usual physi- 
cal situation in which there are but a finite number of 
occupied modes, or ‘almost all” modes are unoccupied. 
This results in a rapidly converging expansion for the 
logarithm of the determinant (239), 


—logp, (n,n) =X mpl Xo Strp.np: (Lv p)Sap’.ap ] 
Ap d’p’ 


+4 > 


Ap.d’p’ 


X (L— myer ge )Srrpeeanea [Py 


My ptr’ p’| DL Stap.nrep 
nip’? 
(240) 


which is dominated by 


mp! Srpnrp |? = T DL o (Ap) Sap. 
d’p’#Ap AP 

We shall examine (240) for a polarized beam of par- 
ticles that move within a solid angle 6w, which is suf- 
ficiently small to produce negligible changes in differ- 
ential cross sections, and for which the occupation 
numbers vary slowly with energy, on the scale defined 
by 1/7. Then the first term of (240) is 


(241) 


TY o' (Ap)Jxp=T f dEo'(xp)J,(E), (242) 
Ap 


where 

dEJ\(E) = Dit ap= dE Yao ny oL p?/ (29)* |dw (243) 
is the incident particle current in the energy range dE, 
and o’ (Ap) is the total scattering cross section computed 
with the omission of all transitions to initially occupied 
modes. Since the latter modes have identical polariza- 


tions and indiscernibly different directions of motion, 
we find that the second term of (240) is 


rT f dio’ Qn) AE)?, (244) 


and, indeed, the complete expansion is represented by 
—logp, (n,n) 


=— (T/2n) { ae logl 1— 2m’ (Ap)J,(E)]}. (245) 


The form of this result can be understood directly 
from (239) with the aid of the representation S»,y-»’ 
= 5x, x’Sa», Which enables one to present the determinant 
as a product of determinants associated with each 
energy, 
ps (n,n) = [Te detLbas— a doe Sact(1—m-.)s-omy]. (246) 
We should note that, according to 


> # |6r(E— E’) (dEdE’)|? 
= (T/2n)aB f ak'o(E- E')=(T/2w)dE, (247) 


the interval between adjacent energy values is 24/7. 
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Since all occupied modes of a given energy have essen- 
tially identical properties, we have 


De Sact(1—m.)Seo= (degen)! (p/2m)%o’, (248) 


and 
ps (nn) = [we det[6a,— adwanyder,'(p/2e)*o"). 


Now, all terms in the expansion of an individual deter- 
minant vanish after the second one, so that 


ps (n,n) = [Tel 1— Xoo nadwa(p/2)*o" |] 
= [[e[1—20’(Ap)J,(E) J. 


On taking the logarithm and replacing the sum by an 
integral, with the aid of (247), we arrive at (245). 

An upper limit to total cross sections is implied by 
(250). Let Aw be the solid angle associated with the 
deviation in direction of modes a and 6 for which (248) 
is not seriously in error. If every mode in this angular 
range is equally occupied, a factor in (250) is given 
approximately by 


1—n(1—n)Aw(p/2m)*o. 


(249) 


(250) 


(251) 
Since n(1—n) <}, we conclude that 
aS (4/ p”) (4r/ Aw). 


The same result is obtained from (199), in the following 
way, 


a(Ap) = (2m/p) Im(Ap| 7 (E)| Ap) 
Z Awl (m/2a) Im(Ap| I (E)|Ap) P 
(2m/p)? 
* Aw(m/2n)? 


(252) 


= (49/p*)(4r/Aw). (253) 


We see thereby that 


2a’ (Ap)J,(E) <4 > il My »(dw/Aw)<K1, (254) 


since 6w< Aw, and only a small fraction of the modes in 
éw will be occupied, under ordinary circumstances. The 
fractional difference between o(Ap) and o’(Ap) has the 
same order of magnitude. Indeed, we derive from 


o’ (Ap) =o(Ap) —[(21)*/p? |[do (Ap,Ap)/dw |J,(E), (255) 


and the estimate 


a(\p) > Awl do (Ap,Ap)/dw |, (256) 


that 
(a—o')/o S[(29)*/ p?Aw (2) 
= su Mp (dw/dw)<K1, 


We have thus justified the expression 


p(n,n) = exp| — rf dzoomsce)], 
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for the low-density beams ordinarily encountered. 
Having demonstrated the statistical independence of 
the modes under the latter conditions, we can write the 
more general formula [Eq. (241) ] 


p(n,n) =expl—T Yap o(Ap)Jap ]. (259) 


The Eigenphases 


We must still prove the equivalence of the phase 
shifts defined by means of the asymptotic form of 
eigenfunctions, with the eigenphases defined in terms 
of the eigenvalues of the matrix sqs(fo). For this 
purpose, we examine the asymptotic form of the Green’s 
function and represent it as an eigenfunction expansion. 
For x»— %0'= T>0, we have 


Gelea")~i Def dEban(x)ar(x’ )e~*#? 


rp (Xx) 
Ee(NE ~~ bo 


x| fa rv } Yr p(x’) 
Ap O/YX’ p’ (\’)E’— rey 


since the contributions of the discrete modes decrease 
exponentially with increasing distance from the localized 
field. Our concern with the limiting form as |x], 
|x’|—+00 enters decisively through the remark that 
Wrp(x) and Yy-»-(x’) are rapidly varying functions of E 
and E’, in comparison with J°yy J (por »’. Hence, 


at” ~ fo d poe -ipoT 7 


(260) 


Ge(aa")~iZy f dBbaw(x) bana 


1 (m 
af 
2r J, 


.. dak (x) 
dEdE'——— 


E— po 
ox’ (x’) 
XT a(Po) ’ 


n’ — po 


) 
d poe ~ipoT ) % 
ab 


(261) 


in which we have omitted the contribution of negative 
frequency modes, and introduced J,s(po), which refers 
entirely to modes of frequency fo, in virtue of the fact 
that the integrals 


Pak’ (x) 
————=au'*)(3), 


1 « 
- f dE’ - - 
rv, E'— EF ie 


1 sg Par’ (x) a 
- f adk’— ——= g, 
Tm E!—E¥i te 


are dominated by the immediate neighborhood of E, 
as |x|—»%. Since the po integration path encircles the 


pit)(x). 
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section of real axis from m to infinity, we get 


Gy (x,x’)~i f incur, €(Po)davo(x)dapo(x’) 


mt 
2 2 [aro (x) an( ba) boro? (x’) 


— apo (x)Ian(po) dove (x’) ]}, (263) 


which we have written in a form that is also valid for 
Xo’ —xo= T, where €(po)= —1. 
The relation 


1 
iy 4 


= 2nib(E—E’), e>+0 (264) 





— E+ -| 


shows that 
apo —dapo™ = 2idapo. (265) 
We also have 
ghapo ++ dap = 2papo? (266) 
where the definition 
1 ° — dapo = 
sore (x)=-P f ir 
T -—E 


(267) 


involves the principal part of the integral. The repre- 
sentation of dapo(x) provided by (265) is a decomposi- 
tion into divergent and convergent waves. The integral 
operations (262), applied to the plane wave e'?:* 
=exp(ip|x| cos®), yield asymptotically 


89 
~ (expC x| cosa) fap ol Ix] ¢ cos ] 


(268) 


| exp(ip|x| cos#), cos? >0 


0, cosd <0 
and 


1 
—Lespliplsl cos#) ]™ 
i 


1 Pw expLip’ |x| cosd | 


2ri 


cos? > 0 
(269) 


. 
ie exp(ip|x| cosd), cosd <0 


which shows that the phases of the waves ¢apo‘t? and 
gape increase and decrease, respectively, with in- 
creasing distance. A related statement is 


f aber 60n (x)~0, (270) 


which follows from the integral representation (262), or 
from the absence of a stationary phase point in (270). 
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The latter argument also indicates the validity of the 
statement 


f deen (a) domo (2!)~0, (271) 


for large |x| and |x’|. 
We can now bring (263) into eigenfunction form 
with the aid of the following rearrangement, 


En? Tab (Po) dopot — dapo T a»(Po)dovo™ ] 


= DY [bapo' ’ Ta» ( Po) dbvot+apol ap! (Po) Pbpo' ] 
+e(po) >, apo Tac(Po)l ev! (po) boro 
—re(po)d, dave ac( po) est (po) dopo, 


in which use has been made of (110). If we discard the 
last term of (272) on the basis of (271), we get 


(272) 


G,(x,x’) ~if dEc*®T>- €(Po)Wavo(x)Wapo(x’), (273) 


with 
Wano(x) ~ bapo (Xx) + €(Po) >» bp? (x)aT ba( po) 


1 
- a towel 5 (x)+d0> Popo? (x)Sba(Po)_], (274) 
1 


and 


Wapo(X) Sal dapo(x)+ € (po)d-» WT ap! (Po)pbpo‘ a (x) 


=Wapo(x)*yo. (275) 


These eigenfunctions correspond to the stationary state 
viewpoint of scattering. In particular, the matrix 
Sav(Po) appears as the one-particle scattering matrix 
that relates radially diverging waves to converging 
waves. 

The introduction of the eigenfunctions $4 po replaces 
(273) and (274) with 


G, (x,x") ~if dEe#T be €(Po)Wvo(x)Papo(x’), (276) 


and 


WApo(X) (x) + pape )(x)e?44 (ro) | 


1 
~ {4 p0' 
2 


= eg A(po) 


1 
[ Papo! +) (x)e4 (ro) 
2i 


— papo' (x)e ba(pe)), (277) 


where the functions @4po‘*? are obtained from qdapo‘*? 
by means of 


Da po' * (x) = a papo' (x) (a } A )po, (278) 


which implies an integration with respect to propagation 
direction. The asymptotic behavior of these integrals 
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will be determined by the stationary phase point in 
angle, d=0, w (Eqs. (268), (269) ]. Hence the asymp- 
totic expressions for @4po‘*’ (x) contain radial functions 
of the form |x|~! expl+i(p|x|+°)]. The resulting 
asymptotic expressions for 4 po(x) involve trigonometric 
functions of p|x|+¢°+64(po), which establishes the 
equivalence of the two definitions, 


54 (Po) =5yz. (279) 


It may be noted that the differential cross section, 
total cross section, and averaged total cross section, 
have the following expressions in terms of eigenphases, 
da(dp,r' p’)/dw = (1/ p?) | 354 Ap! A) eit(708 4 (ro) 

X sind, (po) (A |d’p’) |? (280) 
a(A\p)= (4r P)d A sin*64 (po) | (A Ap) (3, 


and 


a(po)= (29 Pd sin’6, (po), (281) 


in which we have written 
(a A )po (dw 4r)' (Ap! A Fe (282) 
so that 


_ pede 
Ef (A|\p) (Ap! B) = dan. (283) 


4nr 


We also want to remark upon the construction of the 
phases from the elements of the diagonal matrix /44(po), 


J (4 dx?) 6.00( 3) poonno(X 
ban(1 We (po)e® 4(p0) sind, (po), (284) 


which involves the awkward feature of evaluating a 
complex function of a single real parameter. We can 
avoid this difficulty by returning to the definition 


I (po) =eyA[1—G,"(poevA J", (285) 
and writing 
G4°( po) = G°( po) + 4. G4" (po) —G_"(po) J, 
where the Green’s function 
G? (po) = 4G," (Po) +G_ (po) J 
is self-adjoint. Now 


SCG 4° (po) —G_°(po) JI (po)} 
x 1- Gi" (po)ev. 1 J, 


1—G,"(poeyA = {1 


in which the self-adjoint matrix 


I (po) =eyA[1—G(poevyA |" (289) 


is constructed from G® in the same way that /(po) 
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involves G,°. Therefore, 
I (po) sg I(po){ {- LG," (po) —G_(po) JU (po)} 
={1-— I (po) G4" (po) —G (po) }~"1 (po), 


(290) 


or, equivalently, 
T (po) —1 (po) =I (po) $l G4" (po) —G_° (po) JI (po) 
= I(po)4G4°( po) —G_°( po) | (po). 


The matrix of I(po), referring to modes of frequency 
po, is Hermitian, 


(291) 


1.5 (Po) a fn (dx’) bapo(x) 1 (x,x’ , po)dbpo (x’) 


aaa L,.* (po), (292) 


and is related to J4(po) by 
| (po) aa 1.-(Po) = rie( Po) >» Ta»(po) Ine (po) 
=mie( Po)» Lan(po)lve( po), 


according to (108) and (291). On introducing the 
common eigenfunctions of these matrices, we get the 
eigenvalue relation 


(294) 
(295) 


I 4 (po) — 1a (po) = wie( po) La (po) La (po), 
I (po) = (po) [1 —mie( po) La (po) F', 
from which we obtain 
$a (Po) = 1+ 2wie( pola (po) 
1+-mie(po) 1, (po) 


= er A(po) 


= (296) 
1 —ie(po)l 1 (po) 


The real numbers [,(o) are thus connected with the 
eigenphases by 
I, (po)= (1 m)e( po) tand 4 (po). (297) 


By appropriately modifying (67) and (71), we get 
the following equation for the construction of the 
eigenphases, 


ban(l 1 )€( Po) tand, (po) 


1 1 
= > (—e)” J (dx)-+- Gx 
D’’ (po) n! 


tr} [fA (x,) J det engi)” 
i=l 


0, 4 po(X;)) | 
| 1 


A (298) 
PBpo (Xi), G" (x,,x;,Po) | 


where 


1 
D” (po) =1+D.(—e)" f@x: ++ (dx,) 


n! 


Xtr 


[ILA (x,) ] det ¢n)"G(x;,x,, po) . (299) 
at 
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It should be realized that the eigenfunctions ¢4 po are 
dependent upon the strength of the potential, in 
general, since they are defined by the requirement that 
(298) shall be a diagonal matrix, for a given potential. 
Further simplification is possible when this is not true, 
by virtue of the complete determination of the eigen- 
functions from the symmetry properties of the potential. 
The familiar illustration is the angular momentum 
classification for a spherically symmetric scalar poten- 
tial. Under these conditions, the Green’s function 
G°(x,x’,po) is composed additively of terms G4°(x,x’ po) 
that only contain free particle modes of type A, and the 
determinant D’’(po) corresponding decomposes into a 
product of determinants, each referring entirely to a 
particular type of mode. In the expression (298) for the 
A diagonal element, all contributions of modes other 
than A will cancel, therefore, and G® can be replaced 
by G,° in (298) and (299). 

The necessity for using modified determinants stems 
from the singularity of G°(x,x’,po) at x= x’. As one can 
verify for the example of the isotopic scalar potential, 
this singularity is attributable to the divergence of the 
A summation; each G,4°(x,x,po) is finite, except at the 
origin. Hence, one need not use modified determinants 
in the version of (298) and (299) that employs 
G4°(x,x’,po). The criterion for the existence of each 
unmodified determinant is found to be the finiteness of 
JSo*d|x||eAo|, in the above example. Thus, the indi- 
vidual phases exist for arbitrary magnitude of a poten- 
tial that is not as singular as |x|~!, and that vanishes at 
infinity more rapidly than |x|*'. The latter is less 
stringent then the condition for the existence of D’’ (po) 


The High-Energy Limit 


Finally, we shall give the simple high-energy limiting 
forms of the differential and total] cross sections, for an 
isotopic scalar potential, Ao(r). If R, the effective range 
of the potential, is sufficiently great, as measured by 

pR>1, (300) 


large values of the orbital angular momentum / are 
important. Then the precise coupling of orbital and 
spin angular momentum is not significant and the 
quantum numbers A, specifying the various types of 
modes, may be chosen as /m\. The determinant referring 
to modes of given angular momentum, D, (/m)po), can 
be constructed for sufficiently high energy by the 
analog of the classical approximation for D,’’(po). On 
remarking that p’~~p/’+//r’, it will be seen that 


logD, (!m) po) 
drdp, 

~f Oe -{logl p2+ (?/r*)+-m*—(po—eAo(r))*] 

Tv 


_ log p- 24 (P /1*)+m*— po? }} 


--if dr{[(po—eAo(r))?— (2/1) — m?} 


—[p?—(P/r*)—m*}'}. (301) 


LLDS: Vi 


As a check, we verify that® 

logD,.”’ (po) is i 

=> logD,” imdpu)~2 f aiau(—i) f dr 
0 0 


imd 


o | 
XE —L—eAo(r) ]"(8/d po) "(poe (P/r?)— m"}! 


n=3n! 
i s 3 
aia f 4artdr 5 —[—eAo(r) 
3n Yo n=3n! 


X (0/dpo)"(po?—m*)', (302) 


in agreement with (135). Hence 


5: (po) =—Im logD, (lm po) 


ns f dr{(Cpo—eAo(r) P— (P/r*)—m?)! 


(P/r*)—m?}'}, (303) 
where the radial integration is extended only over the 
region where the individual square roots are real. For / 
not equal to zero (which is effectively ensured by the 
more precise statement, p?—~p,?+ (J+ })*/r*) the second 
integral in (303) is restricted to values of r greater 
than //p. There is also a smallest nonzero value of r in 
the first integral for any strength of potential, provided 
the latter is not so singular as 1/r. 
Now let the energy be so great that 


—(Lp?— 


pu>|eAo(r~1/p)|, (304) 
where 
v= p/| pol, (305) 


and r~1/p indicates tne smallest distance that occurs 
in (303). Then one can approximate (303) by 


6 =~ 30 dr 
(Po) wf a (p—P/r)) 


~-vslias -f apt =80), (306) 


in which 


p=l/p. (307) 


* It should be remarked that, in this approximation 


£ dpo logD ,”’ (lmdpo) 


=—i z 
n=a 1 


+f dr( (—edo(r))* dpo(a/apo)™ 


X (po? — (P/r*) —m* }=0, 


as required by gauge invariance, whereas (135) yields a finite 
gauge dependent result. This suggests that difficulties in main- 
taining gauge invariance will be avoided in the expression for 
E(0), Eq. (153), if the energy integration is performed prior to 
the + summation. 
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The condition (304) can be satisfied for arbitrary 
strength of a potential that is not so singular as 1/r. 
Thus, let |eAo(r)|~Ar~"”. Then (304) reads 


p'o>r, (308) 
and the left side can indeed be made arbitrarily large, 
provided B>0. If we write r= (p*+-z*)!, (306) assumes 
the form 


2] 


5(p) = —e(po) (1, 2) f dzeA of (p?+2*)'], (309) 


an 


which corresponds to the picture of a particle moving 
along a classically describable trajectory that approxi- 
mates to a straight line. At the limit of infinite energy, 
for arbitrary fixed /, the eigenphases have the universal, 
nonvanishing® value 


51(po)- «(po f dreA g(r). (310) 


0 


In the requirement that this quantity be finite, we 
recognize the previously stated criterion for the exist- 
ence of the individual eigenphases. 

The transformation function satisfying the nor- 
malization condition (283) is, evidently, 


(Ap| lm") =dyx- (4ar)*V im (p), (311) 


so that, according to (280) and (281), 


da(Ap,d' p’)/dw~ dyn (1/p?) 


x [>> (21 +1) P )(cosd) et (P08 (ro) sind; (po) |?, (312) 


and 

a(po)~ (4x/p”)>- (214-1) sin*d ;(po). (313) 
On replacing the summations by integrals with respect 
to /= pp, and using the limiting form of P;(cosd) for 
small angles, Jo(43), (which can be obtained by com- 
paring the respective differential equations) we get" 


do (Ap,\’ p’) /dw ~by 4p’ 


x| f pdpJ o(pdp)e**) sind(p)| , 


0 


(314) 


o(po)~ ar f pdp sin*5(p). (315) 


0 


In order that the total cross section exist, 5(p) must 
approach zero with increasing p more rapidly than 1/p, 


* This has been noticed by G. Parzen, Phys. Rev. 80, 261 (1950). 

Similar results have previously been derived by G. Moliere, 
Z. Naturforsch. 2a, 133 (1947) and R. J. Glauber, Phys. Rev. 91, 
459 (1953). 
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which requires that eAo(r) vanish more rapidly than 
1/r?, in agreement with the previously obtained con- 
dition for the effective localization of the field. We 
should also note that o has a nonzero limit for infinite 
energy. 

The magnitude of 5(p) for p<R is roughly indicated by 


5(p)~(|eAo| / pr) (pR), (316) 


of which the first factor is small and the second large. 
Depending upon the relation between these quantities, 
the eigenphases can assume arbitrary values. Should the 
maximum value of 6(p) be small compared with unity, 
the angular distribution deduced from (314) will be 
essentially determined by the oscillatory character of 
the Bessel function, and thus is confined to the angular 
interval measured by 


5y~1/pRK1. (317) 


The situation is different (and constitutes the clas- 
sical limit) when 6(p) attains values that are large com- 
pared with unity. We shall now designate as R, the 
range of the potential, the distance at which 6(p) has 
decreased from large values for p< to values less than 
unity for p>R. If we neglect the contribution of dis- 
tances greater than R, we can write (314) and (315) 
as (A=)’) 


2 


do R . 
—~ P| f pdpJo(papevioono— f nino.) 
dw 0 0 

(318) 


and 

o~ 2a R?, (319) 
in which we have used the average value of sin*6(p). 
The major contribution to the first integral in (318) 
occurs in the neighborhood of the point of stationary 
phase (assuming pdp>>1), which is given by 


pd = 2| (d/dp)i(p) | = (1/v) f dz(0/dp)eAo|. (320) 


—o | 
This is just the high-energy approximation to the clas- 
sical connection between impact parameter and angle 
of deflection. In“order to satisfy the condition pdp>>1, 
we must restrict p to such values that 


f dzp(0/dp)eAo|~(p/R)é(p) >1. (321) 


— 


(1/0) 


Only a small fraction of the range 0<p<R will be 
excluded if 6(p) is sufficiently large. We also note that 
the magnitude of the angles obtained from (320) is 
given by 

d.~ |eAo|/pv<l, (322) 


whereas the second term of (318) is effectively confined 
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to angles of the order )y~1/pR. But 


3./3,~ (|eAo| / pr) (pR)~5(p), (323) 
which is large compared with unity for p<R. On per- 
forming the integrations in (318) and neglecting the 
interference between the two essentially nonoverlapping 
angular distributions, we get 


da/dw= (pdp/ ddd) .+ RJ i(pRd)/3P, (324) 
in which the first term is the classically computed dif- 
ferential cross section, and the second represents the 
familiar shadow scattering. Both parts contribute rR? 
to the total cross section, in agreement with (319). 
Indeed the neglect of the interference between classical 
and shadow scattering corresponds precisely to the 
approximation 4 sin’6= | e?*—1/*~1+1. 

Other derivations can be given for the limiting forms 
of the cross sections (314) and (315). In particular, one 
can avoid explicit reference to eigenphases by a direct 
construction of the Green’s function from its defining 
differential equation, in high-energy approximation. If 
we write 

(dp) 
Ga (xx'spo)= f ———¢e'P} (s-2")9. (x, p), 


(23)* 


(325) 


the Green’s function differential equation reads 


[ypt+m—ix:0+70eA o(x) lg (x,p)=1, (326) 


and multiplication with m—yp converts this into 


[p+ m?—2ip- 9+ 2poeAo 


+ (—iy- 0 +0eAo)(yp+m) lg*(x,p)=m—yp. (327) 


For zero potential, g,(x,p) is independent of x, 


Ao=0: gy(x,p)=(m—vp)/(p? +m"), (328) 


and has a singularity at p’+m’=0, being the eigenvalue 
equation for free particles. Since the factor yp+m 
removes this singularity, it will be clear that the high- 
energy approximation is the replacement of (327) with 
the simplified equation 

[p?-+m?—2ip: ¥+2preAo(x) ley (x,p)=m—vyp. (329) 


With p directed along the z axis, the solution of this 
differential equation is 


g+(x,p) = (m—vyp) (i/2| po! v) 


xf dz! exp| — i/2| pul 


x 


xf de" (p+ m+ 2p) | (330) 


FIELDS. VI 1383 
in which the choice cf — © for the lower limit of inte- 
gration stems from the requirement that G, be regula 

in the lower m half-plane, since this demands that s—2’ 
never be negative for arbitrary z. For Ao=0, the inte- 
grations can be performed and we regain (328). As 
p?+m*—0, the major contribution to (330) comes from 
large negative values of 2’, and 


m—yp : “ 
g+(x,p)—— exp —ie(pe)(t/e) f dz’eAy|, (331) 
p?+m* ~« 
which quantity has constant limiting values for |z| >R, 


— er (0), 


(332) 
s>R. 


A notation analogous to (325), namely 


I (x,x’, Po) f= ip: (a2) (x, p) 
x,x Po) = ——~-e' +(x-E 4 x, ’ 
(2r)* 


(333) 


enables us to write [(po)G4°(po) = eyAG, (po) as 


i(x,p) = —yoeAo(x)g,(x,p) (yp+m) 
=0(1/2po) (p?-+m*— 2ip- ¥)[g+(x,p) 
X (yp+m)—1]—>— ive (po)v(A/d2) 


X(e+(x,p)(vp+m)—1], (334) 


where the latter form corresponds to p+ m’*—0. On 
using the reflection property (219), we can replace (194) 
with 


(Ap|Z (po) |\’p’) 


= f (dx) devin ‘P87 (x,x’, Do) Uy: pre’ 


= f (ane “HPP Maj 04 (X, "by p’, (335) 


and by remarking that the longitudinal factor of 


e~'(p-P’)-® varies relatively little in a distance ~R, for 
sufficiently small scattering angles, evaluate (335) as 


(Ap| I (po) |d’p’) 


- ib (por/m) f (de) exp -i(p- p’) 9 (24) —1) 


=dyetre(po)(/m) f pdpJy(pdp)e*” sind(p). (336) 
0 


Here o is the transverse (to p’) component of x, and 
the axial symmetry of 6(p) has been invoked for the 
second form of (336). It is worth noticing that this 
approximation is consistent with the general property 
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[Eq. (110) ] 
(Ap| 1 (po) |d’p’)— (Ap| I (po) |d’p’) 
= 2wie(po) Din” f (Ap| J (po) IN’p")— a 
E” (2n)* 
«5(E" — E) (np! | 1 (po) |d’p’) 
~itm/ Del Ea~ f Olt 9 1X9") ee 
(2x)? 


x (Xp |T(po)|d’p’), (337) 
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in the latter, small angle scattering version. One easily 
verifies, using the first form of (336), that either side of 
(337) yields 


i hi(p/m)e( po) f (ae) 


Xexpl—i(p—p’)-e] sin’é(p). (338) 

The differential and total cross sections, computed 
from (336) according to Eqs. (198)-(201), are identical 
with (314) and (315). 
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V Particles and the Gamma Decay of a Neutral Pion 
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It is shown that the previous theoretical calculations of the lifetime for the gamma decay of the x® meson 
must be subject to an obvious modification because of the presence of new particles recently discovered 
experimentally. This may be regarded as an example of the fact that, in some cases, the meson-nucleon 
system cannot be treated as being isolated from the rest of the elementary particles. We cannot give an 
accurate numerical prediction for the lifetime until sufficient knowledge about the new particles is accumu- 
lated. Some features of Pais’ theory of the V particles are discussed in connection with this problem. 


HE purpose of this note is to point out that 

meson theory has to be examined seriously not 
only with respect to the mathematical aspects of 
describing various processes, but also in the light of 
the new situation that many elementary particles have 
recently been discovered in nature. We shall illustrate 
how greatly the results of the ordinary meson theory 
will be modified by the presence of various particles 
by taking the gamma decay of a neutral pion as an 
example. 

It is well known that a ° meson decays into two 
photons, the lifetime being of the order of 5X10~" 
sec.' Phenomenologically this process can be treated by 
introducing into the photon-pion system an interaction 
Hamiltonian which is linear in the pion operator and 
quadratic in the photon operators. In view of the strong 
interaction of the pion with the nucleon field, however, 
many authors have attempted to explain this process 
as one in which the r° meson creates a virtual proton- 
antiproton pair which are annihilated together to emit 
two gamma quanta.” In the case of a pseudoscalar 7° 
coupled to the nucleon field by pseudoscalar inter- 
action, for instance, the lifetime for the gamma decay 


1B. M. Anand, Proc. Roy. Soc. (London) A220, 183 (1953). 
Previous estimates of the lifetime of the neutral pion are sum- 
marized in this paper. 

2S. Sakata and Y. Tanikawa, Phys. Rev. 57, 548 (1940); 
R. J. Finkelstein, Phys. Rev. 72, 415 (1947); J. Steinberger, Phys. 
Rev. 76, 1180 (1949); H. Fukuda and Y. Miyamoto, Progr. 
Theoret. Phys. Japan 4, 347 (1949). 


calculated by the lowest order perturbation theory is 


given by 

Pe “(<) 

t 16m? 4ric h \M 
where a is the fine structure constant, g is the strength 
of coupling of pion and nucleon fields, and » and M 


are the masses of the w° meson and nucleon, respec- 
tively. Comparing (1) with experiment, one finds that 


(2) 


This is much smaller than the value g*/4rhc2>10 
deduced from the theory of other processes such as the 
photonic and nucleonic production of mesons. Other 
assumptions about the interaction also lead to similar 
conclusions, 

Of course, one can enumerate several possible 
reasons for such discrepancy. First, it may be owing 
to the general failure of perturbation calculation in 
meson problems that one finds different effective 
coupling constants for different processes. The apparent 
smallness of the coupling constant (2), though it 
seems to favor the use of perturbation method for this 
case, might simply be a result of misuse of the theory, 
and higher-order corrections to (1) may lead to a quite 
different result. Secondly, it may happen that the 
nucleon cannot be described by the Dirac equation or 
similar ones. This may be related to the question of 


(1) 


, g’/4rhc = 0.14. 
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the existence of the antinucleon and cannot be answered 
at present. 

Until lately, this was almost the only picture of the 
w°—2y decay process and the above two points were 
thought to be the only ones which needed to be 
examined. This would be correct if there were no other 
particles than nucleons that interact strongly with 
a pion. It is now known, however, that this is not the 
case since there are actually several such particles 
among a variety of elementary particles discovered in 
recent years. Insofar as one treats the problem on the 
basis of the present theory of quantized fields, there is 
no reason to restrict oneself to the former picture and 
one has rather to take account of the effects of all 
particles in the decay process. Contributions to the 
decay matrix element from various channels will be of 
the same order of magnitude provided their couplings 
with a pion, as well as their masses, are comparable. 
This means that the lifetime of the r® meson given by 
(1) might be modified by a nontrivial factor due to the 
presence of several particles which interact strongly 
with a pion. Namely, (1) may not give a correct 
lifetime even if perturbation theory is applicable to this 
case.’ It may thus be concluded that paying attention 
to such particles might be as important as the other 
two points in understanding the meson-theoretical 
aspect of the gamma decay of the x° meson. 

Actually, our present knowledge about the ele- 
mentary particles is far from satisfactory and thus we 
cannot go beyond a mere guess. It would nevertheless 
be instructive to estimate the lifetime of 2°—2y 
decay by taking only the proton and the V* particle 
into account.‘ If we assume that the coupling constant 
of a V* particle with a pion is the same as that of the 
pion-nucleon interaction, the lifetime of the +° meson 


is given by 
es 
~+—), (3) 
M M' 


‘It may be interesting to point out that the gamma decay of 
the *° meson is one of the rare events in which the presence of 
various particles in the intermediate states may possibly have a 
large influence on the over-all results. In most cases, such effects 
appear only as small corrections or unobservable quantities. 

*One may be allowed to assume that neutral particles do not 
give major contributions to the lifetime of the x® meson. The 
existence of a positively charged V particle heavier than a nucleon 
is reported by York, Leighton, and Bjornerud, Phys. Rev. 90, 
167 (1953). 


1 2 


r, 168? 4ehc h, 
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where M’ is the mass of the V* particle; the + or — 
sign corresponds to the case where the matrix elements 
for these two processes are of the same or opposite 
signs. Adopting M’~2200m,, one finds from (3) and 
the observed lifetime that 


g/4rhc=0.04, (4) 


g/ArhcwS, (5) 


for the two cases, respectively. The large difference in 
the coupling constants determined by (1) and (3) 
indicates that ignorance of the existence of several 
channels may eventually lead to a meaningless result 
in such problems. The coupling constant (5) is much 
more consistent than (2) with the values determined 
by other processes. This is not to be taken too seriously, 
however, since such a picture may not be realistic and 
the perturbation theory may not give a reliable lowest- 
order approximation for such a large couple constant. 

It may be interesting to notice that the theory 
recently proposed by Pais® gives matrix elements of 
different sign for the proton and the V* particle and 
thus leads to (5). If one takes account of all excited 
states predicted by his theory, however, the matrix 
element for the gamma decay of the r° meson is found 
to be badly divergent in spite of the partial cancellation 
among various intermediate states. It is seen that this 
is due to the large degeneracy with respect to the charge 
in the highly excited states. In other words, this is a 
divergence coming from the freedom in the w space for 
which no method of disposal has yet been obtained.® 
If it is found in future that this divergence is un- 
renormalizable in any sense, it might suggest to us the 
necessity of departing from the theories which admit 
too many excited states or modifying some of the basic 
parts of the present formulation of field theories. 

The author would like to express his gratitude to 
Professor R. Oppenheimer for his kind hospitality at 
the Institute for Advanced Study and for the stimu- 
lating interest which he has taken in this work. He is 
also very indebted to Professor A. Pais for many 
valuable discussions. 


5 A. Pais, Physica 19, 869 (1953). 
6 A. Pais, Progr. Theoret. Phys. Japan 10, 457 (1953). 
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Observation of Exchange Interaction Effects in 
Ferromagnetics by Spin Wave Resonance* 
G. T. Rapo ano J. R. WeeRTMAN 


Naval Research Laboratory, Washington, D. C. 
(Received April 5, 1954) 


O previous experiments at any temperature have revealed 
exchange interaction effects in ferromagnetic resonance, 
and semitheoretical estimates' have indicated that at room tem- 
perature the fractional “exchange shift,” SH/H, of the static 
resonance field is too small to be observable. The “spin wave 
resonance” experiments reported herein show, however, that an 
easily measurable AH/H (~20 or 30 percent) can be obtained 
at room temperature if appropriate experimental conditions are 
established. Our experiments also include an actual measurement 
of the important exchange factor (or “exchange stiffness con- 
stant”) A, and show that in the present case both the width and 
shape of the absorption and dispersion curves can be described by 
using not the usual phenomenological damping terms (of the 
Landau and Lifschitz, or Bloch, type) but rather the physical 
mechanism of exchange stiffness in the skin depth of a ferro- 
magnetic metal. Thus the energy losses near resonance are, in 
this case, almost exclusively due to eddy current dissipation. 
The ideas underlying our experiments are the following. We 
increase AH/H by making the resonance field H rather small 
(~10* oersteds) and AH reasonably large, the latter being ac- 
complished by producing a fairly small skin depth 6. Because of 
the relatively low frequency necessitated by the small H, a small 
5 requires a very large u2(~10*) at resonance. We obtain a reso- 
nance despite the small , and achieve a very large yw, by bringing 
about in our present polycrystals a magnetocrystalline anisot- 
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ropy, K, of about zero; in monocrystals, however, a small K (+0) 
should be usable. 

We used a long, electropolished rod of a 66 percent nickel-34 
percent iron alloy (by weight) which had been slowly cooled 
(at ~60°C/hr) to obtain? K=O, then covered with gold foil 
except near the center, and mounted in a strain-free manner as 
the inner conductor in a (half wave or full wave) coaxial cavity. 
Using an improved version of a pulse method,’ supplemented by 
the axial static H which is normal to the microwave field, we 
measured the complex “equivalent isotropic permeability,” 
Mequ™ #1 —ipue, as a function of H. 

In Fig. 1 the measured results for 3000 Mc/sec, corrected for 
static demagnetization,‘ are shown by the points on the solid 
lines, and the calculated results, based on the reasonable con- 
stants g=2.42 and A=3.17X10~ erg/cm, are shown by dashed 
lines. These calculations, by Ament and Rado, required a com- 
bined solution of the precession equation [including the spin- 
wave, or exchange, term (2A/M?)MXV?M] and Maxwell’s 
equations, because the perturbation approach! is not valid in our 
case and does not yield the line shape. The agreement between 
the data and the exchange effect calculations is seen to be good, 
particularly when one considers that neither the characteristic 
asymmetries of the uw: and uw curves, nor their width for a given 
height, could have been represented by means of the phenomeno- 
logical Landau-Lifshitz damping. Furthermore, even though the 
samples are not quite saturated for small H (<15 oersteds), the 
unprecedented negative values of 42 obtained both experimentally 
(dotted lines) and theoretically (not shown) over part of that 
range do not violate thermodynamics but constitute, in fact, 
evidence of exchange effects. Since in the presence of exchange 
effects equ is not an induction/field ratio but a measure of the 
surface impedance, yu? can be negative and only the attenuations 
must be (and are) positive. 

We obtained similar line width and line shape agreement with 
the exchange stiffness picture at 6000 Mc/sec. Here we found 
Mequ™1 for H=0, and a g value only slightly above 2. However, 
within the present experimental error of A (+30 percent), A is the 
same at 6000 as at 3000 Mc/sec. These and other matters (e.g., 
the determination of A from the Bloch T! law) are discussed by 
us elsewhere.® 

* Presented at the Detroit meeting of the American Physical Society, 
March 18, 1954 [Bull. Am. Phys. Soc. 29, No. 3, 13 (1954) ]. 

1C, Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 

2R. M. Bozorth and J. G. Walker, Phys. Rev. 89, 624 (1953). 

3M. H. Johnson and G. T. Rado, Phys. Rev. 75, 841 (1949); the pulsing 
method described in this reference was used in the present work to es- 
tablish a reference point (uequ =1) for the Q and frequency shift measure- 
ments by saturating the rod parallel to the microwave field. 

*R. M. Bozorth and D. M. Chapin, J. Appl. Phys. 13, 320 (1942). 

5 W. S. Ament and G. T. Rado, Bull. Am. Phys. Soc. 29, No. 3, 13 (1954). 


Also, paper in preparation. > ; 
6G. T. Rado and J. R. Weertman (paper in preparation). 


Bound States in Dislocations 


RoiF LANDAUER 


Research Department, International Business Machines Cor poration, 
Poughkeepsie, New York 


(Received April 2, 1954) 


HOCKLEY’ has pointed out that an edge dislocation in ger- 
manium may give rise to acceptor levels, and recent measure- 
ments? support this prediction. Dislocations may, however, have 
other effects in semiconductors, in addition to providing Shock- 
ley’s “dangling” levels. Dislocations can affect the distribution of 
impurities.’ Furthermore, edge dislocations are accompanied by 
lattice dilations and contractions, which in turn cause the top of 
the valence band and the bottom of the conduction band to be 
displaced from their normal positions. We have therefore at- 
tempted to estimate the trapping energy associated with the 
elastic distortions. In the case of a semiconductor in which a 
volume change causes the bottom of the conduction band and the 
top of the valence band to move in opposite directions, these 
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elastic distortions will provide traps for holes and electrons which 
coincide spatially, and therefore may influence recombination 
processes and exciton motion. 

In the case of both metals‘ and semiconductors® the potentials 
involved are of the form —A sin@/r, where 6 is the angle with the 
slip plane and r is the distance from the dislocation axis. It can 
be shown that this two-dimensional dipole potential distribution 
contains an infinite number of bound states. This, however, is 
true only if the dislocation field is really infinite in extent. To get 
more realistic information we have applied the variational method 
to this problem. The minimum value of 


" ‘( My v Wade 
S¥(-y2"+ 

was found, for a trial function to be described, and for V= —A 
Xsiné/r. The integration here is over the two-dimensional plane 
perpendicular to the dislocation. The trial function we have used 
is (2/m)4a exp(—a*s*), where s is the distance from a line parallel 
to the dislocation axis. This second line is taken to be at @=/2 
and at a distance d from the dislocation axis. The undetermined 
parameters are a and d. The integrals that have to be evaluated 
in this variational procedure can be made trivial by applications 
of Green’s theorem. The minimum expectation value of the en- 
ergy occurs when 


d=1.76h?/Am*, 
The energy at this minimum is 
—0.204m* A*/h?. 


These results are illustrated in Fig. 1. 

For a given value of m*, as the binding strength A is increased, 
the state becomes more strongly localized, and the binding energy 
increases more rapidly than A. In the case of a semiconductor, 
the equation for A has been given by Dexter and Seitz,® based on 
the theory of deformation potentials,* which neglects all the more 
recently suggested complications in the germanium band struc- 
ture. To represent electrons in germanium we have used \=4.0 
X10-§ cm, (1—2v)/(1—v)=4 and an effective mass of } the 
electronic mass. E; was taken to be 2 ev. These values give a 
bound state 3X 10~ ev below the bottom of the conduction band 
and centered at a distance d=8X10~' cm from the dislocation 
axis. In view of the uncertainty of the relevant constants these 
numerical results do not have much significance. For all reason- 
able combinations of the relevant constants we do find that the 
state is sufficiently localized (within 10~° cm) so that it is within 
the field of a single dislocation, at the densities of dislocations 
which might be expected in semiconductors. Furthermore, the 
state is always sufficiently spread out so that it is not likely to be 
just a consequence of the fictitious singularity at the origin. 

The method of deformation potentials as used by Dexter and 
Seitz takes into account how the band edges are displaced in the 
absence of holes and electrons. If holes or electrons are present, 
the carriers can redistribute themselves, and thereby screen the 
deformation potential. If we are well within a Debye length of the 
dislocation axis, then the method of deformation potentials, which 
predicts a band edge shift of EA, is justified. Since the Debye 
length (ekT/4nne*)!, for 1-ohm cm germanium is 10~° cm and 
larger for purer material, our lowest state is well within this range 
for all reasonable purities. 

Since the bound states can presumably have momentum along 
the dislocation axis, we cannot expect to find discrete states. If 
the edge dislocations are parts of sharply curved rings, the two- 
dimensional picture we have given breaks down completely, and 
there may be no bound states. In this discussion it has also been 
assumed that there are no extra “dangling” electrons to give a 
repulsive Coulomb field. 

In the case of metals, bound states are implicitly assumed in 
the argument leading to the potential —A sin@/r. Using the 
constants from earlier calculations,‘ we find that in Cu the lowest 
of these states is at an energy of 0.016 ev below the bottom of the 


a=0.451A m* /h?. 
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Fic. 1. Variation of the best trial wave function for the lowest state in a 
potential —A sin@/r. The vertical axis y measures the distance perpendicu 
lar to slip plane; the horizontal axis x measures the distance in the direc 
tion of the slip vector. The dislocation axis is taken to be at (0,0) and per- 
pendicular to the plane of the paper. The values given for ¥* are not nor- 
malized; they must be multiplied by 2a?/e to normalize them. The solid 
circles are equipotentials. The integral values with which they are labeled 
give relative potential values. These values must be multiplied by 1.25aA 
to give actual potential values, 


conduction band in the undeformed metal. The wave function is 
centered at a distance d=1.4X10~ cm from the dislocation axis. 
The corrugations in the bottom of the conduction band arising 
from dislocations may reduce the number of electrons which are 
free to move as conduction electrons. To estimate this total 
number of trapped electrons we shall try to find the number of 
bound levels in our potential —A siné/r. For lack of a better 
method we have used the Fermi-Thomas approximation (which 
has already been used implicitly in deriving the potential 
—A siné/r in the metallic case). This tells us that there are 
1.41aR bound states in the two-dimensional potential, — A sin@/r, 
between r=0 and r=R. For a heavily cold-worked metal we can 
take rR?=10~" cm? which gives about four bound states per 
dislocation in heavily cold-worked Cu. This does not take into 
account that each of these states in the two-dimensional potential 
can also have momentum along the dislocation axis. If we assume 
that the n electrons per cc in the occupied part of the conduction 
band have spatial wave functions which can be factored into 
one-dimensional wave functions, then there will be (3n/)! dif 
ferent possible one-dimensional wave functions per unit length 
within the energy range occupied in the conduction band. For 
heavily cold-worked Cu this means that about 1 out of 500 elec- 
trons is confined to motion along the dislocation axis. The presence 
of jogs, solute atoms, and vacancies near the dislocation axis may 
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well prevent even this remaining degree of freedom from con- 
tributing to the conductivity. Wiener and Groetzinger’? have 
found that heavily cold-worked Cu has a Hall coefficient about 1 
percent higher than the annealed metal which implies that the 
number of carriers has decreased. While the exact contributions 
of the electrons trapped near the dislocation to the conductivity 
and the Hall effect involve complicated unsolved questions, the 
localization of § of 1 percent of the electrons can hardly account 
for a 1 percent change in the Hall effect. It is possible, however, 
that the discrepancy is due to the crudeness of our remaining 
approximations. 
1W. Shockley, Phys. Rev. 91, 228 (1953). 


2 Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954). 
4A. H. tees Strength of Solids (The Physical Society, London, 


ae) 

kD Dexter, Phys. Rev. 85, 936 (1952). A more elaborate discussion 
of y metallic case, which takes into account explicitly not only changes 
in electron density but also mae changes in band qrecure resulting from 
dilations, has been given by S. Hunter and F, abarro, Proc. Roy. 
Soc, (London) A220, 542 (1953). ‘Goan 8 values are whe in our calculations. 

D, L. Dexter and F. Seitz, Phys. Rev. 86, 964 (1952). Undefined sym- 

bole that we have used in this letter are in accordance with the definitions 
of Dexter and Seitz. 

. Bardeen and W. Shockley, Phys. Rev. 80, 72 (19. 

. Wiener and G. Groetzinger, J. Appl. Phys. 23, wat %1952). 


Orientation of Nuclei by Saturation of 
Paramagnetic Resonance 
J. Korrinca 


The Ohio State University, Columbus, Ohio 
(Received March 25, 1954) 


HE orientation of metallic nuclei by saturation of the elec- 
tron resonance in a magnetic field, predicted by Over- 
hauser,' has its counterpart in paramagnetic substances. In the 
case of metals the essential points are: (1) one of the processes 
contributing to the electron relaxation is the coupling with the 
nucleus, which conserves the total spin vector; (2) this coupling 
is the predominant one in the nuclear relaxation; (3) the energy 
in such a process can be conserved because the states of the con- 
duction electrons form a continuum; (4) in the saturated situa- 
tion, the Pauli principle provides electron transitions with de- 
crease of magnetic energy with a larger a priori probability than 
the inverse transitions. 

We wish to point out here that the conditions prevailing in 
paramagnetic salts in which the nuclei of the paramagnetic ion 
have a spin, are such that requirements equivalent to those men- 
tioned above are satisfied: (1) through the coupling a(@-I) be- 
tween the electronic spin @ and the nuclear spin I, the nuclear 
and electronic systems can exchange energy under conservation 
of total angular momentum; (2) its contribution to the electronic 
relaxation process is a minor one, because, as is well known, the 
most probable electronic relaxation process comes from the inter- 
action of the electron spin with the lattice vibrations; but it cer- 
tainly is responsible for practically the entire heat-contact of the 
nuclear spins with the crystal. This is seen, for example, from the 
fact that the very long nuclear relaxation times found in pure 
diamagnetic crystals are greatly reduced* by small amounts of 
paramagnetic impurities; (3) in the processes of spin-exchange 
between nucleus and electron the energy can be conserved by a 
simultaneous absorption or emission of a lattice quantum 2yoH; 
(4) the difference in the @ priori probabilities of absorption (in- 
crease of magnetic energy of the electron) and emission comes from 
from the fact that these probabilities are proportional to » and 
v+1, respectively, where » is the number of lattice quanta of 
magnitude 2yof present at the temperature 7, which is given by 
the Bose-Einstein distribution law. 

An upper limit for the resulting nuclear orientation can be 
obtained as follows: In the equilibrium state in an external mag- 
netic field in the absence of electron resonance radiation, we have 


ja|*n,N Im (v+-1) = | a] 2 Ninwi¥3 (1) 
here nm, are the occupation probabilities for the electronic spin 
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states (we assume an effective spin 1/2 for simplicity) in thermal 
equilibrium, m,=exp(FyuoH/kT); Na=exp(—2mpnH/kTI) ~1 
are the corresponding quantities for the nucleus with spin J, and 
v is the number of excited lattice vibrations of magnitude 2yoH; 
and |a|? is a combination of matrix elements for this transition. 
Equation (1) expresses the principle of detailed balancing. In the 
steady state formed under constant absorption of resonance 
radiation, we can write, when all other relaxation processes for 
the nucleus can be neglected, 


|a|*4’Nm' (v’ +1) = |a|*_’Nings’r’, (2) 


where the primed quantities are those reached in the steady state. 
Equation (2) is the condition for a steady state in this case. Under 
the assumption that (a) the electron resonance is completely 
saturated (n,’=n_’) and (b) the lattice-lattice relaxation time is 
so short that we can put »’ =», we find, from (1) and (2): 


(3) 


i.e., the nuclei are orientated at the temperature T to the extent 
as if they had a magnetic moment yo/. In view of the small mutual 
interaction of lattice vibrations, the validity of »’=» is doubtful 
if the temperature is low; it would then perhaps only be approxi- 
mated in dilute paramagnetic salts. At high temperatures the 
Raman-type process between the electron spin and lattice vibra- 
tions eliminates this difficulty, but then, of course, the nuclear 
orientation is always small. This limiting value* is the same as 
that obtained by Overhauser in the case of metals; a small energy 
leak for the nucleus, a shift in the distribution of lattice quanta, 
or an only partial saturation may decrease this orientation. 

This nuclear orientation should be detectable by a narrowing 
and shift of the electron resonance line near saturation if the 
width of that line is predominantly produced by the interaction 
with the nucleus. If, in a dilute salt, the hfs is resolved, a change of 
the relative intensities of the components may be expected. 
Whether direct detection could be made by measuring the nuclear 
resonance absorption in the paramagnetic ion, depends on the 
rate of energy-exchange between the electron and the nucleus. 
The time average of the diagonal part of the interaction, i.e., the 
effective internal field for the nucieus, would be reduced to zero 
by saturation. This possibility of varying the internal field might 
be useful experimentally. 

Note added in proof: After this manuscript was submitted, it 
was brought to my attention that a similar suggestion has been 
made independently by F. Bloch at the Stanford Meeting [Phys. 
Rev. 93, 944 (1954); see also Physics Today, April 1954, p. 30] 
and by A. W. Overhauser at the New York Meeting [Phys. Rev. 
94, 768 (1954) ]. 

1A. W. Overhauser, Phys. Rev. 92, 411 (1953). 


?N, Bloemberger, Physica 15, 386 (1949). 
3 J. H. Van Vieck, Phys. Rev. 59, 724 (1941). 
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Electron Resonance in F Centers 
J. Korrinca 
The Ohio State University, Columbus, Ohio 
(Received March 25, 1954) 


[I\ the preceding note attention has been drawn to the possi- 
bility of nuclear orientation by saturation of the electron 
resonance in paramagnetic salts. An application of particular 
interest is offered by the electrons of F centers in alkali halides. 
As a paramagnetic substance it is very dilute; therefore, the 
lattice oscillators wil! have the equilibrium distribution at low 
temperatures also, and the electron resonance line width is 
mainly due to the interaction with the 6 neighboring alkali nuclei. 
In this case the process of nuclear orientation is more complicated 
because it involves two different relaxation times. According to 
Kip and co-workers,' the interaction between the electron and the 
nuclei is given by a(@-21;), where @ is the electronic spin and 
I,(i=1---6) are the nuclear spins. Clearly, in any process due to 
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this operator the absolute value of the total nuclear angular 
momentum, | ZI;|, is conserved. Therefore, instead of the orienta- 
tion Nn’/Nm_:’=n_/n, of the individual nuclei (see the preceding 
note), one obtains an orientation in which each of the nuclear 
states with well-defined value of (21;)* is oriented, with conserva- 
tion, however, of their statistical weights found in thermal 
equilibrium. There are, of course, processes that may cause a 
change A|2I;|=+1, but these are due to corrections to the 
previously mentioned interaction, and therefore are much less 
probable. One possibility is a nuclear spin exchange back and 
forth with the neighboring alkali nuclei not belonging to the F 
center. Another effect, which might be more important, is pro- 
duced by a deformation of the F center of static nature or due to 
thermal or zero point vibrations, which cause slight differences of 
the coupling constants, a(1+4,;) of the electron with the nuclei. 
The relaxation time corresponding to a transition from the original 
partial orientation to the orientation of the individual nuclei is 
proportional to 1/(*)sy, and can be of the order of seconds instead 
of microseconds. Inversely, if the electron resonance radiation 
causing saturation is suddenly decreased in intensity, first an 
isotropic distribution of nuclear spin states of predominantly the 
largest |2I;|-value is obtained, which then changes gradually 
into the equilibrium distribution. If the second relaxation time is 
microscopically long, one could observe this phenomenon in 
different ways, for example by first saturating the electron system 
and then observing resonance absorption under small amplitude. 
Then (2/max+1) lines would appear with approximately equal 
intensity (provided uoH/kT is not too small), and this pattern 
would gradually change into the conventional Gaussian line 
corresponding to random nuclear orientation. Perhaps the 19 
equidistant and equi-intense lines observed by Schneider? in the 
hfs of F centers in LiF could be explained in terms of this or a 
similar process. A promising possibility for observing the nuclear 
orientation is offered by the spin exchange with neighboring alkali 
nuclei, which has been mentioned already. By this process the 
nuclear orientation diffuses into the space between the F centers, 
where a direct observation by nuclear resonance is not limited by 
the perturbation from the electron. 


Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
2 E. E. Schneider (private communication). 


Diffusion of Lattice Defects in a Temperature 
Gradient 


Rospert W. Kees 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
(Received March 31, 1954) 


HOCKLEY' has recently pointed out that in a crystal in which 
there is a temperature gradient there is also a gradient in the 
concentration of lattice defects, and that observable macroscopic 
deformation may result from the flow of defects due to this con- 
centration gradient. Le Claire? and Brinkman® have called atten- 
tion to another driving force acting on the defects, that due to 
the interaction between the flow of heat toward low temperatures 
and the flow of vacancies, but comment by Shockley‘ shows that 
they have used an incorrect interpretation of the heat of transport. 
The purpose of the present communication is to adapt existing 
treatments of the Kirkendall effect to a detailed comparison of 
the statistical and thermodynamic interpretations of the phe- 
nomenon discussed by these authors and thereby to relate the 
heat of transport to some statistically significant quantities. 
Seitz’ has made a statistical analysis of the Kirkendall effect; 
we replace his concentration-dependent functions by temperature- 
dependent ones and use a similar notation: Let »(71,T:) =proba- 
bility per unit time that a vacancy on plane 1, where the tempera- 
ture is 7, changes places with an atom on an adjacent plane, 2, 
where the temperature is T;. Then the result for the vacancy 
current, analogous to that obtained by Seitz, is 
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as dr/dX’ (t) 


J,=- pie vey NX 
where x=distance measured perpendicular to the planes in ques- 
tion, \=interplanar spacing, N.=mean volume density of va- 
cancies, T=average temperature, p=p(7T,T), and 0p/ds and 
Op/dr are the derivatives of p(r,s) evaluated at r=s=T. 

The thermodynamic treatment® of the Kirkendall effect can 
also be adapted to the present problem. In a pure substance, if 
the currents of atoms, vacancies, and energy are written in terms 
of the gradients of chemical potentials and temperature,’ and the 
condition of conservation of lattice sites is applied,’ it is found that 


romerGhs . =H) Moun a, 


_d — i 1 - T 
Jum Mol AF) Moa ges 

where the subscript » refers to vacancies, « to energy, and / to 

atoms of the crystal. The potential w» is the free energy required 

to remove an atom from the interior to the surface, leaving a 

vacant site, and u»—z is the free energy of (crystal of N atoms 

and NV, vacancies plus one atom at rest far removed from the 

crystal) minus the free energy of (crystal of N+1 atoms and 

N.—1 vacancies). The quantity M.,/Mv, is the energy of trans- 
port, g.” 

The thermodynamic force, T(d/dx)[(ue—mi)/T], can be re- 
T— 


written as 
seer ere 
dx aN, dx oT 


d »*). 
For small concentrations of vacancies the only contribution to the 
first term is that due to the entropy of mixing. The coefficient of 
dT /dx is —h/T, where h is the enthalpy mi of 4» —. Thus, 


one aT 


Comparing this with Eq. (1), it is seen that M,.kT/N,= p= D,, 
the usual ata for the diffusion coefficient, and 


Mw pa op op 
p th “@ i or?” 


J,.= ~My (2) 


k 
quh— 


de sf _°2) 
p \ds ark 


Thus, in addition to h,q includes a “heat of transport,” g* 
= — (kT*/p)(dp/ds—dp/dr), and Eq. (2) can be written in terms 
of g* and D,: 


dN. N, ,dT 
J = —— "kT? 
Saag i a dx’ 


The first term of Eqs. (1), (2), and (3) is that originally envisaged 
by Shockley and ordinarily leads to a flow of vacancies toward 
low-temperature regions. The direction of the flow due to the 
second term depends on g*; not even the sign of this quantity can 
be deduced from available experimental data. According to a 
model suggested by Wirtz,* » should be written as 


& a -_ ft), 
p(T 1,7) prexo( T; 0i4T) Ts 


where qi, 41.5, and q2 are the energies supplied at temperatures 
Ti, $(T1+T,), and T2, respectively. This leads to g*=q:—q2, 
whereas the activation energy for motion of a defect is q: +9: 5+492- 


1W. Shockley, Phys. Rev. 91, 1563 (1953). 

2A. D. Le Claire, Phys. Rev. 93, 344 (1954). 

4 J. A. Brinkman, Phys. Rev. 93, 345 (1954). 

4W. Shockley, Phys. Rev. 93, 345 (1954). 

5 F, Seitz, Acta Cryst. 3, 355 (1950); Acta Met. 1, 355 (1953). 

*J. Bardeen and Herring, Atom Movements (American Society for 
Metals, Cleveland, 1951). 

7K. Denbigh, Thermodynamics of the Steady State (Methuen and Com- 
pany, Ltd., London, 1951) 

8K. Wirtz, Physik. Z. 4a, 221 (1943). 
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Effect of Plastic Flow upon Color Centers 
in Alkali Halide Crystals* 
MASAyYASU URTA AND WERNER KANZIG 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received April 7, 1954) 


YULAI and Hartly! found an enhancement of charge drift 

in NaCl when the crystal was deformed plastically. Seitz? 
has interpreted this effect in terms of an electrolytic current 
associated with the generation of positive- and negative-ion 
vacancies during plastic flow. He estimated that a vacancy con- 
centration of approximately 10'* per cc was produced by a strain 
of ten percent. On the other hand it is well known that isolated 
negative-ion vacancies and simple clusters of vacancies can trap 
electrons to form F and other centers; e.g., 


the F’ center, a negative-ion vacancy +two electrons; 
the M center, and F center+-one pair of vacancies; 
the R centers, two negative-ion vacancies-+-one or two electrons. 


One expects, therefore, that plastic flow will affect the absorp- 
tion spectrum of a crystal containing color centers. We have found 
that the yellow color of a NaCl crystal containing F centers 
changes to blue after plastic deformation and simultaneous ex- 
posure to white light, whereas the undeformed crystal maintains 
its coloration for a long time. The change of color occurs more 
quickly the greater the magnitude of the plastic deformation. 
This effect has been investigated in the following experiments. 

In a synthetic (Harshaw) NaCl crystal, F centers were produced 
electrolytically with a concentration of about 3X10'* per cc. The 
crystal was then irradiated with intense blue light through a 
filter, the transmission maximum of which coincided approxi- 
mately with the F-absorption maximum, until the growth of the 
M and R bands ceased. (Curve / in Fig. 1, measured at room 
temperature.) Then the crystal was subjected at room tempera- 
ture to a plastic strain of six percent under a red light. No ob- 
servable change in the absorption bands occurred after this 
treatment. However, if the deformed crystal was irradiated with 
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Fic. 1. Optical bleaching of F centers in NaCl crystal after plastic 
deformation. Curve J: absorption spectrum of the crystal previous to F 
light irradiation. Curve //: after two hours irradiation with F light. Curve 
IMT: after further four hours irradiation jwith |F light. a, 6 indicate the 
measurements at room and liquid Ne temperature, respectively. 
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F light, the F band bleached rapidly and the M and R bands were 
enhanced. Curves Ja and J/b, measured at room and liquid Nz 
témperature, respectively, illustrate this effect. After further 
irradiation curves ///a and I/1b were obtained. Complete bleach- 
ing of F centers was possible by prolonged irradiation with F 
light. This indicates that vacancies are generated by the plastic 
flow and that their concentration is larger than that of the original 
F centers. 

Somewhat different results were obtained if the crystal (ir- 
radiated at room temperature with blue light as before) was 
subjected to plastic flow at liquid Nz temperature and kept at this 
temperature. Complete bleaching of the F band could not be 
obtained by irradiation of F light under these circumstances. 

The observed partial bleaching of the F band was accompanied 
by the formation of F’ centers in this case and no enhancement of 
the M and R bands occurred. If the crystal was warmed to room 
temperature in the dark, however, a slight enhancement of the 
M band was observed. Subsequent irradiation at this temperature 
with F light produced the same effect as in a crystal deformed at 
room temperature. Hence it appears that the vacancy aggregates 
generated by the plastic flow at low temperature do not act as 
effective traps for electrons released optically from the F center. 
After the warming up, the vacancy aggregates decompose and 
migrate. 

More quantitative experiments with NaCl and KCI crystals 
containing different concentrations of F centers will be carried 
out with different magnitudes of plastic deformation. 

The authors are indebted to Professor R. J. Maurer and 
Professor F. Seitz for many stimulating discussions during the 
course of this work. 

* Partially supported by the U. S. Office of Naval Research. 


1Z. Gyulai and D. Hartly, Z. Physik 51, 378 (1928). 
2 F. Seitz, Phys. Rev. 80, 239 (1950). 


Superconductivity of Pure Metallic Rhenium 
Joun K. Hutm 


Institute for the Study of Metals, The University of Chicago, 
hicago, Illinois 


(Received April 1, 1954) 


HE occurrence of superconductivity in rhenium was first 
reported by Aschermann and Justi,! who observed a sharp 
drop in the electrical resistance of a sintered rhenium rod at 
about 0.95°K. In later measurements upon rhenium powder 
Goodman? and Daunt and Smith*® found magnetic evidence for 
the onset of superconductivity in the neighborhood of 2.4°K. In 
view of the discrepancy between the sintered rod and powder 
results, it was thought to be worth while to prepare a solid rod 
of metallic rhenium so that reliable data could be obtained on the 
superconducting transition temperature and other superconduct- 
ing properties of the bulk metal. We have, therefore, fabricated 
a rhenium rod of length 2 inches and of diameter } inch by zone- 
melting compressed rhenium powder‘ in an argon arc furnace. 
Spectrographic analysis of this rod indicated that the total im- 
purity content was less than 0.01 percent; the high purity of the 
material may also be judged from its residual resistance value, 
which was only 0.00068 of the ice-point resistance. 

Both electrical resistance and magnetic induction measure- 
ments indicated that the pure rhenium rod became superconduct- 
ing at 1.699°K. Below this temperature the destruction of super- 
conductivity by a magnetic field occurred quite sharply at well- 
defined values of the field strength which could be represented by 


the equation 
H,=188([1 — (7/1.699)?)] oersteds. (1) 


At the lowest temperature, 1.16°K, the induction rose to about 
95 percent of the normal value just above the critical field strength, 
and the removal of a field of about five times the critical value 
caused the expulsion of more than 99 percent flux. This tendency 
of rhenium to exhibit nearly ideal superconducting behavior is 
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interesting in view of the fact that the nearby superconducting 
transition metals, vanadium, niobium, and tantalum, usually 
exhibit very broad magnetic field transitions unless great care is 
taken to avoid contamination of these metals by small amounts of 
nitrogen and oxygen.®:® The absence of such effects in rhenium 
may perhaps be due to the low solubility of nitrogen and oxygen 
in this metal; it may be noted that rhenium has a close-packed 
hexagonal structure in contrast to the more open, body-centered 
cubic structure of the group 5A metals. 

In comparing the present data with previous results, it seems 
possible that the low transition temperature (0.95°K) reported 
by Aschermann and Justi may have been due to chemical im- 
purities in their sintered rod, as evidenced by a rather high re- 
sidual resistance, 0.017 of the ice-point value. However, the some- 
what high transition temperature (2.4°K) reported for the powder 
specimens cannot be attributed to chemical impurities, as the 
materials were believed to be spectroscopically pure. In seeking 
the origin of this anomalous behavior, we have observed that 
untreated rhenium powder samples received from the University 
of Tennessee (reduced from ammonium perrhenate) undergo a 
superconducting transition which is spread out over the range 
from 2.4°K down to 1.7°K. However, after such samples have 
been compressed and heated for 12 hours at 1460°C, the entire 
superconducting transition takes place between 1.8° and 1.7°K, 
in good agreement with the behavior of the bulk metal. It seems 
likely that these effects are due to the existence in the untreated 
rhenium powder of appreciable amounts of very finely divided 
metal with transition temperatures higher than that of bulk 
rhenium, perhaps for reasons similar to those responsible for the 
elevated transition temperatures found by Buckel and Hilsch’ for 
thin films of tin condensed at low temperatures. The occurrence 
of such finely divided metal is possible because of the low tem- 
perature at which the ammonium perrhenate reduction takes 
place, 300°C, well below the melting temperature of rhenium, 
3170°C. Annealing at quite high temperatures is necessary to 
permit the aggregation of metal fragments and the removal of 
imperfections so that crystals are produced with superconducting 
transition temperatures close to that of bulk rhenium. 

I am grateful to H. Charbnau and S. Foldes for assisting in 
the fabrication of the rhenium rod. A detailed account of the work 
will be published later. 

1G. Aschermann and E. Justi, Physik. Z..43, 207 (1942). 

2B. B. Goodman, Natl. Bur. Standards |Cire. 519 (U. S. Government 
Printing Office, Washington, D. C., 1952), 1. 72. 

4 J. G. Daunt and T. S, Smith, Phys. Rey. 88, 309 (1952). 

4 Obtained from Professor A. D. Melaven| University of Tennessee. 

5 A. Wexler and W. S. Corak, Phys. Rev. 85, 85 (1952). 


*H. Preston-Thomas, Phys. Rev. 88, 325 (1952). 
7W. Buckel and R. Hilsch, Z, Physik 132, 420 (1952). 


Localized Perturbations* 


MELVIN LAX 
Physics Department, Syracuse University, Syracuse, New York 
(Received April 15, 1954) 


HERE are many problems in physics characterized by a 
strong local perturbation on an otherwise solvable problem. 
One such problem that has been treated by Smith and the author 
is the vibration of a lattice in the neighborhood of an impurity 
center.! More recently, Slater? has treated the problem of elec- 
tronic impurity levels using difference equations. Since many 
other applications are possible, it seems worthwhile to present 
the procedure used to solve such problems in its most general and 
abstract form. 
We are required to find the eigenvector x and eigenvalues \ of 
the matrix A +5: 


2; (A +b), jx; =x, (1) 


where the matrix A = Aj; has elements i, j=1, 2, ---N, and all 
elements of the matrix b;; vanish except 6,, for r, s=1, 2, ---k. It 
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is assumed that the eigenvectors S, and eigenvalues E(p) of A 
are known: 
D/A GSjp= E(p)Sip- (2) 
Equation (1) can be rewritten in the form x= (A—A)~dx, or 
x= (A—A)“irdreds, (3) 
re 
expressing all elements x; of the eigenvector in terms of the few 
components x, associated with the localized perturbation. The 
latter components may be obtained by specializing i to any of the 
values 1, 2, ---& and solving & equations in & unknowns—a prob- 
lem whose order is small if the perturbation is localized. 
The reciprocal matrix elements in (3) can be obtained from (2) 
by regarding S as the matrix of a similarity transformation 


(A— A) yy =(SA-—E)7S*],, 
=D pSipLA— E(p) PS) pj 
=D pSipSip*/[A— E(p)]. 
In the last part of (4) we have utilized the fact that S will be 
unitary if A is Hermitian. 
A particularly simple special case arises if the matrix 6 has 
only one nonvanishing element 


bi; = bobo jo. (5) 


This case has particular usefulness for the vibration of a lattice 
one of whose atoms differs in mass from that of a pure lattice. In 
this case the kXk problem reduces to a single equation obtained 
from (3) by setting 7=0 (and cancelling x»): 
1 = bod p| Sop|?/[A— E(p)]. 


If the matrix A is cyclic, then S will have Bloch form, 


(4) 


(6) 


(7) 


where R; is the position of atom j in the lattice. For this cyclic 
case, Eqs. (4) and (6) reduce to those obtained by Slater. 

Equation (6) can be rationalized to an algebraic equation of 
degree N for \. The N roots for ) will interlace the unperturbed 
roots E(p). For positive bo, each d will exceed the corresponding 
E(p), but not the next higher E(p). The largest A is not limited, 
however, and can separate from the other roots if bo is large 
enough. For the calculation of a separated root the sum in (6) 
can be replaced by an integral. 

Each intermediate eigenvalue will differ by an amount of order 
N~ from one E(p). Thus one term in the sum (6) will be of finite 
size. Since unperturbed eigenvalues neighboring to E(p) will 
differ from it by an amount of order N~ in three dirsensions and 
N~* in two dimensions, the neighboring terms in the sum will all 
be infinitesimal. It will therefore be possible to replace (6) by an 
isolated term plus a principal-valued integral. This procedure is 
similar to that used in the spherical-model saddle-point condition.’ 

In one dimension, the eigenvalue separation is of order N~, so 
that if \ differs from one eigenvalue E(p,) by an amount of order 
O(N") its distance from the neighboring eigenvalues is similar. 
This difficulty may be overcome by considering separately the 
contributions to the sum for which | p—p,|>N~* and for which 
|p—pi|<N~+. The former contribution may be replaced by a 
principal-valued integral since a symmetric interval about pf; is 
excluded, and the terms now vary sufficiently slowly for the ‘tum 
to be replaced by an integral. The latter contribution must be 
handled as a sum, but only the properties of E(p) in the neighbor- 
hood of pf; are involved. The number of terms in this sum (of 
order N4) can then be allowed to go to infinity. Equation (6) 
can, for one dimension, therefore be written : 


e ? ® dp N | Sop:|? cotwre 
(by) (2e)P ae 
where the eigenvalue \(:) has been written in the form 

A(p1) = E(pit+20N), (9) 
so that ¢ is the fraction of the separation between E(p;) and the 


Sjp=N~ exp(ip: Rj), 





, (8) 
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next eigenvalue that A(p:) has been shifted relative to E(p:). 
Since cotwe covers the range from infinity to zero as ¢ changes 
from zero to one-half, the eigenvalues are never shifted more 
than half an interval. 

Application of the above techniques to vibrations of imperfect 
lattices will be discussed in more detail later. 

* This research was supported in part by the United States Air Force, 


through the Office of Scientific Research of the Air Research and Develop- 
ment Command. 
1 J. M. Smith and M. Lax, Progress Report, August 1, 1953 (unpublished). 
2J. C, Slater, Technical Report No. 5, Solid-State and Molecular Theory 
Group, Massachusetts Institute of Technology, December 15, 1953 (un- 


published). 
*M. Lax, J. Chem. Phys. 20, 1351 (1952). 


Wave Functions for Impurity Levels* 


G. F. Kostert anp J. C. SLATER 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received April 15, 1954) 


NDER the title above, a paper is being submitted to The 
Physical Review, containing material some of which has 
been presented in the unpublished Technical Report No. 5 of the 
Solid-State and Molecular Theory Group of Massachusetts In- 
stitute of Technology. Further material on the same subject will 
be incorporated in two further papers. These treat the technique 
of handling the motion of electrons in perturbed periodic lattices, 
by expanding the perturbed solutions in terms of Wannier func- 
tions, and setting up and solving the equations for the coefficients 
of the Wannier functions, which take the form of difference equa- 
tions. Previous treatments of this problem! have usually approxi- 
mated the difference equations by differential equations, thereby 
leading to the concept of an effective mass. This approximation, 
though sometimes satisfactory, is not rigorous, and we feel that 
the difference equation method is preferable. 

Our attention has now been called by Professor Melvin Lax to 
the fact that he and a student of his, Mr. James H. Smith, of 
Syracuse University, have been independently using similar 
mathematical methods for handling problems in the vibrations 
of a lattice containing local impurities and imperfections. Lax 
describes these methods in an accompanying Letter to the Editor. 
The purpose of the present letter is merely to point out that our 
work, and that of Lax and Smith, were carried out independently, 
both leading to a mathematical technique which appears to have 
wide applicability, in problems of quantum theory of solids an 
in the mathematical theory of difference equations. The applica- 
tion to the vibrations of a lattice, which Lax and Smith are treat- 
ing, had also occurred to us as a useful application of the method, 


but we have not made wide use of this application. 
* Supported in part by the U. S. Office of Naval Research, in part by the 


Army, Navy, and Air Force. 
+ Staff Member, Lincoln Laboratory, Massachusetts Institute of Tech- 


nol 7, Comprades, Massachusetts. 
Wei Jannier, Phys. Rev. 52, 191 (1937); J. C. Slater, Phys. Rev. 76, 


1592 (1949) : and various other papers. See, however, for instance, P. Feuer, 
Phys. Rev. 88, 92 (1952), in which the difference equations are treated 


directly. 


Spin Resonance of Donors in Silicon 
Pearson, A. N. HOLpen, 
READ, AND F, R, MERRITT 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 15, 1954) 


R..c. parceay, We A. Yacer, G, L. 


ESONANCE absorption believed associated with the spin 
of electrons bound to Group V donor atoms has been ob- 
served in several different samples of silicon. The absorption 
was measured on a Zeeman modulation spectrometer operating 
at a frequency of 24000 Mc/sec. The samples were cut from single 
crystals in the form of bars 0.420 in. 0.170 in. X0.030 in. They 
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were mounted on the narrow side of a rectangular resonant cavity 
kept at a temperature of 4.2°K. 

The first resonances were observed in arsenic-doped silicon 
which had been plastically deformed by compression at 1000°C.! 
Four fairly sharp absorption lines (ca 10 oersteds between inflec- 
tion points) appeared, equal in amplitude and spaced uniformly 
73 oersteds apart. These are shown schematically in Fig. 1(a), (b), 
(c), where a line roughly indicating relative magnitude is plotted 
against its gyromagnetic ratio (g). The gyromagnetic ratio was 
determined by introducing diphenyl picryl hydrazyl into the 
system and comparing its resonance absorption line (g=2.0036*) 
with the newly observed lines. 

These four lines did not appear in undoped silicon (10 ohm-cm, 
p type at room temperature) either compressed or uncompressed. 
Neither did they appear in an arsenic-doped sample (5X10'* 
atoms/cm’) which had not been compressed. In all of these 
samples, however, one weak line was observed with a g= 2.006, 
approximately coinciding with one of the four strong lines previ- 
ously observed. This line was strongly affected by etching and is 
thus presumably associated with the crystal surface. 

Four lines with the same separation and appearance as the ones 
described above have also been found in silicon in which the 
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arsenic donors have been compensated with boron acceptors 
(Fig. 1(d)]. In this sample the lines were fairly weak, and the 
line with g=2.006 was larger and broader than the other three. 
This is probably caused by the presence of the same single weak 
line observed in the control samples. 

In this compensated crystal the lines oily showed up in that 
part of the crystal where the arsenic concentration exceeded the 
boron concentration. In addition the four lines were observed in 
an uncompressed silicon sample with 10"* arsenic atoms/cc. These 
observations lead us to believe that the lines are associated with 
neutral arsenic atoms. Why the compression enhances the lines 
is not understood. 

The presence of four lines associated with arsenic strongly 
suggests that this is hyperfine structure caused by the As’® 
nucleus of spin 3/2. In order to verify this suggestion, phos- 
phorus was used to replace the arsenic as the donor material. 
Phosphorus has the single isotope P* with a nuclear spin of 1/2 
and thus should give a twofold hyperfine splitting. A sample 
containing 4X10'’ cm~* phosphorus atoms was plastically de- 
formed and measured. Two strong lines of about equal amplitude 
appeared with a separation of 42 oersteds [Fig. 1(e)]. This sup- 
ports the interpretation that we are observing hyperfine splitting. 
In addition to the two strong lines there was a slight suggestion 
of a weak line midway between them, as shown in the figure. At 
the present time we are not certain whether this is real or 
not. 

We have also examined p-type silicon with 10"’ boron atoms/cc, 
both compressed and uncompressed. No lines were observed. 
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Aluminum-doped silicon (3X10" atoms/cc) was similarly un- 
productive. 

We are indebted to W. H. Brattain for stimulating discussion, 
to N. B. Hannay and E. D. Kolb for the special silicon crystals, 
and to P. Breidt and W. F. Flood for preparing the silicon samples. 


1C, J. Gallagher, Phys. Rev. 88, 721 (1952). 
? Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 


Energy of the High-Lying Acceptor Level 
in Copper-Doped Germanium 
J. F. Battey anp R. M. Baum 


Electronics Division, Sylvania Electric Products, Ipswich, Massachusetts 
(Received April 5, 1954) 


N addition to the much investigated! level at about 0.037 ev 

above the valence band, it has been reported that copper 
introduces another higher-lying acceptor level* in the forbidden 
energy gap of germanium. If this is the case, the level should make 
itself very evident in Hall and resistivity data at room tempera- 
ture and below if it can be arranged that the lower-lying level is 
substantially completely populated and the higher level is par- 
tially populated at these temperatures. This requires the Fermi 
level to be within a few kT of the upper level and will lead to an 
exponential variation of carrier density in the temperature region 
where the carrier concentration of a sample doped only with 
Group III and Group V atoms is approximately constant. 

This situation may be achieved by diffusing copper into an 
originally n-type sample of Group V impurity concentration Na. 
If a density of copper atoms, Ng, between 4N4 and Nz is intro- 
duced, the lower copper level will be entirely filled and the upper 
level partially filled with the Group V donor electrons. The solid 
solubility of copper in germanium as a function of temperature 
may be estimated from the work of Fuller and Struthers,’ and 
Finn,’ and the time necessary to achieve a reasonable approxima- 
tion of solid solubility may be estimated from a knowledge of the 
diffusion coefficient as a function of temperature.’ 

The sample for which data are shown in Fig. 1 was 1.5X0.58 
0.27 cubic centimeters and had about 1.2 10'* Group V donors 
per cc. It was copper plated, held at 630°C for about ten days in 
an argon atmosphere, then quenched rapidly to room temperature 
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Fic. 1. Temperature dependence of Hall coefficient R and resistivity p 
for a germanium sample doped with 1.2 X10" arsenic atoms per ce and 
approximately 8 X10" copper atoms per cc. 
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to try to introduce about 8 X 10" copper atoms/cc. Room-tempera- 
ture measurement following this treatment showed the sample to 
be high-resistivity p type. 

The condition for electrical neutrality in this semiconductor at 
room temperature and below requires that p+f.=2N.—Na, 
where is the hole density in the valence band and /, is the den- 
sity of empty upper copper levels. This may be written as 


N, exp[ — (F — Ey) /kT]+No/(1+exp[ (PF —E,)/kT ]} =2Na— 


where N, is the effective density of states in the valence band, F 
is the Fermi energy level, E, is the energy of the top of the valence 
band, and £, is the upper copper energy level. For the sample 
measured N,~8X10"/cc, 2N,—Nag™4X10"/cc, and at room 
temperature p~9 X 10"/cc. Thus for values of p smaller than the 
room-temperature value, the Fermi level should coincide with the 
upper copper level to within an energy of the order of &7, and 
p=N,. exp[—(E.—E,)/kT]. 

Hall and resistivity data are shown in Fig. 1. The curves ex- 
hibit a temperature dependence below the intrinsic range which 
is consistent with the premise of a partially populated level at 
about 0.3 ev above the valence band. Both Hall coefficient and 
resistivity curves show a very steep activation energy below 
room temperature where F and E, coincide. Both curves go into 
the usual intrinsic line above room temperature, and the Hall 
curve exhibits a reversal of sign at about 355°K. The activation 
energy for the upper copper level is 0.304 ev from the Hall curve 
and 0.308 ev from the resistivity curve if other temperature de- 
pendences in these expressions are neglected. If it is assumed that 
N, goes as T?5, un/pu as T°*,4 and w as T-*4,5 where yp is the drift 
mobility, and ww the Hall mobility, a plot of p7~°* or RT! versus 
1/T should be ie to exp[(Z,—E,)/kT J]. Using this 
procedure the Hall data give E, — E,»=0.285 ev and the resistivity 
data E,—E,=0.315 ev. 

The authors wish to give thanks to Robert Carye for help in 
preparation of the samples and taking of the data. 

wet for instance F. J. Morin and J. P. Maita, Phys. Rev: 90, 337 (1953); 

; Dunlap, Bull. e Phys. Soc. 29, No. 3, 21 (195 

Kaiser and H. Y. Fan, Phys. Rev. 93, 977 (i984); J. A. Burton 
mY 4 Phys. Chem. 7 853 (1953); W. C. Dunlap, Bull. Am. Phys. Soc. 
29, No. 3, 21 (1954). 

*C.S, Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952); G. B. Finn, 
Phys. Rev. 91, 754 (1953). 


‘E. M. Conwell, Bull. Am. Phys. Soc. 29, No. 3, 18 (1954). 
5 F. J. Morin, Phys. Rev. 93, 62 (1954). 
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Doppler Line-Width Reduction* 


M. W. P. STRANDBERG AND H. Dreicer 
Research Laboratory of Electronics and eee artment of a sics, 
Massachusetts Institute of Technology, Cambridge, ‘Massach usetts 
(Received April 13, 1954) 


E have succeeded in observing a large reduction in the 
Doppler width of a molecular absorption line by using a 
combination of microwave spectroscopic and molecular beam 
techniques.' This procedure, utilizing the effect of the matter on 
the electromagnetic radiation, solves the onerous detection prob- 
lem encountered in the usual molecular beam experiments where 
the effect of the radiation on the matter is observed. The high 
resolution of molecular beam experiments afforded by the inter- 
action of the radiation field and the transverse molecular beam is 
thus made available for microwave spectroscopic use. 

In the exploratory study reported here the — inversion 
absorption transition for the rotational state J/=3, K=3 was 
observed with the microwave radiation propagated bstnnk to 
a beam of ammonia molecules. The radiation was detected and 
displayed by conventional techniques.? However, because of the 
resulting narrow line width the microwave oscillator was swept in 
saw-tooth fashion only over a region 80 kc/sec wide, centered at 
about 23 870 Mc/sec. Figure 1 shows the absorption signal of the 
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Fic, 1. The 23 870-Mc/sec NHsz inversion absorption line exhibiting 
the limiting Doppler breadth with conventional observation (24» =72 
ke/sec). 
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Fic, 2, The 23 870-Mc/sec NH, inversion absorption line exhibiting a large 
reduction in Doppler width from observation of a transverse beam. 


ammonia inversion line (J = 3, K =3) as observed in a conventional 
absorption cell of such dimensions and with the gas at such a 
pressure that essentially only the Doppler width (Avy=half-power 
— half-width =36 kc/sec) remains; i.e., the radiation is swept in 
frequency between the half-power absorption points. Figure 2 
shows the simultaneous record of the absorption of the same radia- 
tion as observed transverse to an ammonia molecular beam of the 
same temperature. A reduction of the Doppler width by a factor 
of about six is apparent. Further line-width reduction will be 
accomplished in the future by available experimental means. The 
signal-to-noise ratio shown here is readily attained with a system 
noise band width of the order of 10 cps. An improved value for 
this transition frequency has not yet been obtained, since the 
possible precision afforded by this experimental arrangement is 
beyond our present frequency-determining facilities. 

We feel that the use of these techniques will bring a large and 
new field of problems within the reach of microwave spectroscopic 
methods; e.g., spectra of the more refractory materials, the study 
of fine structure beyond present resolution, and the study of free 
radicals and substances of evanescent existence. 

We wish to acknowledge the laboratory assistance of J. D. 
Kierstead. 

* This work was supported in part by the U. S. Signal Corps, the U. S. 
Air Materiel Command, and the U. S. Office of Naval Research. 

1For earlier work with different apparatus see H. R. Johnson and 
M. W. P. Strandberg, Phys. Rev. 85, 503 (1952). 

2M. W. P. Strandberg, Microwave Spectroscopy (Methuen Publishing 
Company, London, 1954). 


Magnetothermoelectric Behavior of Bismuth 
at Liquid Helium Temperatures 
M. C. STEELE AND J. BABISKIN 


United States Naval Research Laboratory, Washington, D. C. 
(Received April 15, 1954) 


HE previously observed anomalous magnetic properties of 
bismuth at low temperatures'~ suggested that the thermo- 
electric properties of this metal be studied in a magnetic field. 
Such magnetothermoelectric measurements have now been made 
on a single crystal of bismuth. 

The crystal was grown from Cerro de Pasco Copper Company 
bismuth (99.99 percent pure) in a furnace described by Schub- 
nikow.‘ It was a cylinder 57 mm long and 1.7 mm in diameter. 
The distance between the bismuth-copper thermoelectric junc- 
tions was 47 mm. By cleaving the crystal it was found that the 
trigonal axis was parallel to the crystal length to within 1.5°. 
The measurements were taken with the magnetic field, H, per- 
pendicular to the crystal length (and heat current). The binary 
axes were located from magnetoresistance measurements. Thermo- 
electric data were obtained for two orientations of the field rela- 
tive to a binary axis, parallel and perpendicular. Because of the 
more complicated nature of the results for the perpendicular 
orientation (due to beats resulting from more than one oscillating 
term) only the data for the parallel orientation will be discussed 
in this paper. Figure 1 shows the results for H parallel to a binary 
axis. The graph gives the thermoelectric voltage observed as a 
function of H~ for a constant temperature difference of 0.0055°K 
+0.0002°K between junctions (mean temperature 4.379°K). 
Temperatures at both junctions were measured with carbon re- 
sistance thermometers® throughout the entire experiment. In _ 
order to depict the oscillatory nature of the thermoelectric voltage 
more clearly, the differences, 6, between the experimental points 
and the envelope curve are shown at the bottom of Fig. 1. Posi- 
tions for maxima and minima in 6 are indicated by arrows on the 
graph. In Fig. 2 the values of H~ corresponding to these positions 
are plotted against integers. The resulting straight line indicates 
that the thermoelectric oscillations are periodic in H~ as are the 
magnetic susceptibility (de Haas-van Alphen effect),! magneto- 
resistance? and Hall Coefficient. From the slope of the line in 
Fig. 2 we obtain a value of 7.3 10-5 gauss“ for 6*/E» (where 8* 
is the double effective Bohr magneton and Ep is the Fermi energy 
for the de Haas-van Alphen electrons). The calculated value of 
6*/E, (from susceptibility data) for an orientation with H per- 
pendicular to the trigonal axis and parallel to a binary axis 
(within a few degrees of our orientation), using the parameters 
given by Shoenberg,® is 7.110~° gauss“'. The good agreement 
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Fic. 1, Thermoelectric voltage of a bismuth single crystal as a function 
of H~ for a temperature difference of 0.0055°K between bismuth-copper 
junctions (mean temperature of 4.379°K). 6 is the difference between the 
experimental points and the solid curve. 
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Fic. 2. Values of H™ corresponding to maxima and maxima and 
minima of 6, plotted against integers. 


between the two values of 8*/Ep is further evidence for a one-to- 
one correspondence between the various magneto-oscillatory 
effects in bismuth. 

Further work is in progress and will be reported in a later date. 
We wish to acknowledge the benefit of discussions with Dr. 
T. G. Berlincourt. 


1D. Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 
2P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 
3 Reynolds, Leinhardt, and Hemstreet, Phys. Rev. 93, 247 (1954). 
4L. W. Schubnikow, Proc. Koninkl. Ned. Akad. Wetenschap. 33, 327 
(1930) ; Leiden Comm, 207b. 
sj. R. Clement and E. H. Quinnell, Rey. Sci. Instr. 23, 213 (1952). 
*D. Shoenberg, Trans. Roy. Soc. (London) A245, 1 (1952). 


Multiphonon Transitions in the F Center 


JorpDan J. MARKHAM 
Research Department, Zenith Radio Corporation, Chicago, Illinois 
(Received April 16, 1954) 


LICK! has shown that transitions from the excited state of 
an F center to the ground state occur without photon 
emission. The possibility of that center transferring its energy to 
a close by foreign atom (“sensitized luminescence’’) seems slight 
since the crystals Klick used have no known appropriate activator. 
One seems forced to the conclusion that the system transfers its 
energy directly to the lattice by a spontaneous emission of about 
50 phonons. This process must occur in less than 10~* sec to sup- 
press the emission of photons. At present the mechanism by which 
this process occurs is not understood. 

The author has constructed a model to indicate how this multi- 
phonon process occurs. The model consists of an electron attached 
to a vibrating ion. Transition probabilities between state e (the 
electron is in a bound excited state and the ionic degrees of free- 
dom have only their zero-point vibrational energy—this corre- 
sponding to 4°K) and state g (the electron is in the ground state, 
and the ionic vibrations are excited) have been calculated. The 
results indicate relative probability of a single, double, triple: - - 
phonon process. This is achieved by assuming that the electron 
energy interval between state e and g increases, requiring the 
emission of one, then two, then three---phonons. The model is 
sufficiently simplified so that one does not need special summation 
procedures.?* Using the Born-Oppenheimer approximation, one 
may show the transition probability is governed by matrix ele- 
ments of the type [reference 2 Eq. (15) ]: 


ftodtndX and ftoPxtndX, 


where X is a degree of freedom of the ion; fn. is the vibrational 
eigenfunction corresponding to the X degree of freedom when the 
electron is in the excited state and the ion has the energy (n+-4)hv,; 
{ng is the corresponding function for the ground state; Px is the 
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momentum operator corresponding to the X degree of freedom; 
and », is the ionic frequency in the excited state. 

One might at first expect that these matrices restrict the ab- 
sorption of energy per degree of freedom to zero or one phonon. 
This would be true if the frequency and rest position of the ion are 
independent of the electron state. Recently, Kubo? has indicated 
how the frequency changes with the electronic state. The equi- 
librium position also depends on the electronic distribution. For 
example, calculations on the self-trapped electrons‘ indicate that 
the nearest neighbors shift about 0.05 A during the trapping 
process. The average zero-point displacement of an ion is about 
0.04 A. Since the rest position and frequency do depend on the 
electronic state, a degree of freedom can absorb more than one 
phonon. 

One would like to know if 1 ev of energy, about 50 phonons, 
could be absorbed rapidly by the lattice when the electron jumps 
from the excited state to the ground state. Kubo’s frequency shift 
alone does not explain Klick’s observation. The equilibrium posi- 
tion shift, however, seems to. In our model we have artificially 
displaced the “central ion” (which actually does not exist in an 
F center) instead of the neighboring ions. A 10-phonon process is 
more rapid than a single-phonon process. The model does not 
give an absolute life time for the process. If one assumes that 
single-phonon processes occur in 10~* sec, one would expect from 
the calculation that a process involving up to 50 phonons might 
occur more rapidly than a photon mission. As the energy gap 
between the ¢ and g states increases, the probability of a multi- 
phonon process eventually decreases, and for a large enough 
energy the system will emit a photon. The transition point cannot 
be estimated from this simple model. 

Huang and Rhys’s calculation of a multiphonon process dis- 
agrees with Klick’s results and the calculations presented here. 
Due to the brevity of their paper, the author is not sure where 
the disagreement lies. Huang and Rhys attempt to calculate 
absolute rates (this, it seems, would require a more accurate 
model of the F center than is available at present) and use a 
simplified summation procedure which neglects some important 
terms. Pekar® has calculated the Stokes’ shift for Klick’s experi- 
ment but he did not consider the competitive multiphonon 
process. 

Details of the calculation will be submitted for publication in 
the near future. The author would like to thank Professor F. Seitz 
for several discussions of this problem, Dr. Klick for the detailed 
discussion of his results, and Mr. Clavier and Mr. Bronstein for 
help in the calculations. 

'C. C. Klick, same issue [Phys. Rev. 94, 1438 (1954) ]. 

?R. Kubo, Phys. Rev. 86, 929 (1952). 

*K. Huang and A. Rhys, Proc. Roy. Soc, (London) A204, 406 (1950), 


4J. J. Markham and F. Seitz, Phys. Rev. 74, 1014 (1948). 
5S. I, Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 22, 641 (1952). 


Existence of a 3.7 10-*-sec Metastable 
State in Pa*** 


D, ENGELKEMEIR AND L. B. MAGNUSSON 
Chemistry Division, Argonne National Laboratory, Lemont, Illinois 
(Received March 8, 1954) 


METASTABLE state of Pa™ having a half-life of 3.69+0.04 
X10~* sec has been observed by a study of delayed con- 
version electrons following the alpha decay of Np*’. 

Stilbene scintillation counters were used as detectors. After 
amplification with Hewlett Packard 480A wide-band amplifiers, 
the pulses were shaped to 0.03-ysec duration with shorted delay 
lines and mixed in a coincidence circuit similar to that described 
by Garwin.' Pulse delay was accomplished by introducing meas- 
ured lengths of 184-ohm cable (Transradio C.22) between the 
cathode follower preamplifier and the first amplifier. The velocity 
of propagation in this cable was found to be 0.91¢ (1.12m ysec/ft) 
by measurement of the resonant frequencies of shorted cables. 
Single channel pulse-height analyzers driven by separate cathode 
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Fic, 1. Delay curve of a —e~ coincidences in U™4 (A) and Np®7 (B). 
followers in the preamplifiers permitted the selection of alpha 
pulses from one detector and conversion electrons from the other. 
The discrimination against conversion electron pulses in the alpha 
detector was complete; however, some alpha pulses were counted 
by the conversion electron detector. 

The Np*’ samples were separated from their 27.4-day Pa™ 
daughter by solvent extraction and were evaporated onto plastic 
films 0.6 mg/cm* thick which were inserted between the two 
counters with the sample facing the conversion electron crystal. 
An aluminum light reflector 0.2 mg/cm? thick was located be- 
tween the sample and the alpha counter. The delay curves were 
determined within one day after separation of the Pa®, 

Curve A, Fig. 1, is the delay curve for the prompt U™ alpha- 
conversion electron coincidences. The limiting slope on the posi- 
tive alpha delay side corresponds to a maximum half-life of 
1.4X10°* sec. The delay curve for Np*’ is given by Curve B. The 
slope corresponds to a half-life of 3.7410~* sec. The average 
half-life obtained from four such determinations was 3.69+0.04 
X10~* sec. The slight increase in slope near the peak of the curve 
is probably attributable to a small prompt coincidence con- 
tribution. 

The energy of the metastable state in Pa®® was not determined 
in these measurements since the energy resolution of a stilbene 
counter is very poor for low energy conversion electrons. Only a 
single broad peak with a maximum at 30 kev and extending up to 
100 kev appears in the delayed coincidence spectrum. The energy 
of the metastable state may be inferred from measurements of the 
alpha-gamma coincidence spectrum now in progress,? which 
indicate that the most abundant level of Pa® populated by alpha 
decay is 87 kev above the ground state. Since few, if any, prompt 
coincidences or other periods are seen, the 87-kev level is prob- 
ably the metastable level. 

It is noteworthy that the half-life of 3.7 10~* sec observed here 
for the metastable state of Pa® is very similar to those found in 
Np*? (6.3 10~* sec) and in Ac®’ (4.2107 sec),‘ both of which 
are also odd-Z, odd-A nuclides. In the latter two examples, the 
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transition to the ground state is believed to be by electric dipole 
radiation. 

! Richard L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 

?L. B. Magnusson and D. Engelkemeir, Phys. yt! ta published). 


4 Beling, Newton, and Rose, Phys. Rev. 87, 670 (19. 
‘4 Teillac, Riou, and Desneiges, Compt. rend. 237, ‘- 7h053). 


“Slow Beats” in Nuclear Quadrupole Induction* 
M. BLoom 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received April 15, 1954) 


HILE studying the behavior of spin echoes in quadrupole 

systems,!? a phenomenon analogous to the “slow beats” 
previously reported in nuclear magnetic resonance has been ob- 
served. In nuclear magnetic resonance, the term “slow beats” 
refers to a periodic modulation of the echo envelope, the modula- 
tion frequencies being closely related to the splitting frequencies 
in the hyperfine structure of the resonance. 

In nuclear quadrupole induction, a similar modulation of the 
echo envelope appears when a small magnetic field is applied. 
While the explanation of nuclear magnetic resonance “‘slow beats”’ 
required an interaction between neighboring nuclear spins, the 
“slow beats” thus far observed in quadrupole induction can be 
explained solely in terms of the splitting and mixing of the de- 
generate electric quadrupole energy levels by the interaction of 
the nuclear magnetic moment with the external magnetic field. 
By means of theory outlined previously,'? it may be shown that 
for two rf pulses at the quadrupole resonant frequency separated 
by a time 1, the voltage induced in the coil at ¢=2r is given by 


f 7 =" ca(Mee cos8o) 


+cos(Qor f cos) +cos (3Qor cosBo) cos(Qorf cost.) 


+terms identified with free induction signals following each of 
the pulses. Here 0:=V37H; sinti:; Qo=yHo; f= (1+4 tan%)}; 
H, and Ho are the amplitudes of the rf and static magnetic fields, 
respectively; 6, and 6 are the angles they make with the sym- 
metry axis of the electric field gradient VE; t, is the duration of 
the pulses; y is the nuclear gyromagnetic ratio. 

The identification of this expression as the echo was made by 
introducing in the theory a distribution of |V£| corresponding to 
a line width ~4w and averaging the calculated signal over this 
distribution for 2r/Aw. The distribution of |VE| therefore has 
the same function in quadrupole induction as an inhomogeneous 
magnetic field in magnetic induction. 

The term independent of r in Eq. (1) represents the ordinary 
echo studied by Hahn and Herzog? in NaClO;. The other terms 
give rise to the “slow beats” and should decay with a time con- 
stant ~22/+yH ioc, where Hicc is the average value of the internal 
magnetic fields at the nuclear sites. Note that these terms vanish 


Fic. 1. Multiple exposure showing echo envelope for single crystal of 
oe Ho in (0,0,1) direction and equal to 15.5 gauss. Sweep length is 


msec. 
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Fic. 2. Ho in (1/2. 1/¥2,0) Goeetion and equal to 15.5 gauss. 
weep length is 1500 ysec. 


for #)>=0 or x. This corresponds to the condition that H» does not 
cause “mixing” of the m=-+4 states so that the +m and —m 
states form two independent systems. An analogous system in 
nuclear magnetic resonance is that of two groups of identical 
nuclei, chemically shifted with respect to one another, but which 
do not interact with one another. 

In order to verify the theory in detail, the Cl* quadrupole 
resonance in a single crystal of NaClO; was studied. A distribution 
of |VE| was artificially set up by introducing a temperature 
gradient across the sample. Otherwise, the induction signal from 
the first pulse would still have a large amplitude in the interesting 
region (27S 2x/yH we), since the natural line width is solely due 
to internal magnetic fields, causing the echo, which is randomly 
phased (for a pulsed oscillator) relative to the first induction 
decay, to flutter. 

In applying Eq. (1) to NaClO;, contributions from the four 
different directions of VE in the unit cell must be added. As 
shown previously,' Ho and H; oriented along the (0,0,1) axis is 
the simplest case since the @’s for each of the VE’s are identical. 
For this case, Eq. (1) predicts 


V (2r) « (5/9) +(4/9)[2 cos(v3~Hor) +cos*(v3yHor) J, 


which explains within experimental error the frequency of the 
“slow beats” shown in Fig. 1 and, approximately, the amplitudes 
if the term in square brackets is assumed to decay with a time 
constant © 22/+7H joc. 

The more complicated echo envelope shown in Fig. 2, corre- 
sponding to Hy along the (1/v2,1/v2,0) axis, is also explained by 
Eq. (1) which predicts 


V (2r) « (5/3) +[cos(2yHor) +4{2 cos(V2yHor) +cos*(v2yHor)} J. 


When a crystalline powder is used, the beat structure also per- 
sists for a time ~2x/vH icc, even though the electric field gradi- 
ents are oriented at random angles to Ho. It is expected that a 
numerical integration over the complicated angular depenccnce 
will illustrate this. Figure 3 shows the slow beat in a crystalline 


Fic. 3. Crystalline powder of NaClOs. Ho =15.5 gauss. 
Sweep length is 1340 usec. 
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powder of NaClO,. The individual induction signals have a decay 
time ~2x/yHo, which is also the period of the slow beat here so 
that it is unnecessary to induce a temperature gradient in the 
sample in order to observe the effect. Similar patterns were ob- 
served in CH;CCl;,, (CH;)sCCl, and CHCl. 

I would like to thank Professor C. P. Slichter and Dr. R. E. 
Norberg for many helpful discussions during the course of this 
work and Dr. E. L. Hahn for valuable correspondence. 

* Supported by the U. S. Office of Naval Research. 

'M. Bloom and R. E. Norberg, Phys. Rev. 93, 638 (1954). 

2 E. L. Hahn and B. Herzog, Phys. Rev. 93, 639 (1954). 


* McNeil, Slichter, and Gutowsky, Phys. Rev. 84, 1245 (1951); E. L. 
Hahn and D, E. Maxwell, Phys. Rev. 84, 1246 (1951); 88, 1070 (1952). 


Interference of Rayleigh and Nuclear Thomson 
Scattering 


A. M. Cormack 


Physics Department, University of Cape Town, Rondebosch, 
Cape Town, South Africa 


(Received April 14, 1954) 


HE differential cross sections or and og for elastic scattering 
of gamma rays by the nucleus (nuclear Thomson scatter- 
ing), and by the atomic electrons (Rayleigh scattering) have been 
given and discussed by Moon.' Since both of these scattering 


processes are elastic, interference effects are to be expected, and 
calculations have been made to determine the effect of this inter- 
ference on the combined differential cross section for the atom 
or,r for scattering by either the nucleus or by the electrons of 
the atom. 

This combined cross section is given by (see Heitler*) 


1 é ? 
or,7 (0) -( Foor) (5) fiv.lt exp[i(x — Xo) R, ld, 


+ exp[i(x — Xo) - R,1!, (1) 


Me 
where the angle of scattering is 0, %o and «% are the propagation 
vectors of the incident and scattered photons, m and M are the 
masses of the electron and the nucleus, and R, and R, are vectors 
to the nucleus and to a typical point of the electron distribution 
which has the wave function y,. It has been assumed that the 
wavelength of the radiation is much larger than the dimensions 
of the nucleus. Taking the square moduli of the two terms sepa- 
rately gives or and a7, respectively. The matrix element for the 
Rayleigh scattering has been evaluated by Franz’ assuming a 
Thomas-Fermi atom, and he finds that 


S ivel* expCi(ve—M)-Re ou (x/2u)} (2) 


u= (5.86/AZ!) sin (0/2), (3) 


d being the wavelength of the radiation in angstroms. Equation 
(2) is valid for gamma-ray energies of up to a few Mev and for 
Z<40. For Z>40, relativity effects become noticeable but only 
amount to 16 percent for Z=90, so (2) will be adequate for the 
purpose in hand. 

If ¥. is symmetrical about the nucleus and we write R,= R,-+r, 


then (1) gives 
(4) 


which represents the classical reinforcement of the two kinds of 
scattering, in agreement with a remark of Moon. If y, is not 
symmetrical about the nucleus, a phase term will occur within 
the modulus signs in (1), and this will give rise to an angle- 
dependent modification of (4) which represents classical de- 
structive interference effects between the scattering processes. 
The curves given by Moon for og and or show that they are 
comparable in magnitude only at large scattering angles, and 
since, in addition, observations of these types of scattering would 
have to be made with a biased scintillation counter at large scat- 


or,T=oR+o7r+2(cro7)!, 
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Fic. 1. The charge Q contributing 90 percent of the Rayleigh scattering as 
a function of the atomic number Z for various gamma-ray energies. 


tering angles to eliminate the large background of inelastically 
scattered Compton gamma rays, it will be sufficient to consider 
only 6 180°. The fraction of the total number of electrons which 
contribute a given fraction F? of the Rayleigh scattered intensity 
at 180° was found by solving the equation, 


five? exp[i(% —%0) «4 Wdr = (FZ/u) (x /2u)}, (5) 


numerically for ro, for /?=90 percent and for various values of » 
and Z using the Thomas-Fermi distribution for the atom. The 
charge contained within the sphere of radius ro about the nucleus 
was calculated and the results are shown in Fig. 1 where the frac- 
tion of the number of electrons contributing 90 percent of the 
Rayleigh scattering is plotted against Z for various values of the 
energy of the gamma rays. The curves for all values of A and F 
satisfying 4/(1—F)*=constant will be the same, so that the 
curves given may be used for values of \ and F other than those 
shown. For comparison, the fraction of the atomic number repre- 
sented by the K electrons and the K and L electrons together are 
also shown as a function of Z. 

For destructive interference effects to be observable, appreci- 
able deviations from spherical symmetry will have to occur 
within the radii containing the charges calculated above, and it 
will be seen that the most favorable conditions for the occurrence 
of these deviations from spherical symmetry (due to effects such 
as molecular binding) are low Z and low gamma ray energy. But 
the ratio of the Thomson to the Rayleigh cross sections, or/or 
~ZE*, so that when deviations from spherical are most likely to 
occur o7/op is so small, and in fact op itself is so small, as to pre- 
clude the possibility of the observation of any interference effects. 

It may therefore be concluded that for all gamma-ray energies 
and values of Z at which either of the scattering processes may be 
observed, Eq. (4) gives the correct differential cross section for 
the atom. 

1 P, B. Moon, Proc. Phys. Soc. (London) A63, 1189 (1950). 

2W. Heitler, Quantum Theory of Radiation (Clarendon Press, Oxford, 


1944), second edition, p. 133 
*W. Franz, Z. Physik 98, 314 (1930), 


Decay of the x Meson 
Seucn: SuroKa* 
Division of Physics, National Research Council, Ottawa, Canada 
(Received April 16, 1954) 


ECENTLY many experiments' have shown that the x 
meson possibly undergoes the following two-body mode of 
decay, x*-»s*+- N°, since the secondary meson very probably 
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has uniform energy. Here N® denotes an unknown neutral par- 
ticle. If for N° we take the known neutral particles, we have three 
possibilities, namely, 


xt—rt+y; 
t+: 
rt +o; 


my~ 945m, 
my~1019m,, 
my~1610m,. 


The only other possibility, N°=»*, is omitted, because then the 
x meson would have to be considered to be a fermion. The approxi- 
mate values of the mass of the x meson corresponding to each 
scheme are given above. In the first two cases the mass is very 
close to that of the r meson, but in the last the mass seems to 
differ considerably from that of the + meson. Because of this 
experimental fact, a suggestion was put forward at the Cosmic 
Ray Congress* held at Bagnéres-de-Bigorre, France (July, 1953) 
that the x and « mesons are possibly identical with the 7 meson 
but have alternative decay modes instead of the usual 34 decay 
of the r meson. 

Goldhaber® has speculated on the possibility of finding a corre- 
lation between the various particles by considering the @ meson 
as the fundamental meson in nucleon-nucleon reactions. As far 
as the hyperons and r mesons are concerned, this idea is natural 
and helpful, and does not lead to any contradictions. Goldhaber 
brings the x meson and « meson into this scheme by assuming the 
following decay schemes proposed at the above-mentioned 
Bagnéres Congress: 


x mode: r*—»r+ +{%, 


¥ 
le: r*+yp*+yY {x 
« mode: r*—y*+ +45 


These decay modes are consistent with the usual 34 decay. But 
here we wish to point out that the identification of x*(x*->r*+7°) 
with r*(r*—>r*+2*+7) leads to a difficulty from the point of 
view of the selection rules for the decay modes of bosons based 
on the principles of charge conjugation and charge symmetry.*~* 
The relevant theorem for our purpose can be stated as follows: 
the reaction between charged and neutral mesons through a 
nucleon field is forbidden if the total number of vector and tensor 
couplings is odd. Further, the conservation of angular momentum 
and parity leads to the absolute selection rules which are stronger 
than those mentioned above. Using ail these selection rules, we 
can easily get the permitted kind of meson for various decaying 
mesons (bosons). Here we consider only the case that r and x 
mesons do not have higher spin than unity and we assume that 
these mesons are not composite structures but elementary bosons. 

Denoting by A, P, and T the decay schemes forbidden by the 
conservation of angular momentum, the conservation of parity, 
and the extension of Furry’s theorem, respectively, we get the 
results listed in Table I, which shows the forbiddenness of each de- 
cay scheme of r meson and x meson for various mesonic properties. 
Here we assume that the x meson is a pseudoscalar meson.’ Here 
S, V, PV, and PS denote, respectively, the scalar, vector, pseudo- 
vector, and pseudoscalar meson and s, 2, ¢, pv, and ps denote, re- 
spectively, the scalar, vector, tensor, pseudovector and pseudo- 
scalar coupling of the meson with the nucleon field. r(o) or rs) 
means that the neutral x meson couples with the nucleon field 
through the r,s)(=1) or r(¢) component of the isotopic spin. 


Taste I. Selection rules for the decay of r and x mesons. 


Property of 
meson 
Decay 
mode S S Ve Vi 
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The cases permitted by these selection rules are represented by 
dots. 

From this table, we can deduce some properties of the meson; 
for instance, the t meson should be PS or PV py», the x meson 
decaying into a * meson and y should be V or PV, and the x 
meson decaying into r* and r® should be S or V. Therefore if we 
wish to identify the x meson with the 7 meson, we see that this 
is possible only if x*(x*-+r*+-) is PV», but it is not possible 
for us to identify x*(x*-+r*+7") with the r meson. In other 
words, we may have the possibility that x*-+r*+-y is an alterna- 
tive decay scheme of the r meson, but x*(x*-+r*+7°) should be 
regarded as different from the r meson. The above argument is 
valid under the assumption, now well established, that the x 
meson is a pseudoscalar. 

The author is greatly indebted to Dr. T. Y. Wu, Dr. L. Voy- 
vodic, and Dr. S. Shanmugadhasan for their kind advice and 
discussion. 

* National Research Laboratories Postdoctoral Fellow. 
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Rotational Nuclear Energy Levels from 
Coulomb Excitation 


G. M. TEMMER AND N. P, HeEYDENBURG 


Department of Terrestrial Magnetism, Carnegie Institution of Washington, 
Washington, D. C. 
(Received April 16, 1954) 


O*; of the predictions of the so-called collective model of 
the nucleus' concerns the existence of a low-lying rota- 
tional level spectrum in strongly deformed nuclei encountered in 
regions between closed shells. In the simplest strong-coupling 
approximation, the positions of these levels are given by the 
following expressions involving the spin / and moment of inertia 
% (~square of nuclear deformation) : ; 

he 
(a) even-even nuclei: Ei=> [([+1); [=0*, 2*, 4*---, 


3 


2 
(b) odd-A nuclei: Ey= SUH) LoL J; 


I=I,, 1,41, 1,+2, --- (same parity as /,). 


Bohr and Mottelson in their original article’ pointed out that 
Coulomb excitation was especially suited to investigate this level 
system, and the celebrated case of Ta'*' discovered by Huus and 
Zupan¢ié? exhibits the first two excited states where predicted. 
Because of the limitation to £2 transitions in the excitation 
process** we expect only two levels to be excited in odd nuclei, 
and only one (2*) in even-even nuclei. A number of cases of great 
regularity in the even-even nuclei of the heavy element region 
studied by alpha and gamma spectroscopy have been noted.®* 
Encouraged by one more apparent case of agreement with rota- 
tional interpretation (Eu') in our last publication,‘ called to our 
attention by Bohr and Mottelson,’ we have carefully reexamined 
the nuclei of mass number between 150 and 190 (mainly rare 
earth region) where excessively large quadrupole moments 
(strong deformations) are known to exist. We used alpha particles 
as in our previous work’; since only the oxides of the rare earths 
are available, this turns out to be the only way to avoid pro- 
hibitive gamma-ray backgrounds. We raised our bombarding 
energy to 3.4 Mev, thus gaining a factor of two or more in the 
excitation cross section® of energy levels lying between 200 and 
300 kev; we also used some 30 mils of copper absorber to cut down 
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rasce I. Summary of results on rotational energy levels in the region 
150 <A <190. Z element; A (e —¢) =number and (total percent abundance 
of even-even isotopes); A(o) <number and (total percent abundance of 
odd isotopes); J. =ground-state spin of odd isotopes; p =theoretical ratio 
of second to first excited state energies for odd isotopes; E «observed 
amma-ray energies; Ej... energy predicted for second excited state. 
talicized numbers designate second excited state gamma rays. 


Z Ale—e) A(o) le Ey 


128, 290 
122," 186 
108,¢ 189 
76, 166 
93, 205 
79, 174 
114, 180 
183, 248 
»112, 250 
167,° 303 
219° 360 


Eley 


285 


2(20.5) 
2 (28.9) 
2(100) 
2(43.9) 
1(100) 
1(22.9) 
2(30.4) 
1(97.4) 
2(32.2) 
1( 100) 
2(100) 


ooNd* 
eSm 
aEu 
«Dy 
6? t lo 


§(79.5) 
§(71,1) 


+ 


5(56.1) 


§(77.1) 
5(69.6) 


+ 


4(67.8) 


Sn wNun ans 
NNN NN NINN 


* Tentative pending study with separated isotopes. 

>» Known or presumed first excited state(s) of even-even isotope(s). 

¢ Probable or known cascade gamma ray from second to first excited state. 

4 Yb!"! (14.3 percent) has spin 1/2~ and hence uncertain level positions 
(see reference 1). 

¢ Odd-odd nucleus Lu"® (2.6 percent). 

f Unassigned line 


on the x-ray as well as the first excited state gamma intensity. 
Our work was of course done with ordinary isotopic mixtures of 
the elements (some separated isotopes are on order), but the in- 
herent difference in the spectra of even and odd nuclei permits a 
rather simple identification in most cases. In Table I we present 
the results obtained. We list in turn: the element; the number 
and total percent abundance of the even-even isotopes; the 
number and total percent abundance of the odd isotopes; the 
spins /, of the latter; the theoretically predicted ratio p= (27,+3)/ 
(1,41) of second excited state energy to first excited state energy 
for the odd isotopes; the experimental values of the energies of 
the gamma rays; and finally, the predicted value for the second 
excited state energy, considering the lowest-energy gamma ray 
to come from the first excited state. It is likely that the latter 
gamma peak contains not only the odd first excited states, but 
also the even-even gamma rays in some cases, so that the intensi- 
ties observed are not directly meaningful. However, there seems 
to be a systematic difference between the moments of inertia of 
neighboring even and odd nuclei, in such a direction as to depress 
the first excited states of the odd species (larger (¥). In the cases 
of Sm and Lu we were able to resolve the higher-energy gamma 
ray probably belonging to the even nuclei. In addition to the 
nuclei listed in Table I, we have preliminary evidence concerning 
similar agreement in g:Gd; this case as well as goNd and »Hf will 
be reexamined with separated isotopes. In the case of «Tb the 
results are inconclusive; in o9Tm there seem to be no higher ex- 
cited states. It is perhaps interesting that the latter nucleus has 
spin 1/2 and is not expected to exhibit simple regularities.' 

Since the ratios are not far from two, it is difficult to resolve 
the cascade transition (if any) between second and first excited 
states; we were able to see it only in the cases of Ta (167 kev),* 
Eu (108 kev), and possibly in Ir (219 kev). We intend to locate 
these transitions by coincidence studies. They are of course im 
portant in determining absolute transition probabilities. Within 
the limits of our rough preliminary results, the relative excitation 
cross sections of first and second excited states also agree with 
the simple predictions of the collective model in terms of the 
intrinsic quadrupole moment Qo.' By way of summary, we would 
like to point out the following: 


(1) The upward trend of the positions of the first excited 
states is clearly discernible as we approach the 82-neutron and 
126-neutron closed shells, being more rapid toward the former 
than toward the latter. This trend, for even-even nuclei, has been 
variously noted.-" 

(2) In spite of these variations, and the variations in the ground- 
state spin from 3/2 to 7/2, the second excited state positions 
seem to agree with the simple predictions within our experimental 
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errors in all cases except Hf and Ir. The rotational character of 
these levels seems difficult to refute. 

(3) If the rotational interpretation is accepted, we of course 
automatically obtain spin and parity assignments for all levels. 
The second rotational states will probably never be observed 
except in Coulomb excitation because of their high spins. 


We are indebted to Dr. Bohr and Dr. Mottelson for informative 
correspondence. Mr. E. L. Weise of the National Bureau of 
Standards and Professor F. H. Spedding of the Ames Laboratory 
made these experiments complete by generously supplying us with 
an unbroken line of high-purity rare earth oxide samples. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 27, No. 16 (1953). 

*T, Huus and C. pee Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 1 (19. 

4G, M, Temmer nate N. P. Heydenburg, Phys. Rev. 93, 351 (1954). 

*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 (1954). 

‘A. Bohr and B. R. Mottelson, Phys. Rev. 90, 1953). 953). 

*F, Asaro and I, Perlman, Phys. Rev. 91, 763 (1953 

7A, Bohr and B. R, Mottelson (private communicatio n). 

*K. Alder and A. AWinties Phys. Rev. 91, 1578 (1953). 

‘ * This has also been observed by the group at the Rice Institute (C. M. 
~lass). 

10 G, Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

" P, Stachelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953). 


Mean Lives of Positive and Negative Mu Mesons* 
N. N. Biswas anp M. 8S. SInHA 


Bose Institute, Calcutta, India 
(Received March 1, 1954; revised manuscript received April 19, 1954) 


T is now well established that the apparent mean life of nega- 
tive mu mesons decreases very rapidly as the atomic number 
of the absorbing medium increases and that this is entirely due to 
the rapid increase in the capture probability of the mu mesons by 
the gradually increasing positive charge of the nucleus.'~* The 
mean life for free decay of negative mu mesons is the same as 
that of the positives, and the apparent mean life of negative 
mesons is given by 1/r_=1/7,-+-A, where A is the capture proba- 
bility of the negatives by the nucleus. Under these circumstances 
the number of mesons remaining undecayed at any time ¢ is 
given by 
N,= Not exp(—t/r4) +No™ exp(—t/r-), 1) 
where No* and No~ are the number of positive and negative mu 
mesons available for decay at ‘=0. The number of negatives 
remaining undecayed after a time ¢ equal to three times its ap- 
parent mean life is less than five percent. Hence if an integral 
decay curve is plotted with points close together, starting from a 
time as small as possible avoiding counter lags, we expect that the 
line joining the first few points would show a slope much sharper 


Peio em) 














Fic. 1, Experimental arrangement. 
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than that joining the points where the number of negative decays 
has falled to a very low value. The slope of the latter part of the 
curve, in fact, would give the mean life of positives as has been 
shown by Morewitz and Shamos* in the case of sulfur. 

The integral decay curves for a composite beam of mesons in 
Al, S, C, and Pb have been obtained in this laboratory by the 
delayed-coincidence technique. In the experimental arrangement 
as shown in Fig. 1, the twofold counter telescopes select an almost 
vertical beam of mesons and the trays D;, Ds, D; detect the decay 
electrons. The meson-absorbing medium has been split up into 
two (A,A) in order to reduce the path length that a decay elec- 
tron has to traverse to enter any of the D trays. The arrangement 
as a whole favors to increase the counting rates of the decay events. 

Of the decay curves shown in Fig. 2, those for Al and S show 
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Fic. 2. Decay curves for « mesons in C, Al, S, and Pb. 


distinctly two separate slopes while those for C and Pb with the 
same experimental setup show only one. This is expected since 
the apparent mean life of negatives in C is not much less than 
that of the positives, which implies that the negatives were still 
available for decay at 4.0 microseconds. In the case of Pb the 
decay curve yields a mean life of 2.23+-0.09 microseconds, which 
can be attributed to the decay of positives alone, because the 
number of negatives recorded in this case is negligible on account 
of their high capture probability by the lead nucleus. The point 
corresponding to 0.6 usec was not given much importance because 
it is suspected to include some spurious events due to the dis- 
tribution of random lags in the discharge of the G.M. counters.’ 
This has also been the case with curves obtained by Rossi and 
Nereson® and Sigurgeirsson and Yamakawa.’ 

For elements cf Z <16, the composite decay mean lives show a 
gradual increase with decrease of Z, thereby indicating that r_ 
increases as Z decreases and reaches the limit of r, for Z<6. In 
Al and S, the determination of the mean lives of negatives alone 
could be done by subtracting the extrapolated dashed line (posi- 
tive decays) from the composite curve, but this was not attempted 
since the statistical errors were too large to estimate the values of 








LETTERS TO 


7_ with reasonable accuracy. Further experiments are in progress 
to evaluate r_ by this method. 

The value of r_ in C has been determined in the following way. 
We chose the thickness of the carbon absorber such that it stopped 
the same number of mesons as in the case of Al. Hence the same 
number of positives must have decayed in C as in Al in the same 
time although the number of decay electrons recorded due to 
positives alone were smaller in C than in Al, because the solid 
angle subtended by the D trays with respect to the total thickness 
of the absorber was smaller in case of C due to its larger thickness. 
The positive decay curve in Al has been reduced by a factor equal 
to the ratio of the solid angles and this reduced curve represents 
the positive decay curve in C as shown in Fig. 2. The mean life of 
negatives evaluated by subtraction, gives the value 1.93+0.24 


Only a fraction r_/r, of the negative mesons present in the 
cosmic-ray beam can decay in an absorber. Since the number of 
negative and positive mesons decaying in the interval ¢=0 to 
t= 2% are separately known in the case of C, the ratio of positive 
to negative mu mesons can be determined from the equation 


ut/p” = (not r_)/ (nor), (2) 


where mo*, mo” are the number of decay electrons recorded from 
t=0 to ‘=. Substituting the relevant values from the decay 
curves of C, the value of this ratio is found to be 0.95+0.16, 
agreeing well with the value 1.06+0.03 obtained recently by 
Morewitz and Shamos.*® 

A detailed report of the experiment will be published in the 
Transactions of the Bose Research Institute. The authors acknowl 
edge with thanks the advice and encouragement from Professor 
D. M. Bose, Director, Bose Institute during the course of the 
experiment. 

* Work performed under a grant received from the Atomic Energy Com- 
mission, Government of India. 
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Phenomenology of the Pion-Nucleon S Waves* 
H. P. Noyes anp A. E. Wooprurr 
Department of Physics, University of Rochester, Rochester, New York 
(Received April 14, 1954) 


S was pointed out by Anderson and Fermi,' knowledge of 

the cross section for photoproduction of ** mesons from 
hydrogen at threshold combined with the r~/x* ratio for photo- 
production from deuterium and the ratio of radiative capture to 
charge exchange capture of x~ mesons in hydrogen as measured 
by Panofsky* allows one to calculate the difference in slope be- 
tween the pion-nucleon S phase shifts at zero energy. Calling 
these phase shifts a; and as for the states of J=1/2 and /=3/2, 
respectively, Bernardini* reported at the Fourth Rochester Con- 
ference that recent photoproduction results give ai—a;= (0.16 
+0.04) p/uc, where p is the center-of-mass momentum of the pion 
and yu its mass. However, pion-nucleon scattering experiments at 
33,4 40,5° 46,7 and 58* Mev all indicate that near 40 Mev ay is 
about 10° while a; lies between —1° and —4°. The assumption 
that 40 Mev is a low enough energy for the pion-nucleon system 
to insure that the phase shifts below 40 Mev are simply propor- 
tional to momentum would therefore predict that a:—a;= (0.3 
—0.35)p/yc, and hence a zero energy cross section differing by a 
factor of four from the observed result. Further confirmation of 
the peculiar behavior of these phase shifts at low energy is given 
by Lederman’s observation* of five scatterings of 5-Mev r~ 
mesons in hydrogen, corresponding to a cross section of 20 to 
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Fic. 1. S phase shifts vs center-of-mass momentum for models 
given in Table I, Numbers indicate references for data. 


25 mb. In spite of poor statistics, this positive result is by no 
means trivial, since linear extrapolation from 100 Mev would 
predict 0.1 mb, and from 40 Mev, 5 mb. The corabination of these 
two results, namely that a;—ay; is small and as+-2a; is large near 
threshold clearly shows that a; and a, must have the same sign near 
threshold and not opposite signs as observed at higher energies. 

The purpose of this note is to point out that this is precisely 
the behavior predicted by the S-wave potential model proposed 
by Marshak® as extended by Woodruff.” The predictions of this 
model, which uses an attractive exponential for a; and a hard- 
core attractive exponential tail potential for a3 (see Table I), are 
compared with experiment‘ *-" in Fig. 1. Comparison with the 
threshold data is given in Table II. Since 20 mb is reached near 
5.5 Mev, and the energy in Lederman’s experiment is probably 
not as closely defined as this, the agreement with experiment is 
clearly very good. 

It must be emphasized that the present success of this model 
does not justify taking it seriously in a quantitative sense. There 
is no good theoretical reason to expect a static potential model to 
hold up to energies equal to the rest mass of the pion, and as has 
already been pointed out in the nucleon-nucleon case," a hard 
core, attractive tail potential is peculiarly sensitive to kinematic 
relativistic corrections. Further, until it is shown experimentally 
that the S phases are positive around 5 Mev, the possibility exists 
that both are negative, which would imply an energy dependence 
that could not be readily duplicated by any simple potential 
model. If this possibility is ignored, the results presented here are 
rather to be taken to indicate the qualitative features that a suc- 
cessful theory of the meson-nucleon force should exhibit, namely 


TasLe I, Parameters for the potentials a1: V = —Voe exp(—r/ro); 
as; V= or <re; V = —Voexpl —(r —re)/ro), 7 >re. 








Model 
No. ro (uc)/h 
0.336 
0.465 
0.428 
0.460 


Vo (Mev) 


I 277 
II 105 
II 
I 


re (uc)/n 





0.386 
0.375 


I 187 
v 163 








TABLE II. Predictions at low energy. 
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a purely attractive force in the S state of isotopic spin } and a 
strong repulsion at short distances surrounded by a somewhat 
longer-range attractive region for the S state of isotopic spin }. 
They should also serve as a guide to experiments in this energy 
region. In particular, the prediction of a small x* cross section 
which switches from backward to forward scattering around 20 
Mev and a greatly enhanced w~ cross section for elastic (rather 
than charge-exchange) scattering around 5-10 Mev should now 
be taken rather seriously. 

We are indebted to H. Gelernter and E. Halbert for many of 
the calculations presented here. 

* Work supported by the U. S. Atomic Energy Commission. 

1H. L. Andersen and E. Fermi, Phys. Rev. 86, 794 (1952). 

? Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). : J 

* Proceedings of the Fourth Annual Rochester Conference (University of 
Rochester Press, Rochester, to be published). 

4S. L. Leonard and D. H. Stork, Phys. Rev. 93, 568 (1954). 

6S, W. Barnes ef al., Phys. Rev, 92, 1327 (1953). : 

* J. Tinlot and A. Roberts, Phys. Rev. (to be published). 

7 Orear, Lord, and Weaver, Phys. Rey. 93, 575 (1954). : 

* Bodansky, Sachs, and Steinberger, Phys. Rev. (to be published). 

*R, Marshak, Phys. Rev. 88, 1208 (1952). 

” A, E. Woodruff, Phys. Rev. 92, 855 (1953). 

" Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953). 

1? H, P. Noyes and H, G. Camnitz, Phys, Rev. 88, 1206 (1952). 


Shower Structure in the Higher Shower Maxima 


W. Borne anp H. KRAEMER 


Institut fir Physik im Max-Planck-Institut fiir Medizinische Forschung, 
Heidelberg, Germany 
(Received April 5, 1954) 


N an attempt to shed more light on the production of showers 
in connection with the second, third, and fourth maxima of 
the shower curve, the experimental arrangement as described 
previously! was slightly modified. In Fig. 1, Pb is the lead radiator 
of variable thickness, I and IT are the two crossed counter trays 
which determine the apparent shower angle, and III is a counter 
tray that may be shifted between I and Pb. Fivefold coincidences 
(I, I, 11, 11, ILD) as well as anticoincidences (I, I, II, If, —111) 
were counted as a function of lead thickness Pb. The results, some 
of which are reproduced in Fig. 2, are clear cut though rather sur- 
prising. If tray III is arranged immediately beneath Pb (a=82 
cm), the second and third maximum only appear in the anti- 
coincidence curve. The inverse holds if III is loweret to prac 
tically a=0 cm. In intermediate positions of III the maxima are 
divided up between the two curves. 
The simplest interpretation of these results is this: The par- 
ticles emerging from the Pb are neutral ones; a considerable frac- 
tion of them decay before reaching tray I, thus giving rise te the 


Fic. 1, Experimental arrange 
ment. K: case of coincidence; 
A: case of anticoincidence. 
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Fic. 2. Shower curves. Full curve: coincidence. Dashed curve: 
anticoincidence. (1 Torr =1 mm mercury). 


charged showers or pairs recorded by trays I+-II. So these neutral 
particles have at least some of the characteristics of neutral V 
particles. 

In the light of these results, a number of discrepancies that 
seemed to exist between the works of different authors now readily 
disappear. Since the apex of a shower does not lie in the lead 
layer but is more or less below, the real shower angle is consider- 
ably larger than supposed in our previous work. In fact Broussard 
and Graves* have observed in a cloud chamber that the second 
maximum occurs only for rather wide angle showers. 

If a counter tray III is arranged beneath Pb and coincidences 
(I, I, IZ) or (I, I, U1, I, IT) are counted, the second and third 
maximum cannot appear. Likewise the higher maxima must be 
strongly suppressed, if trapezoidal counter arrangements are used 
fixing the shower apex within the lead layer. Investigations with 
both kinds of arrangements have been described and regarded as 
proof against the existence of higher shower maxima. 

This counter work is being continued in combination with a 
cloud chamber. 

1W. Bothe and H. Thurn, Phys. Rev. 79, 544 (1950); H. Thurn and 

othe, Z. Naturforsch. 6a, 576 (1951); H. Thurn, Z. Naturforsch. 7a, 


W. B 
497 (1952); H. Thurn, Z. Naturforsch. 8a, 134 (1953). 
*L. Broussard and A. Graves, Phys. Rev. 60, 413 (1941). 


Perturbation Theory with Sommerfeld-Maue 
Wave Function 


G. K. Horton anv E. Puisss 


Department of Mathematics, University of Alberta, 
Edmonton, Alberta, Canada 


(Received March 29, 1954) 


T has been implicitly assumed by a number of authors! that 
the matrix element in the differential cross section for a process 
is the same whether Sommerfeld-Maue wave functions or non- 
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relativistic wave functions* are employed. That this is not so may 
be seen as follows. 

Given’ that the Sommerfeld-Maue solutions of the iterated 
Dirac equation, 


vt { (E+) me bymizseav(-W, (1) 


' ik } 
= pot t {1+ ee H+ OCH" 
XF (ia, 1; ike —ik-r)u(k), (2) 


it may be shown‘ that the ¥(r) do not form a complete set of 
orthonormal functions but satisfy 


2Zze 
, 1% c.. Aton YS Sa 
f dk fv [: + (E+E) dr=1 or 0, (3) 


according as A includes k” or not. ¥’ and y are the solutions of 
(1) for E=E” and E£’, respectively. We employ the notation of 
reference 1. 
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Relation (3) gives N’ =[2ma’/(e***’ —1)]}', which is exactly the 
same as in the nonrelativistic case. Relation (3) implies that 
when using the wave functions of Sommerfeld and Maue in a 
perturbation calculation, one must replace the matrix element 


His = f Vioisiat" H'Vrinardt (4) 


2Zze* 


— a ina . 5 
preaadia o () 


Hi = Ponsa [ + 


A paper employing these results is in preparation. 


!'H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954); L. Bess, 
Phys, Rev. 77, 550 (1950); Davies, Bethe, and Maximon, Phys. Rev. 93, 
788 (1954). 

2W. Heitler, Quantum Theory of Radiation (Oxford University Press, 
London, 1944), second edition, p. 96. 

3G. K. Horton and R. T. Sharp, Phys. Rev. 89, 885 (1953). 

‘ This was already known to Sommerfeld. See A. Sommerfeld, Alombau 
und S pectrallinien (F. Vieweg and Son, Braunschweig, 1939), Vol. 2, p. 214. 
See also F. J. Dyson, Phys. Rev. 73, 617 (1948). 

5 This is probably the reason why the difference between (4) and (5) has 
so far been overlooked. 
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MINUTES OF THE 1954 Marcu MEETING HELD at DETROIT AND ANN ARBOR, MARCH 18-20, 1954 


(Corresponding to Bulletin of the American Physical Society, Volume 29, No. 3) 


HE 1954 March meeting of the American 

Physical Society was held in two cities: 
Detroit on Thursday and Saturday, the eighteenth 
and twentieth of March, Ann Arbor on the inter- 
vening Friday. Conforming with young but firmly 
founded tradition, the executives of our Divisions 
of High-Polymer Physics and Solid-State Physics 
concentrated upon this meeting their principal 
efforts of the year in making programmes of in- 
vited papers, and their members followed suit by 
providing contributed papers in abundance from 
both fields. Thus the March meeting has become 
the major solid-state and high-polymer conclave 
of the Society's calendar. This is the best feasible 
solution of the problem posed by the immensity 
of the Annual Meeting and the Washington meet- 
ing, which would long since have been unmanage- 
able had the March meeting not been authorized 
and interposed. Semiconductors and the effects of 
irradiation on solids predominated in the solid- 
state sessions. Mention should be made here of the 
first instance of what it is hoped to make an annual 
institution, viz. the lecture by the most recent 
winner of the Oliver E. Buckley Solid-State Physics 
Prize (John Bardeen). The subject of the Sym- 
posium in high-polymer physics was the properties 
of amorphous polymers in bulk. For invited 
speakers in other than the Divisional fields we 
sought principally at the University of Michigan, 
with excellent results. Special mention must be 
made of the fascinating historical address by 
Professor H. M. Randall, a Past President of our 
Society, who told the story of the evolution of 
infrared spectroscopy at his University as it was 
initiated and guided by himself, and spoke also 
of the famous Summer School of Theoretical 
Physics at Ann Arbor. 

The registration amounted to 741. (There were 
900 registrants at the 1953 March meeting; the 
difference is more than covered by the fact that 
the members of our Southeastern Section were with 
us then, not now.) Upwards of 800 attended 
sessions at Ann Arbor. The attendance at the 
banquet was 233; the after-dinner speakers were 
E. F. Barker for the University of Michigan, W. F. 
Busse for the Division of High-Polymer Physics, 
and Clarence Zener for the Division of Solid-State 
Physics. We are grateful to Wayne University 
for accommodating the sessions of the Division of 
High-Polymer Physics on the Thursday, and to 
the University of Michigan for providing halls for 


five sessions on the Friday morning and again on 
the Friday afternoon; other sessions were housed 
in the Sheraton-Cadillac Hotel. The Secretary 
did not always guess right in the ticklish business 
of forecasting which sessions would need the biggest 
halls. 

We owe this “Michigan” meeting to the same 
man who brought about our 1941 meeting in the 
same two cities. His labors were tremendous, and 
probably much bigger than he foresaw—the 
Secretary was a better guesser than he in respect 
to the eventual size of the meeting. Especially to 
be commended was his provision and management 
of a special train (no less!) that conveyed 440 
members of the Society from Detroit to Ann Arbor 
and back, together with buses at both ends of the 
run (we think that we owe the Ann Arbor buses 
to the courtesy of the University of Michigan). 
The name of G. P. Brewington should be gratefully 
remembered by the Society. Daniel Harmon and 
E. R. Phelps were those who helped him most. 
These three are of the Lawrence Institute of Tech- 
nology, the University of Detroit, and Wayne 
University, respectively. 

The Council met in Detroit on the Thursday 
afternoon. It elected to Membership 141 candidates 
and to Fellowship 2 candidates; their names are 
appended. 


Elected to Fellowship: Kurt Lehovec and S. O. Morgan. 

Elected to Membership: Charles Montie Aker, M. M. Atalla, 
‘William L. Bade, Albert Baril, Jr., *Elbert White Bennett, 
*David Berley, *Richard Stephen Berry, John Ludwig Bjork- 
stam, *Mark Bolsterli, Wilson E. L. Boyce, Warren Eugene 
Bulman, Ray Aaron Burnstein, Edward Francis Carome, 
Gilbert William Castellan, "Stanley H. Charap, *Richard 
Allen Connell, *John Thomas Cox, Richard Pascoe Day, 
Harry Harroun Denman, Robert William DeSio, John Barber 
Dicks, Jr., Paul Brendel Dorain, *James Arthur Earl, Walter 
P, Eatherly, *John Allan Eisele, Robert William Ellison, 
William Paul Evans, *Richard Dwight Ewing, *Charles Alvin 
Fenstermacher, Andrzej Folkierski, *Peter J. Frank, *Jack 
Cavitt Fuller, Elliott David Friedman, Raymond Titus 
Gabler, Lawrence Allen Goldmuntz, Carroll Keller Gordon, 
*Andrew Vincent Granato, Tovy Grjebine, Lee Grodzins, 
Hermann Karl Gummel, *Mohamed Abdul Hakeem, George 
L. Hall, *Maclin S. Hall, Georg Hass, Victor Philippe Henri, 
Robert Ledyard Henry, Kuo-chu Ho, *Lothar Otto Hoeft, 
*William McClure Hooke, Frank A. Horak, Jr., Rudolf Bruno 
Horst, *Lawrence Paul Horwitz, *Raymond Howard Hoskins, 
Daisuke Ito, Bernard Jacrot, Philip Ord Johnson, Robert 
Howard Johnson, "Sidney Kahana, William Alexander 
Kemper, Aaron L. Kestenbaum, Walter Drew Kinsolving, 
Ernest Lee Kirkpatrick, Philip S. Klebanoff, *Bruce Winton 
Knight, Jr., *Leo A. Ch. Koerts, Yoshiaki Koshikawa, Bohdan 
Kostyshyn, Arnold Martin Kuethe, Anthony David Kurtz, 
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Joshua Ladell, *Oliver Harris LeBlanc, Jr., William C. Leven- 
good, *Arnold David Levine, Raphael Berg Levine, *Robert 
Richards Lewis, Jr., *Louis F. Libelo, Jr., Torsten Lindqvist, 
David Aaron Lowitz, Francois Claude Lurcat, Edward Frank 
Mackey, Lachlan Mackinnon, George Mannig, Claude Manus, 
Rudolph Arthur Marcus, Herbert Franz Matare, *Robert 
M. Mazo, *David Bowen McCandlish, Richard Gordon 
McCarty, Robert Harrison Mellen, David Meneghetti, 
Jack Merritt, George Edward Metcalf, Nils Lilienberg 
Muench, Tsuneo Nagata, Henry Winston Newson, Robert 
Norton Noyce, Gerald Oster, *Elio Passaglia, Gordan Derby 
Patterson, *Donald Charles Peckham, *Paul John Persiani, 
Donald Allen Peterson, Byron Blake Phillips, *Irwin Abraham 
Pless, Colin Arnold Plint, Robert Charles Plumb, Amedeus 
Edward Profio, Robert Lloyd Reed, Robert Kilpatrick Riel, 
‘William Howard Rosenfeld, *Donald Alexander Ross, *Allen 
Gershon Rubin, *Allan Melvin Russell, *Herman Emanuel 
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Saffran, Mitsuo Sakai, *Murray Scheibe, *Robert Gardner 
Schmidt, Erich Ernst Schneider, *Theodore David Schultz, 
*Arthur Z. Schwarzschild, Johannes Coenraad Severiens, 
*Andrew Skumanich, Lester Anah Smith, "Gerald Speisman, 
Herbert Adrian Stahl, *Richard Steven Strzelecki, Pierre 
Taglang, "Clement Austin Tatro, Edwin Harold Tompkins, 
Jacob Israel Trombke, Carroll E. Tschiegg, Masayasu Veta, 
"Wesley Johnson Van Sciver, Mary Bondurant Warren, 
Yukihiko Watanabe, *Jesse Leo Weil, *Kennedy Lunt Wilson, 
*Herman Winick, Ernest Carl Wurst, Jr., Tsunenobu Yama- 
moto, and Toshio Yokota. 
*—Student 

KarL K. Darrow, Secretary 

American Physical Society 

Columbia University 

New York 27, New York 


Errata Pertaining to Papers B4, E4, G6, and R11 


B4, by A. deBretteville and E. D. Harris. In line 13, —47 cal/mole should read —43.5 cal/mole. 
In line 14, 121.7°C should read 122.8°C. The remainder of that sentence should be deleted. Lines 15 


through 20 and reference 1 should also be deleted. 


E4, by Lindsey M. Hobbs, Douglas E. Brown, and David W. Pletcher. Mr. Hobbs’ name was in- 


correctly written as M. Hobbs Lindsey. 


G6, by F. A. D'Altroy and H. Y. Fan. The last sentence should read: The values of r and the 
mobility give an average value of 0.43 m for the effective mass. 

R11, by Selby M. Skinner. In line 7 after ‘‘poorly conducting materials,”’ insert ‘such as high poly- 
mer.” A footnote should be added, reading ‘‘With the support of the U. S. Office of Ordnance Re- 


search.” 





PROGRAMME 


‘THURSDAY MORNING AT 10:00 


Crystal Ballroom 


(CyriL S. SmitH presiding) 


Metals, I. (Lattice-Defects, Diffusion) 


Al. On the Nature of Lattice Defects in Metals. FREDERICK 
Seitz, University of Illinois.—In spite of the interest of the 
topic, we do not have at present satisfactory experimental 
demonstrations of the nature of the defects which occur ther- 
mally in metals such as copper, silver, and gold. The most 
elementary procedure, based on measurement of density and 
lattice parameters at high temperatures, could, in principle 
at least, distinguish between vacancy-type, interstitial-type, 
and Frenkel-type disorder. It is unlikely, however, that this 
procedure will prove feasible for most metals because of the 
precision required. Shockley has proposed a method based on 
the determination of a Kirkendall shift in the presence of a 
thermal gradient in a chemically homogeneous material. This 
seems to require the assumption, however, that the defects 
will always migrate in the direction —gradT, as if the mixing 
entropy necessarily determined the direction of migration. It 
is proposed that one search for deviations in the applicability 
of the Matano formalism in the early stages of diffusion of 
two different metals which exhibit a strong Kirkendall effect 
of the normal type when the concentration gradient between 
specimens is very steep. One might expect the measured dif- 
fusion coefficients to be abnormally large on one side of the 
boundary and abnormally small on the other if d, the thick- 
ness of the diffusion layer, is not greater than a+/w, where a 
is the lattice parameter and w is the number of jumps a va- 
cancy makes between birth and death. 


A2. Formation Energy of Vacancies in Gold, C. J. MEECHAN 
AND R. R. EGGLESTON, North American Aviation, Inc.—Deter- 
minations of the formation energy of vacancies in copper have 
been previously reported.! Recently these determinations of 
vacancy energy of formation have been made for pure gold, 
and the results of these new measurements will be reported. 
The experimental data taken below 500°C were fitted to the 
expression R=A-+B7+CT*. At higher temperatures the 
measured resistance values exceeded the extrapolated quad- 
ratic function by an amount AR, which had the following 
temperature dependence: AR=A exp(—E/kT). The addi- 
tional resistance has been attributed to the presence of va- 
cancies existing in thermodynamic equilibrium at the high 
temperatures. By plotting logAR vs 1/7, a formation energy 
for vacancies in gold of 0.6740.07 ev was obtained. This 
paper is based on studies conducted for the U. S. Atomic 
Energy Commission. 


1 Stanford Meeting, American Physical Society, December, 1953. 


A3. Imperfections in Copper in Terms of Electrical Re- 
sistivity and Thermoelectric Power. G. W. RODEBACK, 


North American Aviation, Inc.—Certain types of imperfec- 
tions in copper may be studied by including the degeneracy 
energy dependence! of their electron scattering in the ex 
pressions for electrical resistivity and thermoelectric power. 
Measurements of electrical resistivity and thermoelectric 
power from 130°K to 3000°K have been made on variously 


annealed states of cold-worked copper. Data were also taken 
from a sample bombarded at 150°K with 15 wamp-hr/cm? of 
35-Mev alpha particles and subsequently annealed at room 
temperature. Two types of imperfections which contribute to 
the nonthermal scattering of conduction electrons are con- 
sidered: fixed point scatterers whose scattering probability 
per unit time is assumed to have a one-half power dependence 
on degeneracy energy, and boundary scatterers whose scatter- 
ing probability is assumed to be energy independent. If the 
imperfections due to cold work are assumed to be fixed point 
scatterers (perhaps vacancies) application of the free electron 
theory yields a degeneracy energy constant over the ranges of 
annealing and temperatures of measurement. The same de- 
generacy energy is approached above 200°K by the radiation- 
damaged copper if the imperfections are assumed to be bound- 
ary scatterers; this is in agreement with the view that point 
scatterers (vacancies and interstitials) are annealed below 
room temperature. 

This paper is based on studies conducted for the U. S. 
Atomic Energy Commission. 


1 G. W. Rodeback and W. P. Eatherly, Phys. Rev. 91, 237 (1953). 


A4. Annealing Kinetics of Lattice Imperfections Using 
Evaporated Metal Films,* R. W. HorrMAn AND N. S. Rasor, 
Case Institute of Technology.—Copper films deposited in high 
vacuum onto glass substrates held at temperatures ranging 
from —150 to —100°C have been used to study the annealing 
kinetics of the lattice imperfections, thus formed, utilizing the 
electrical resistivity as an index of the degree of imperfection. 
By varying the temperature of the film after deposition, iso- 
thermal anneals, tempering anneals, and activation energy 
determinations have been performed. A film 1200A thick de- 
posited at —150°C anneals from an initial resistance of 17 
ohms (20 10~* ohm-cm) at —150°C toa resistance of 2 ohms 
after a 275°C anneal. This is a much larger effect than the 10 
percent changes in resistivity reported for radiation damaged 
and cold-worked copper. However, the time dependence of the 
resistivity decay, the annealing states which occur, and the 
phenomenologically determined activation energies for the 
annealing of the films are not unlike those reported for radia- 
tion damaged! and cold-worked copper. Consideration of the 
annealing data, its dependence on deposition temperature, 
and the possible effect of internal stresses allow interpretation 
of the phenomena in terms of the migration of lattice im- 
perfections. 


* Supported by the U. S. Office of Naval Research. 
1A. W. Overhauser, Phys. Rev. 90, 393 (1953). 


AS. Diffusion in Silver Single Crystals.* C. T. TomizuKa 
AND L. SuirKin, University of Illinois.—Coefficients for the 
diffusion of radioactive tracers of cadmium, indium, and tin 
in silver single crystals were determined at an extremely dilute 
solute concentration. These results' together with those on 
diffusion of antimony in silver? show a systematic decrease of 
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H and Dy as the atomic number increases from that of silver. 

Since these diffusing elements are all neighbors of silver in 

the periodic table with larger atomic number, a transition 

element ruthenium which precedes silver is now being in- 

vestigated. Preliminary results will be presented and discussed. 
* Supported in part by the U. S. Atomic Energy Commission. 


1C, T. Tomizuka and L. Slifkin, to be published. 
1 E. Sonder, L. Slifkin and C. T. Tomizuka, Phys. Rev. (to be published). 


A6. Solute Diffusion in Metals. D. Lazarus, University of 
Illinois.—It has been shown conclusively that even in ex- 
tremely dilute solutions, solute ions may diffuse at a rate 
markedly different from the rate of self-diffusion of the solute.' 
A simple theory is proposed to explain this difference based on 
the effects of screening of the solute ions by the Fermi elec- 
trons of the lattice. Calculations made using a Thomas-Fermi 
model? give good agreement with the experimental data for 
solute diffusion in silver, if a vacancy mechanism is assumed. 


Tomizuka and L. Slifkin, Bull. Am. Phys. Soc. 29, No. 3, 8 


7. 
1988) (this meeting). 
F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 


A7. A Comparison of Diffusion Techniques Employing 
Radioisotopes.* R. L. Smitu, F. E. Jaumor, Jr., aND L. A. 
Arn&, Jr., The Franklin Institute Laboratories for Research 
and Development.—The two radioactive tracer techniques 
generally used in the study of diffusion are the “sectioning” 
and “absorption” techniques. In the former, the diffusion 
coefficient is obtained from a curve of concentration versus 
the square of the penetration distance; in the latter, D is 
obtained from the surface activity before and after diffusion. 
these two techniques have been compared in a study of self- 
diffusion in zinc over a temperature range from 200 to 400°C, 
using single crystal samples. The activation energies Q, 
obtained for diffusion parallel and perpendicular to the ‘C” 
axis agree for the two methods and with the most recent 
published data! within experimental error. The scatter in the 
data and the error is larger in the absorption technique. The 
effects of electroplating versus evaporation of the tracer onto 
the sample were studied and found to be negligible. The 
application of very large and very small amounts of tracer 
produced interesting anomalies in particular samples, but 
caused serious error in the calculation of D only in the case 
of the absorption technique. The two metkods were compared 
using polycrystal samples with various grain sizes and will be 
discussed. 


* Supported by the U. S. Atomic Energy Commission. 
'Shirn, Wajda, and Huntington, Acta Met. 1, 513 (1953). 


A8. Diffusion of Co in Some Ni-Al Alloys Containing 
Excess Vacancies.* A. E. Bexrkowitz,f F. E. Jaumor, Jr., 
AND F. C. Nix, University of Pennsylvania.—Bradley and 
Taylor' have shown that in the 6-phase of the Ni-Al system 
those alloys containing an excess of aluminum exhibit a den- 
sity of vacancies that is considerably greater than the normal 
equilibrium concentration. Measurements were made of the 
diffusion of Co*, in six compositions in the 5-phase of Ni-Al 
at 1050, 1150, 1250, and 1350°C. Diffusion coefficients and 
activation energies were obtained. The data show increasing 
diffusion coefficients and decreasing activation energies with 
increasing concentration of vacancies. These results are ap- 
parently consistent only with the vacancy mechanism of 
diffusion. These data do not agree with previous measure- 
ments? made on the same alloy system. The results are in 
agreement with measurements made on a similar defect alloy.’ 

* This work was supported by the U. S. Office of Naval Research. 


t Now at The Franklin Institute Laboratories for Research and Develop- 


ment, Philadelphia 3, Pennsylvania. 
1A, J. Bradley and A. Taylor, Proc. Roy. Soc. (London) te i (1937). 
- Smoluchowski and H. Bur; =, Phys. Rev. 76, 309 ( 
F. C, Nix and F. E. Jaumot, Jr., Phys. Rev. 83, 1275 19580, 
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A9. The Effect on Diffusion Measurements of Some Beta- 
Ray Absorption Phenomena.* A. E. Berkowitz,} University 
of Pennsylvania.—In diffusion experiments, in which one 
measures the decrease in activity as a radioactive tracer dif- 
fuses into a sample, an important source of error is the 
determination of the characteristics of the absorption of the 
radiation from the tracer by the sample. Usually a simple 
exponential expression is found or assumed to describe the 
absorption. During recent experiments on the diffusion of Co 
in alloys of Ni and Al, we measured the absorption of the 
beta rays from Co® in thin foils and evaporated layers of Ni 
and Al. In all cases the activity increased with increasing 
absorber thickness in the range from 0 to 4 mg/cm’. The data 
for thin foils differed from those representing evaporated and 
electroplated layers. The data fit closely to a curve represent- 
ing the difference of two exponential terms. The indications 
are that the increased activity resuits from preferential beta- 
ray scattering rather than from the production of secondary 
electrons. The effect of the complex absorption expression on 
the calculation of diffusion coefficients will be discussed. 

* This work was supported by the U. S. Office of Naval Research. 

+t Now at The Franklin institute Laboratories for Research and De- 
velopment. 


Al0. Electrostatic Energy Calculations for Sodium Tung- 
sten Bronze (Na,WO;).* J. F. Smitrn, Jowa State College 
(introduced by G. C. Danielson).—Recent measurements of 
the activation energy for diffusion of sodium in the metallic 
sodium tungsten bronze, Nao.sWOs, gave a value of 51.8 
kcal/mole. To determine whether ionic bonding could be 


responsible for this high activation energy, electrostatic 
energy calculations have been made. Calculated activation 
energies for sodium diffusion using a model with random 


sodium distribution do not agree well with the measured value, 
but this discrepancy may be caused by ordering of the sodium 
atoms, Such ordering has been suggested by Gardner and 
Danielson to account for the anomalous resistivity at x = 0.75, 
Further calculations of the total electrostatic energy as a 
function of sodium concentration have been made on the basis 
of random sodium distribution; point charges of Nat, W**, 
O-~*; and a uniform neutralizing charge of free electrons. These 
calculations indicate that cubic sodium tungsten bronze should 
be unstable or metastable below x=0.35. This calculated 
value is in good agreement with the known phase transition 
occurring between x =0.30 and x =0.38. 


* Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 


All. The Surface Migration of Carbon on Tungsten*t 
Racpu Kier, Bureau of Mines.—The surface migration of 
carbon on tungsten was observed with the field emission 
microscope. The carbon source was a carefully outgassed 
5-mil diameter graphite filament. The vacuum attained in the 
system, exclusive of helium, was of the order of 10-" mm of 
Hg. The tungsten point was shadowed with carbon and heated 
to a given temperature, the migration being followed by ob- 
serving the emission patterns at room temperature at various 
time intervals. The migration process occurs with a sharp 
boundary of a form which clearly shows that the 011 and 121 
planes are avoided. By application of the theory of diffusion 
with a sharp moving boundary,' an activation energy was 
calculated for the migration. 


* This research is a part of the work being done at the Bureau of Mines, 
supported by Headquarters, U. S. Air Research and Development Com- 
mand, of Scientific Research. 

t Paper to be presented at meeting of the American Physical Society, 
Ann Arbor, Michigan, March 18, 1954. 

‘1H. Fujita, J. Chem. Phys. 21, 700 (1953). 





SESSIONS B AND C 


THURSDAY MORNING AT 10:00 
Italian Gardens 


(A. P. DE BRETTEVILLE presiding) 


DSSP Symposium on Ferroelectricity 


Bl. Some X-ray and Neutron Diffraction Investigations on Ferroelectric Crystal Transitions. Ray 
Pepinsky, The Pennsylvania State University (30 min.) 
B2. Properties of Very Small Ferroelectric Particles. WERNER KAENzIG, University of Illinois. 


(30 min.) 


B3. Nuclear Resonance in Ferroelectric Crystals. W. D. Knicut, University of California, Berkeley. 


(30 min.) 


Contributed Papers 


B4. Heat of Transition of Barium Titanate at the Curie 
Point. A. DEBRETTEVILLE AND E, D. Harris, U. S. Signal 
Corps Engineering Laboratories.—The authors’ free energy 
expression for the paraelectric-to-ferroelectric phase-induced 
transformation is E;(Pm—1.5P,) Nov, where E, is the threshold 
field strength, P,, is the maximum value of the polarization 
in the ferroelectric state, P; is the threshold polarization 
(e/4rE,), and No is the molar volume. By substituting experi- 
mentally-determined values of E,, «and P» that we obtained 
as functions of temperature into the free energy equation and 
differentiating it with respect to temperature, the entropy— 
and hence the heat of transition AH—can be found. At the 
Curie point (115.5°C) MH is —47 cal/mole; the value of AH 
becomes zero at 121.7°C and increases to 8.5 cal/mole at 
127°C. The data published by Merz give no value for P»; his 
data,' however, can be interpreted to yield a value for P» of 
10.09 10~* coulombs/cm*. This value corresponds to the 
point of inflection of his P vs E curve. The value of AH 
obtained at the Curie point 107.5°C is —24 cal/mole; it 
becomes zero at 114.7°C and increases to 2 cal/mole at 116°C. 
The apparent temperature variation of the heat of transition 
may be merely a manifestation of a number of domains under- 
going transitions at slightly different temperatures within a 
small temperature interval. 


1W. J. Merz, Phys. Rev. 91, 513-517 (1953) 


BS. Domain Clamping Effect in Barium Titanate Single 
Crystals. M. E. DrouGarp anp D. R. Youna, International 
Business Machines Corporation.—We have found that the 
dielectric constant of good single crystals of barium titanate 
decreases as the average polarization is decreased by means 
of an electric field. This has been interpreted as being due to a 
domain clamping effect arising from the multidomain situa- 
tion in the crystal that accompanies the reduction in polariza- 
tion. The dielectric constant for a crystal with zero average 
polarization is that of a thickness clamped crystal while the 


dielectric constant of crystal polarized to saturation is that 
of a free crystal. These measurements give a coefficient of 
coupling of 0.5 at room temperature in good agreement with 
the predicted value using the published values for ds; and our 
independent measurement of S33. The temperature dependence 
of the coupling coefficient for thickness vibrations as deter- 
mined from our dielectric constant experiments is shown to be 
similar to that calculated for longitudinal vibrations from 
measurements of Merz.’ 


1W. Merz, Phys. Rev. 80, 1084 (1950). 


B6. Measurements of Ferroelectric Transition in Single 
Crystals of Cd,Nb,O;.*F. Jona, G. SHIRANE, AND R. PEPINSKY, 
The Pennsylvania State University—Ceramic Cd:Nb,0; has 
been reported as ferroelectric below —90°C,' with a further tran- 
sition taking place at —190°C.? By replacing Cd with Pb or 
Ca, or Nb with Ta, the Curie temperature was lowered. Single 
crystals of Cd:Nb,0; have been grown as octahedra, or thin 
plates with the major surface perpendicular to (111). The 
dielectric constant of these plates is about 700 at 20°C and 
roughly 10000 at the Curie temperature (approximately 
—115°C). The single-crystal Curie temperature is somewhat 
lower than that of the ceramic, probably due to impurity in 
the crystals. The spontaneous pola: zation measured along 
the cubic (111) axis is about 5 microcoulombs/cm!* at — 180°C. 
Weissenberg photographs about the (110) zone show a small 
splitting of spots due to domain formation in the ferroelectric 
region. Assuming the low-temperature structure to be tetrago- 
nal, the axial distortion at — 180°C is about 0.1 percent. Pre- 
liminary optical measurements confirm a transition to a non- 
cubic system, but the symmetry is not yet established. 


* Development supported by Aeronautical Research Laboratory, Wright 


Alr preenment Center. 
. R. Cook, Jr., and H. Jaffe, Phys. Rev. 88, 1426 (1952); 89, 1297 
(1953). 


2G. Shirane and R. Fonlncky. Phys. Rev. 92, 504 (1953); and J. K. 
Hulm, Phys. Rev. 92, 504 (1953). 


THURSDAY MorninG AT 10:00 


Ballroom 


(G. J. Drenes presiding) 


Irradiation Effects, I (Nonmetals) 


Cl. Dielectric Changes in Crystalphosphor Condensers 
Irradiated with X-Rays. Rupotr Frericus, Northwestern 
University.—The changes in dielectric constant and dielectric 


loss produced in crystalphosphors by irradiation [first ob- 
served by Gudden and Pohl (1920) in optically excited phos- 
phors] can be used as detector for x-rays and penetrating 
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particles.’ Electrical condensers consisting of alternating layers 
of aluminum foil and crystalphosphors embedded in poly- 
styrene can be easily made in any electrical and geometrical 
size with complete absorption for the most penetrating im- 
pinging radiation. If such a condenser is fully excited changes 
up to 100 percent of the original capacity value can be ob- 
tained. Condensers made with copper activated zinc sulfide 
of 2000 puf reach a final value of more than 4000 yyf after 
irradiation with 200 kv x-rays for one minute with a rate of 
48 r/min. The increase of the dielectric constant and the di- 
electric loss as the irradiation progresses and the decrease in 
time as it is interrupted will be discussed and compared with 
the present theories. As the measurement of the capacity 
changes affords neither amplifiers nor high voltage or high 
insulation such condensers can be used as permanent monitors 
for radiation levels of about 1 r/min and higher. 


1R. Frerichs, J. Appl. Phys. 23, 697 (1952). 


C2. Change of Electrical Conductivity of Alkali Halides 
Upon Irradiation with 350 Mev Protons.* EpGAR PEARLSTEIN, 
Carnegie Institute of Technology.—KC1 and NaCl crystals were 
irradiated at room temperature in the Carnegie Institute of 
Technology synchrocyclotron with proton fluxes between 10“ 
and 10" per square centimeter. Conductivity was then meas- 
ured by an ac method over a large temperature range. Data 
to be given are an extension of work previously reported by the 
author.! When the amount of bombardment is small, the 
conductivity is decreased. For large amounts of bombardment, 
there is at first an increase in conductivity, which becomes a 
decrease as the temperature at which conductivity measure- 
ments take place is raised. Polarization in times of the order 
of #s sec complicates the measurements at some temperatures, 
so that an ac method is desirable. Polarization is usually con- 
siderably larger for bombarded crystals than for nonbom- 
barded ones. 


* Work supported by the U. S. Atomic Energy Commission. 
1 E, Pearlstein, Phys. Rev. 92, 881 (1953). 


C3. On the Influence of Nuclear Radiation on Electrical 
Conductivity of Alkali Halides.* R. SMoLucnHowskI, Carnegie 
Institute of Technology.—The preceding abstract on the change 
of electrical conductivity of alkali halides upon irradiation 
by high-energy protons illustrates amply the complexity of 
the phenomena here encountere¢. Some earlier results by 
Sproull, Maurer, and others point in the same direction. A 
brief summary will be given of the various mechanisms which 
could play a role in these effects such as clustering, trapping, 
vacancy formation, etc. It will be pointed out that irradiation 
with the high-energy protons of the Carnegie Institute of 
Technology cyclotron requires taking into account the proba- 
bility of the occurrence of nuclear transformations in the solid 
analogous to the formation of “stars” in cosmic ray studies. 
The prongs of these stars have the right energy to produce 
large effects in solids. It appears that the total effect produced 
by this mechanism may be more important than the other 
processes usually considered. 


* Work supported by a U. S. Atomic Energy Commission contract. 


C4. Irradiation Induced Optical Absorption in Al,O;.* 
Pau W. Levy anp G. J. Dienes, Brookhaven National Labo- 
ratory.—Hunt and Schuler! have shown that synthetic crystals 
of a-Al,O; were slightly colored in the ultraviolet by x-ray 
bombardment and observed saturation at small x-ray doses. 
Irradiation of this material by gamma rays produces similar 
coloring. A dose of 2 to 3X10 r produces as much coloring 
as 10’ r. Single crystals of a-Al,O; subjected to pile irradiation 
exhibit two additional well-defined absorption bands at 
2040A and 2600A. The 2040A band is approximately 10 times 
as intense as the 2600A band. The transmission of the crystals 
at 2040A is about 90 percent after the gamma-ray coloring 
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has reached saturation. Sixteen hours irradiation in the Brook- 
haven reactor reduces the transmission at this wavelength to 
iess than 0.1 percent. The intensity of the absorption bands is 
unaltered by additional y-irradiation which indicates that the 
absorption due to fast neutron damage is independent of the 
presence of ionizing radiation. The 2040A absorption increases 
with irradiation time according to the equation dN/dt 
=K—fN. At 100°C in the reactor f is approximately 0.14. 
In contrast, thermal annealing at 100° and 200°C reduces the 
intensity by less than 0.5 percent. 

* Work accomplished under contract with the U. S. Atomic Energy 


Commission 
IR. Allan. Hunt and Robert H. Schuler, Phys. Rev. 89, 664 (1953). 


C5. Magnetic Susceptibility of Fast Neutron Bombarded 
Ge. D. K. Stevens, J. W. CLELAND, AND J. H. CRAwForD, 
JR., Oak Ridge National Laboratory.—The magnetic suscepti- 
bility of n-type Ge subjected to various periods of bombard- 
ment in the Oak Ridge Graphite Reactor has been measured 
as a function of temperature in the range 65° to 300°K. 
According to present concepts the free current carriers add a 
diamagnetic contribution to the total susceptibility due to the 
orbital motion imparted to the carriers by the magnetic field." 
Because of the small effective mass of electrons* this contribu- 
tion is quite large in Ge. The effect of irradiation is to decrease 
the diamagnetism of material with an initial large concentra- 
tion of electrons in a manner consistent with the removal of 
electrons from the conduction band by bombardment intro- 
duced traps. Changes in electron concentration resulting from 
bombardment determined from susceptibility measurements 
agree within experimental error with the values obtained from 
Hall constant measurements. Implications concerning the 
magnetic nature of electron traps will also be discussed. 


1 Busch and Mooser, Z. Fy Chem. 198, 23 (1951). 
?D. K. Stevens and J. H. Crawford, Jr., Phys. Rev. ‘92, 1065 (1953). 


C6. Bombardment Damage of Ge Crystals by Fast Elec- 
trons. W. Koun,* Bell Telephone Laboratories.—It has been 
found! that the conductivity of n-type Ge is reduced by bom- 
bardment with electrons whose energy exceeds 0.63 Mev. This 
effect and its disappearance by annealing has been studied in 
detail by Fletcher, Brown, and Wright.? The experimental 
facts are consistent with the picture that the reduction of 
conductivity is due to the formation of acceptor levels associ- 
ated with vacancy-interstitial pairs produced by the bom- 
bardment. The threshold of 0.63 Mev implies that at least 
30.5 ev must be imparted to a Ge atom to produce an acceptor 
level. Theoretical considerations are presented which lead to 
the conclusion that some of the nearest interstitial positions 
can be reached by atoms with substantially smaller energies. 
This is consistent with the reported threshold of 25 ev for 
interstitial production in the much more closely packed Cu 
lattice.? One is thus led to the picture that in Ge the most 
easily accessible interstitial positions are either unstable or, 
if stable, do not give rise to acceptor levels. 

* On summer leave from Carnegie Institute of Technology, Pittsburgh, 
Poneeyivess 


E. E. Klontz and K. Lark-Horovitz, Phys. Rev. 86, 643 (1952). 
+ Cc. her and W. L. Brown, Phys. . Rev. 92, 585 (1953); Brown, 


Fletcher 
Fiche, and Wright, Phys. Rev. “02. "591 "01983). 
>. T. Eggen and Mf La Laubenstein, Phys. Rev. 91, 238 (1953). 


C7. Minority Carrier Lifetime in Semiconductors as a 
Sensitive Indicator of Radiation Damage.* P. Rappaport, 
Radio Corporation of America.—Studies of beta-particle bom- 
bardment of semiconductors indicate that minority carrier 
lifetime constitutes an extremely sensitive indicator of radia- 
tion damage. In studies of the electron-voltaic behavior of 
p-n junctions! bombarded by beta particles from a 50 milli- 
curie Sr90-Y90 source, it was observed that the open circuit 
voltage decreased by as much as a factor of two in 1 hour. 
This effect decreases as one goes in the direction of intrinsic 
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material. This corresponds to a change of 10"/cm? in the 
number of defects. So small a change would not appreciably 
affect the conductivity of the samples studied. Observations on 
the junction rectifier characteristics which can also be 
markedly affected by beta bombardment suggest that the 
major physical basis for the change in both rectifier and elec- 
tron-voltaic effects resides in an alteration of the minority 
carrier lifetime (r). This appears to be borne out by actual 
measurements which show that r can change by an order of 
magnitude when the defects are increased by 10"/cm'*. 


* Work supported by Wright Air Dereiopment Center, U. S. Air Force. 
1P. Rappaport, Phys. Rev. 93, 19 


C8. Radiation Effects in Indium Antimonide. J. W. CLELAND 
AND J. H. Crawrorp, JR., Oak Ridge National Laboratory.— 
Measurements of the effect of reactor irradiation on the elec- 
trical properties of InSb' have been extended. Single crystal? 
specimens have been irradiated in the Oak Ridge graphite 
reactor at ~30°C, Since transmutation effects are comparable 
to or greater than lattice disordering effects for the neutron 
energy spectrum employed, all samples were shielded with Cd 
and In foil. Measurements of the Hall constant at liquid 
nitrogen temperature indicate that the rate of removal of 
holes for p-type material is about four times the rate of re- 
moval of electrons for low-resistivity n-type material. Since 
the hole removal process is predominant, p-type InSb can be 
converted to n-type by lattice disorder and both p-type and 
low-resistivity n-type arrive at a final high-resistivity n-type 
saturation with a liquid nitrogen carrier concentration of 
~1X 10" electrons/cm'. It is therefore concluded that lattice 
defects introduced by fast neutrons act as electron traps in 
n-type material and as hole traps in p-type material, the hole 
traps being about four times as efficient. 

1 J. W. Cleland and J. H. Crawford, Jr., Phys. Rev. (to be published). 


2 We are indebted to M. Tanenbaum of the Bell Telephone Laboratories 
for the samples used in these experiments. 


C9. Hall and Resistivity Measurements During Electron 
Bombardment of Germanium and Indium-Antimony.* R. 
Pepper, E. Kionrz, K. LArK-Horovitz, anp J. MacKay, 
Purdue University.—Electrons from the linear accelerator 
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(4.5 Mev) were used for irradiating Ge and In-Sb semicon- 
ductors near liquid nitrogen temperatures (87°K). By bom- 
barding between the poles of a magnet, the Hall effect R and 
resistivity p were measured during bombardment, thus allow- 
ing changes in mobility during irradiation to be followed. 
p-type Ge (In doped) exhibits monotonically increasing R 
and p values with little change in R/p during bombardment. 
However in a 5.5 ohm-cm sample doped with Au, with an 
impurity activation energy of 0.21 ev, both R and p decrease. 
The ratio R/p decreases first by a factor of three but finally 
increases to a value slightly greater than the initial value. 
In p-type In-Sb, R and p increase monotonically and R/p 
decreases slightly during bombardment. In a 4 ohm-cm n-type 
Ge sample both R and p increase initially and R passes through 
a maximum negative value for a flux of about 1.310" 
electrons/cm*. Continued bombardment changes R to posi- 
tive values. On warming up to room temperature R again 
becomes negative for a total flux of 5X 10" electrons/cm?. 


* Supported by a U. S. Atomic Energy Commission contract. 


C10. The Elastic Constants of Silicon Before and After 
Neutron Bombardment from X-Ray Diffuse Scattering.* 
W. P. Binnie AND A. M. Liesscuutz,t Purdue University.— 
Using a Geiger counter the diffuse scattering of CuKg x-rays 
from a single crystal of silicon was measured before and after 
a neutron bombardment of 3X10" n.v.t. From these data 
the elastic constants have been determined using Wooster 
and Ramachandran’s method.' The elastic constants before 
irradiation agree with the values obtained by ultrasonic 
methods but after bombardment striking changes occur 
particularly in the values of Ci, and Cz. From the elastic 
constants Young’s Modulus, compressibility and the Debye 
temperature can be calculated. The values calculated from the 
elastic constants before irradiation agree with those measured 
directly. The change in Debye temperature observed after 
neutron irradiation has been calculated from the changes of 
the elastic constants and is in agreement with the experiments. 

* Supported by a U. S. Atomic Energy Commission contract. 

t Now at Convair, Fort Worth, Texas. 


1G. M. Ramachandran and W. A. Wooster, Acta Cryst. 3, 
(1915). 
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THURSDAY MorRNING AT 10:00 


Normandy Room 


(J. K. Gat presiding) 


Magnetic Resonance and Spin-Wave Theory 


D1. Paramagnetic Resonance Absorption in Carbons.* 
J. G. Castie, Jr., University of Buffalo—Paramagnetic 
resonance absorption characteristic of natural and artificial 
graphite was found! as a single resonance line close to the 
gyromagnetic ratio of the spin moment of a free electron. The 
investigations have been extended to carbons of smaller 
crystallite size. The carbon was prepared by grinding soft coke 
to particles with mean diameters of one to two microns and 
then heat-treating a single batch of the powder to a series 
(starting around 1000°C) of successively higher temperatures 
until artificial graphite was formed (2500°C and higher). 
No resonance absorption was observed after the lower heat- 
treatments, but after treatment to around 1400°C a very 
broad line corresponding to g=2.00 was found. The line 
sharpens as heat-treatment temperature is increased. The 
width is 11+3 gauss for polycrystalline graphite in agreement 
with the earlier measurements. The position of the peak ab- 


sorption is essentially constant and the intensity of resonance 
absorption per unit mass is the same within an order of mag- 
nitude. Absorption may be present in the baked carbons, but 
a line with a half-width greater than 200 gauss would have 
gone undetected. 


* Supported by the U. S. Office of Naval Research. 
1J. G. Castle, Jr., Phys. Rev. 92, 1062 (1953). 


D2. Pure Quadrupole Spectrum of Methyl Iodide Vapor.* 
FRED STERZER, New York University and Newark College of 
Engineering, AND YARDLEY Beers, New York University.— 
In a symmetric top molecule transitions can take place be- 
tween quadrupole hyperfine levels of the same J and K pro- 
vided that K #0. Because of its large quadrupole-coupling 
constant, CH;I"*’ has several lines of this type with computed 
intensities sufficient for observation in the uhf region. Using 
the spectrometer reported previously,' we have observed the 
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following lines: J=K=3, F=11/2-+9/2, 444.7640.10 Mc/ 
sec; J=K=4, F=13/2-+11/2, 481.05+0.10 Mc/sec; J=K 
=5, F=15/2-+13/2, 503.05+0.15 Mc/sec. The identities of 
the first two lines were confirmed from Stark splittings. These 
measured frequencies are perfectly consistent with the quad- 
rupole coupling constant obtained from microwave rotational 
spectra? if second-order theory is employed. 


* Supported by the U. S. Office of Naval Research and by the U. S. Air 
Force, through the Office of Scientific Research of the U. S. Air Research 
and Development Command. 

1Y. Beers and S. Weisbaum, Phys. Rev. 91, 1014 (1953). 

2 Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948). 


D3. Nuclear Magnetic Relaxation in Semiconductors. N. 
BLOEMBERGEN, Harvard University.—The theory of nuclear 
relaxation in metals by the interaction with conduction elec- 
tron spins is extended to semiconductors. When the carriers 
obey Maxwell-Boltzmann statistics, the relaxation time is 
inversely proportional to the concentration of carriers and to 
the square root of the temperature. In a degenerate Fermi- 
Dirac gas of carriers the relaxation time is inversely propor- 
tional to the absolute temperature and to the two-thirds 
power of the concentration. The degeneracy temperature and 
the hyperfine interaction in semiconductors may be deter- 
mined from the nuclear relaxation time, which will usually 
be rather long. When most electrons or holes are bound in 
the impurity levels, another relaxation mechanism will be 
more important. Spin-diffusion toward the bound paramag- 
netic impurities may result in a relaxation time which is 
independent of the temperature. Applications of the theory to 
grey tin and to silicon and germanium will be discussed. 


D4. Proton Magnetic Resonance in Compounds Having 
Several Liquid Crystal Phases. R. Ewinc anv J. C. LEE, 
Michigan State College—According to Bernal and Crowfoot, 
the compounds ethylanisal para-aminocinnamate and ethyl- 
phenyl benzylamino cinnamate exhibit three and four liquid 
crystal phases, respectively. We have attempted to relate 
these phases with the changes in line shape of the proton 
resonance signal. In the three-phase compound the line shape 
in the highest temperature phase consists of a triplet similar 
to those reported! for compounds having only a single liquid 
crystal phase. As the temperature is decreased the line shape 
changes radically and at lower temperatures emerges as a 
single narrow line on a broad base. The changes of the line 
shape with temperature for the four phase compound are 
much less spectacular. Some of the observed line shapes may 
arise from crystalline phases which co-exist with the liquid 
crystal phases. 

1 Jain, Moses, Lee, and Spence, Phys. Rev. 92, 844(A) (1953). 


D5. Ferromagnetic Resonance Relaxation Times in Single 
Crystals of Nickel and Iron.* J. A. Cowen AND R. D. SPENCE, 
Michigan State College-—We have measured the reciprocal 
relaxation time 1/72 for samples cut from nickel and iron 
single crystals from room temperature up to their respective 
Curie temperatures, at a frequency of 9400 Mc. At room 
temperature (111) and (100) cuts of nickel yield a value of 
1/T: approximately 5/3 of its value for a polycrystalline 
sample (3.210 sec). As the temperature is increased 
1/T: decreases and at 300°C is about the same as for a poly- 
crystalline sample. As the temperature approaches the Curie 
point 1/7: increases rapidly following a curve of the same 
shape as that for polycrystalline samples. For (111) samples of 
iron the room temperature value of 1/7; is 14X10 sec™. 
In such samples 1/72 reaches a maximum at 250°C and then 
decreases to 5X 10~ sec™! at the Curie point. 

* Supported by the U. S. Office of Ordnance Research. 


D6. Study of Exchange Interactions by Spin Wave Reso- 
nance. G. T. Rapo anp J. R. WEERTMAN, Naval Research 
Laboratory.—No previous experiments have revealed exchange 
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interaction effects in ferromagnetic resonance, and semi- 
theoretical estimates' have indicated that at room tempera- 
ture the “exchange shift’”’ AH is indeed only about 0.2 percent 
of the static field H required for resonance. It is now shown 
that an easily measurable exchange shift of about 20 percent 
can be obtained at room temperature by using an unusually 
small H (~100 oersted) in conjunction with a zero-anisotropy 
polycrystal (or low-anisotropy monocrystal) possessing a 
large 2 (~1000) at resonance. The samples used by us to 
date are properly heat-treated cylinders of 66 percent Ni—34 
percent Fe alloy. By using an improved, modified version of a 
technique described earlier,2 measurements are obtained at 
3000 and 6000 Mc/sec of both parts of the ‘equivalent iso- 
tropic permeability” (4 =i— ius) as a function of the axially- 
applied static field. Tentative results demonstrate the existence 
of exchange effects in this ‘‘spin wave resonance” by exhibiting 
the characteristic line shapes calculated in the following ab- 
stract (Ament and Rado) and yielding reasonable values of 
the spectroscopic splitting factor g and exchange factor A. 


1C. Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 
?M. H. Johnson and G. T. Rado, Phys. Rev. 75, 841 (1949). 


D7. Electromagnetic Effects of Spin Wave Resonance. 
W. S. Ament AND G. T. Rapo, Naval Research Laboratory.— 
Maxwell’s equations, and the “precession equation” supple- 
mented by the exchange torque (24/M?)MXV'M, deter- 
mine the microwave propagation inside a saturated ferro- 
magnet. In a metal, the exchange factor A gives rise to three 
propagation constants, ki, ke, ks, for waves with both prop- 
agation vector and magnetic vector perpendicular to the 
static magnetic field H, When such waves are excited exter- 
nally, the three wave-amplitudes are determined through the 
usual continuity conditions at the air-metal interface, plus 
two new boundary conditions, the vanishing of the normal 
derivatives of the x and y components of the microwave mag- 
netization. These new conditions, shown to be equivalent to 
the delta-function picture,' are explained physically. The sur- 
face impedance E,/H, is calculated from the boundary condi- 
tions and the solutions of the cubic secular equation for k,’, 
k2?, ks?. The “equivalent isotropic permeability,” yu, derived 
from E,/H,., depends on A, g, and X, as well as on the known 
parameters w, ¢, M,, and H,. For A #0, resonance shift and 
line broadening are found in the calculaced » even when the 
damping factor \ vanishes. 


1C. Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 


D8. Theory of g Factor and Spin-Lattice Relaxation Time 
in Alkali Metals. Harvey Brooks, Harvard University.— 
A quantitative theory of the g factor in alkali metals has been 
developed which permits calculations based only on a knowl- 
edge of the spectroscopic term values of the free atom, in- 
cluding the fine structure intervals in the p terms. The method 
is an extension of that employed in a recent calculation of the 
cohesive energy of the alkalis, and the approximations in- 
volved are equivalent to those employed in a similar calcula- 
tion by Yafet.! The result for sodium is Ag= —3.2X10~* 
sin’) as compared with Ag= — 3.7 X 10~ sin-*#, computed by 
Yafet. Here is the angle between the k vector and the mag- 
netic field. Numerical results will be given for the other 
alkali metals. The new method has also been used to investi- 
gate the spin-lattice relaxation time, using essentially a model 
proposed by R. J. Elliott in which spin flops accompanying 
lattice scattering result from the contamination of each spin 
state by its opposite via the spin-orbit interaction. It is found 
that the principal contributions to the matrix element can be 
evaluated without recourse to explicit wave functions and 
ionic potentials and so can be deduced from spectroscopic 
data of the free atoms. 


1 Harvey Brooks, Phys. Rev. 91, 1027 (1953); Y. Yafet, Phys. Rev. 85, 
478 (1952). 
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D9. Spin Waves in Antiferromagnetic Face-Centered 
Cubic Lattices. Franx Stern,* Bell Telephone Laboratories.— 
Anderson’s' treatment of spin waves in antiferromagnetic 
lattices is modified by expanding in the deviation of the z 
component of spin from S instead of from [S(S+1)}. The 
modified method is applied to face-centered cubic lattices with 
antiferromagnetic ordering of the second and third kinds. The 
energy and the mean spin per sublattice are evaluated at 
absolute zero and some of the resulting integrals are very 
crudely estimated in terms of the ratio of nearest to next 
nearest neighbor interactions. The lattice becomes disordered 
at the transition between ordering of the second and third 
kinds. There are two forms of ordering of the second kind— 
Case A has alternating trigonal planes of up and down spins, 
as observed in MnO;? Case B has spins in the trigonal planes 
alternately in the ratio 3:1 and 1:3, with no trigonal planes 
singled out. 


* Now at the U. S. Naval Ordnance Leponseery. 
'P, W. Anderson, Phys. Rev. 86, 694 (1952). 
* Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
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D10. Dipolar Ferromagnetism in Cubic Lattices. M. H. 
Cowen, University of Chicago, AND F. Kerrer, University of 
Pittsburgh.—A critical examination of the Holstein-Primakoff 
spin-wave technique! has yielded explicit criteria for the sta- 
bility of ferromagnetic arrays. These criteria have been applied 
to point dipoles on the three primitive cubic lattices for the 
shape most favorable for ferromagnetisin, that of a long, thin 
sample. The results are as follows: (1) dipolar ferromagnetism 
cannot occur on the simple cubic lattice; (2) the ferromagnetic 
state can be the lowest, or at least a metastable, state on the 
face-centered and body-centered cubic lattices. The lowest 
energies of ferromagnetic states were calculated for the (100), 
(011), and (111) directions, thus obtaining two anisotropy 
constants, K, and Kz, for each lattice. This anisotropy is 
quantum-mechanical in nature, originating in the zero point 
energy of the spin waves. Comparison with previous classical* 
and quantum-mechanical* considerations will be made. This 
work is based on calculations of dipolar sums to be published 
shortly. 


Th bg per and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
ato and L. Tisza, Phys. Rev. 70, 954 (1946). 
y Tessman hys. Rev. 85, 752 (1952). 


THURSDAY MORNING AT 10:00 


State Hall 101, Wayne University 


(T. G. Fox presiding) 


Invited Papers in High-Polymer Physics 


El. Effect of High-Energy Radiation on Polymers. A. Cuar_essy, Harwell. (30 min.) 
E2. Theory of Orientation and Double Refraction in Polymers. E. F. GURNEE, Dow Chemical Com- 


pany. (30 min.) 


E3. Measure of Orientation in Polystyrene Monofilaments by Means of Double Refraction. R. D. 


AnprREws, Dow Chemical Company. (30 min.) 


Contributed Papers 


E4. Effects of Co Gamma Radiation on Formation and 
Degradation of Polymers. M. Hopss Linpsey, DouGtas E. 
Broww, AND Davip W. PLetrcuer, University of Michigan.— 
The composition of product of the gamma catalyzed poly- 
merization of an equimolar mixture of styrene and methyl 
methacrylate is identical to that formed in the presence of 
benzoyl peroxide and quite different from those formed in 
the presence of sodium and stannic chloride. This result may 
be interpreted to mean, by the scheme of Mayo and Walling, 
that the gamma catalyzed polymerization is of the free radical 
type. The gamma catalyzed polymerization is promoted by 
several of the conventional antioxidants and inhibitors and 
certain vulcanization accelerators and is retarded by sevcral 
materials including sulphur compounds. Consideration is 
given to the possible relationship of these observations with, 
(1) free radical polymerization and (2) polymer degradation 
in the presence of light, oxygen, ozone, and heavy metals. 


ES. Dielectric High-Frequency Method for Molecular 
Weight Determinations.* P. Desye, P. P. Desye,f AND 
B. H. Ecxstein, Cornell University.—If an inhomogeneous 
electric field EZ is applied to a solution whose constituents have 
different polarizabilities, the more polarizable one will ac- 
cumulate to excess in the region of maximum field energy. 
Consider a polymer solution, the polymer having the greater 
polarizability, in a cylindrical condenser with a fine wire, 
centrally located, as one electrode. If a high field is applied, 
the concentration of polymer near the wire will exceed the 
macroscopic concentration and a “polymer atmosphere” will 


be formed about the wire, having a Boltzmann distribution 
corresponding to a potential energy V = 4aE*. In the presently 
employed arrangement the condenser is madz2 part of a circuit 
oscillating at 5 mc. The small change in frequency resulting 
when the potential is applied is measured by beating this 
variable frequency oscillator against a fixed frequency monitor. 
At low concentrations, the change in frequency is directly 
proportional to the molecular weight of the polymer and to E?. 
However, the change in frequency is not instantaneous; it 
can be followed quite closely. From the manner in which the 
change occurs conclusions may be drawn about the distribu- 
tion of mobilities, and hence of molecular weights and dimen- 
sions, in the polymer. 

* This work is supported by the Office of Synthetic Rubber of the RFC. 


¢t Present address: Raytheon Manufacturing Company, Waltham, 
Massachusetts. 


E6. A Field-Induced Diffraction Method for Molecular 
Weight Determinations.* W. A. Barser, P. DeByr, AND 
B. H. Eckstein, Cornell University.—When ultrasonic vibra- 
tions from a crystal are transmitted through a liquid, periodic 
inhomogeneities in density, and hence in refractive index,-are 
created and may be discerned by using them as a diffraction 
grating for light. Another way of creating such a grating is to 
introduce periodic variations in the refractive index of a 
solution by other means. In this study, the effect of an in- 
homogeneous electric field, discussed in the preceding paper, is 
utilized. A stack of uniformly spaced razorblades with sharp 
edges serves as one electrode, a brass plate about 5 mm away 
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as the other. When the whole assembly is submerged in a 
polymer solution and a strong electric field is applied, again a 
Boltzmann atmosphere of polymer is built up in the vicinity 
of the blade edges, where the field is strongest. A parallel 
beam of monochromatic light is passed through the space 
between the electrodes, its direction parallel to the blade edges. 
The spectrum visible first, due to the blades alone, is blocked 
out. Then the field is applied, and the spectrum reappears, 
now due to the polymer aggregations. The intensity of the 
first-order line is proportional to M* and E‘, and it is measured 
by reading the output of a photomultiplier tube on a cathode- 
ray oscilloscope. 


* This work is supported by the Office of Synthetic Rubber, of the RFC. 


E7. Gamma-Ray Polymerization of Acrylamide in the 
Solid State.* Rosert B. MESROBIAN AND PavuL ANDER, 
Polytechnic Institute of Brooklyn, AND Davip S. BALLANTINE 
AND G. J. Dienes, Brookhaven National Laboratory.—The 
polymerization of vinyl monomers can be initiated by heat, 
ultraviolet radiation, and various catalysts. More recently 
ionizing radiation has been shown to initiate effectively vinyl 
polymerization.! However, polymerization in the solid state 
by any of the above means is not reported in the literature. 
Some experiments will be described which demonstrate that 
crystalline acrylamide undergoes polymerization upon irradia- 
tion with y rays from an intense Co™ source. Sublimed acryl- 
amide was irradiated in vacuo and the polymer isolated by 
methanol precipitant. Viscosity, osmotic pressure, and tur- 
bidity measurements were performed on water solutions of the 
polymer. Conversion vs time curves were obtained at several 
irradiation temperatures with the temperature maintained 
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constant at +1°C. At 5°C or below a long induction period 
was observed. Radicals are “frozen-in” at these temperatures 
since upon warming violent polymerization occurs. Residual 
crystallinity of the bulk sample was determined by measuring 
the integrated intensity of several x-ray reflections. The re- 
sidual crystallinity decreases with irradiation. However, 
appreciable crystallinity remains even at high conversion in- 
dicating that the monomer crystalline domains are not strongly 
disturbed by the newly formed polymer chains. 


* Work partially done under contract with the U. S. Atomic Energy 


Commission. 
1 F. S, Dainton and E. Collinson, Ann, Rev. Phys. Chem. 2, 99 (1951). 


E8. Static Electrification of Filaments: Dependence of 
Charge Transferred on Normal Force and Velocity. S. P. 
HeErsH* AND D. J. MontGoMERY,f Textile Research Institute.— 
An apparatus has been constructed to permit short lengths 
of single filaments to be rubbed against each other under 
controlled ambient and mechanical conditions. The net charge 
transferred in a single rub is measured with an electrometer. 
Among the materials studied were various metals and the 
nonmetals, glass, wool, cotton, Nylon, viscose, polyethylene, 
and Teflon. With respect to dependence on normal force for 
both metals on insulators and insulators on insulators, the 
charge increases linearly from nonvanishing intercept to a 
limiting value, presumably as a result of electrical breakdown 
of the atmosphere. A similar behavior is found for the velocity 
dependence, except that for some insulators on insulators the 
charge appears to be independent of velocity within the range 
available for the apparatus. 


* Union Carbide and Carbon Fellow at Textile = Institute. 
t Present address: Michigan State College, East Lansing, Michigan. 


THURSDAY AFTERNOON AT 2:00 
State Hall 101, Wayne University 


(J. D. Ferry presiding) 


High-Polymer Physics 


F1. Dynamic Mechanical Properties of Polyvinyl Acetate. 
Ma.cotm L. WILLIAMS AND PouN D. Ferry, University of 
Wisconsin.—A sample of polyvinyl acetate (AYAX) of 
number-average molecular weight 140 000 has been investi- 
gated both in the undiluted state and as a 50 percent solution 
(by volume) in tri-m-cresyl phosphate. The real and imaginary 
parts of the complex compliance were measured with the 
double transducer of Fitzgerald and Ferry between 30 and 
4500 cps. The temperature ranges were 50° to 90°C for the 
undiluted polymer and — 10° to 40°C for the solution, and the 
values of the real component of the compliance ranged in 
each case from 10~* to 10-*-* cm*/dyne, corresponding to the 
transition from soft to glasslike consistency. The data for 
both components could be combined at various temperatures 
by the method of reduced variables. Relaxation distribution 
functions and apparent heats of activation for the relaxation 
process have been calculated and are compared with similar 
data for other polymers in the undiluted state as well as for 
solutions of polyvinyl acetate in a solvent of much lower 
viscosity. 


F2. Slow Relaxation Mechanisms in Concentrated Polymer 
Solutions. Joun D. Ferry, Matcotm L. WILLIAMS, AND 
Dona_p M. STERN, University of Wisconsin.—The distribu- 
tion of relaxation mechanisms in concentrated polymer solu- 
tions at the slow end of the time scale can be derived from 
dynamic viscosity, stress relaxation, and (according to a new 
theory of DeWitt) the non-Newtonian viscosity. The results 
of such measurements are compared for several samples of 


polyisobutylene, polystyrene, and polyvinyl acetate, and in 
general they agree well. A modification of the Rouse theory is 
used to predict the slow time-dependent behavior from the 
steady flow viscosity (at vanishing stress) and the molecular 
weight ; the agreement is close for a sharp fraction. The elastic 
compliance of a polymer solution in steady-state flow is 
dominated bythe slow relaxation mechanisms; according to 
the modified Rouse theory, it is J=(2/5)M141M,/MucRT, 
where c is the concentration in g/cc. 


F3. A Calculation of the Dynamic Bulk Modulus of Poly- 
isobutylene. Ropert S. Marvin, National Bureau of Stand- 
ards, AND H. S. SACK AND R. ALpricH,* Cornell University.t— 
The complex dynamic bulk (dilational) modulus (K*) of a 
polyisobutylene of viscosity average molecular weight 1.35 
X10* has been computed from measured shear (G*)' and 
compressional (M*) moduli and the relation M* = K*+4/3G*. 
The results demonstrate the existence of an imaginary (vis- 
cous) component of the bulk modulus of this material, and 
similarity between the temperature dependence of the ap- 
parent activation energy in dilatation and that in shear. 
There is a less certain indication that the maximum loss 
occurs at the same temperature and frequency in both shear 
and dilatation. 

* Present address, General Electric Company, Syracuse, New York. 

t The work at Cornell University was supported by the U. S. Office of 
Naval Research. 


1R. S. Marvin, Second International Congress on Rheology, Oxford, 
England, 1953. 
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F4. Steady-State Elastic Shear Compliance and Molecular 
Weight Distribution in Polyisobutylene. Hersert LEApER- 
MAN AND M. Wates, National Bureau of Standards.—The 
steady-state elastic shear compliance J of two polyisobutylene 
fractions (M, 210* and 13.5X10*) and of five blends of 
these fractions has been measured. Values for 0, 11.5, 19.9, 
and 100 percent weight fraction of the high molecular weight 
component are 1.1, 17.3, 16.0, and 3.3 10~* cm*/dyne. The 
maximum value of M,/M, corresponds to a blend containing 
about 15 percent of the high molecular weight fraction. Pre- 
liminary data suggest that J is proportional to (M,/M.)* for 
these blends. The parameter 1/G; used to specify non-New- 
tonian flow shows the same trend. 


FS. Multiple Dispersion Regions in Rigid Polymeric 
Systems. Ro_r BucupAHnL AND LAWRENCE E. NIELSEN, 
Monsanto Chemical Company.—It is shown how chemical and 
colloidal heterogeneity can result in multiple dispersion re- 
gions of the mechanical or electrical loss factor as a function 
of temperature. Heterogeneity can be produced in several 
ways: (a) mechanical bleading (mixing) of certain polymers, 
(b) nonuniform copolymerization, (c) block or graft poly- 
merization, (d) external plasticization, and (e) certain types 
of molecular weight distribution. Specific examples are given 
to demonstrate the effect. 


F6. The Effect of Crystallinity on the Dynamic Mechanical 
Properties of Polyethylenes. LawrENcE E. NiELsEN, Mon- 
santo Chemical Company.—Six polyethylenes which differed 
widely in the degree of crystallinity were studied. The crystal- 
linity was determined from density measurements. Both the 
density and the dynamic mechanical measurements were 
made over the temperature range from 25°C to above the 
melting point of the material. The dynamic shear modulus 
drops off rapidly as the melting point is approached. The 
mechanical damping goes through a maximum near 60°C 
and then through a minimum just below the melting point. 
It is possible to predict the density of any point from the 
value of the shear modulus at the same temperature. The 
more crystalline materials have the higher shear moduli and 
the higher melting points. 


F7. Elastic and Dielectric Losses of some High Polymers 
Near and Below the Second-Order Transition Temperature.* 
H. S. Sack, T. R. CuyKeENDALL, AND T. J. Woops,t Cornell 
University.—While many high polymers (polyvinylacetate, 
GRS, etc.) exhibit peaks of the elastic and electric losses as a 
function of temperature in the region of the second-order 
transition, no such peaks were found for cellulose-acetate and 
nitrate, though samples of the same preparation show the 
characteristic second-order transition behavior of the expan- 
sion coefficient. However, peaks were found at very much 
lower temperatures, accompanied by changes in the elastic 
modulus. The dependence on frequency is that of a relaxation 
phenomenon similar to that observed above the transition 
temperature for polyvinylacetate (and others). The elastic 
and electric measurements are very similar, and the activation 
energies that can be calculated from the data are the same, 
though the absolute values of the relaxation times may be 
different. The low-temperature relaxation may be due to the 
mobility of relatively small groups, while above the transition 
temperature the motion of large sections of the whole molecule 
plays the important role. 


* This research was supported by the U, S. Office of Naval Research. 
t Now with Pratt & Whitney, Hartford, Connecticut. 


F8. Ultrasonic Properties of Hycar OS-10 and Paracril 35.* 
J. L. Mevcuort anv A. A. Petrrauskas, University of Notre 
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Dame.—Ultrasonic propagation properties of Hycar OS-10 
and Paracril 35 have been studied from 250 ke to 10 mc and 
from —50°C to +70°C. Sound velocity was found to decrease 
with increasing temperature and to exhibit two relatively 
sharp slope changes in the temperature range studied. Sound 
velocity increased with increasing frequency. Attenuation was 
found to peak in this temperature range for each of the fre- 
quencies employed. These peaks shifted to higher tempera- 
tures with increasing frequency. The temperature region of 
maximum attenuation and dispersion was assumed to repre- 
sent the region of second-order transition. Activation energies 
of 38 kcal/mole for Hycar OS-10 and 40 kcal/mole for Paracril 
35 were determined from the temperature variation of this 
region with frequency. Propagation properties of swollen 
Hycar OS-10 were observed. The effect of increasing swelling 
was found to be roughly the same as that of decreasing 
frequency. 

* Supported in part by the U. S. Office of Naval Research, and by the 


United States Rubber Company. 
T Now at Sylvania Corporation, California. 


F9. Stress-Temperature-Time Studies through the Second- 
Order Transition Region. D. G. Ivey AnD A. Kwet, University 
of Toronto.—Previous measurements of stress in elastomers 
held at a constant extension have shown strong relaxa- 
tion effects in the region of the second-order transition tem- 
perature 7;,, but have not been carried to temperatures much 
below 7. In the work here reported, materials exhibiting a 
transition at about —30°C have been used, and the measure- 
ments carried out in the range +20° to —80°C. Stress is 
observed to increase linearly with temperature above Tm, as 
others have reported. Linear behavior is also observed below 
the transition region, stress increasing rapidly with decreasing 
temperature. It is felt that the intersection of the two straight 
lines might be used to define 7,, for the process. This defini- 
tion would be unique, as opposed to 7;, defined by the point 
at which departures from the high-temperature linear be- 
havior are observed. Because of relaxation effects in this 
region, 7, so defined is dependent on the rate at which the 
experiment is performed. Values of stress less than those 
defined by the straight lines were not observed, hence these 
lines seem to represent the lower limit of the stress at a given 
temperature. Consequently, 7,, as defined by the line inter- 
section may have some physical reality. 


F10. Measurement of Nuclear Induction Relaxation Times 
in Polymers.* V. R. HonNoLp,t F. McCarrrey,t AnD B. A. 
Mrowca, University of Notre Dame.—Both spin-lattice (7) 
and spin-spin (72) relaxation times of nuclear magnetic 
moments were studied for several polymers over a tempera- 
ture range which included the second-order transition region. 
In this region the absorption line widths decreased by several 
gauss with increasing temperature. Average values of correla- 
tion times in this temperature range were estimated to be of 
the order of microseconds. Barrier height potentials against 
the thermal motion leading to absorption line narrowing were 
obtained from the 7; and T: curves. Typical values obtained 
were 2 kcal/mole for Butyl and 7 kcal for Paracril 35. The 
line-width transition for polypropylene occurred at a tem- 
perature considerably higher than that for polypropylene 
oxide indicating a decreased steric hindrance to quasi-free 
rotation for the oxide. Silicone samples were characterized 
by narrow absorption lines limited by magnetic field inhomo- 
geneity down to temperatures as low as —50°C. 7; and 7; 
data were also obtained for two low molecular weight hydro- 
carbons through the first- and second-order transition regions. 
bd Spopecwes in part by the U. S. Office of Naval Research and by Re- 


search Corporation of America. 
t Now at U. S. Naval Ordnance Test Station, Inyokern, California. 
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THURSDAY AFTERNOON AT 2:00 


Ballroom 


(R. C. DuNLapP presiding) 


Semiconductors, I (Germanium) 


Gl. Pressure Dependence of the Hall Effect in Ger- 
manium.* W. Paut, G. B. BENEDEK,t AND H. Brooks, 
Harvard University.—The pressure dependence of the Hall 
constant and resistivity of n- and p-type samples of germanium 
of different impurity concentration has been measured from 0 
to 12 000 kg/cm?. In n-type samples chosen so that the carriers 
are all of one type and their density remains constant—a 
condition deducible from the known dependence of energy gap 
on pressure'—the Hall constant increases by some 8 percent 
to 12000 kg/cm*. Assuming constant carrier concentration, 
this can be interpreted as an increase in the ratio of Hall to 
drift mobility for electrons. Taken in conjunction with the 
resistivity data this implies a decrease in both Hall and drift 
mobility for electrons under pressure. The results for n-type 
germanium with a considerable number density of minority 
carrier are not inconsistent with this explanation. The changes 
in the Hall constant and resistivity in the p-type samples 
under pressure are smaller than in the n-type but do indicate 
an increase of both Hall and drift mobility for holes under 
pressure, with a decrease in their ratio. 

* Supported in part by U.S. Army, U. S. Navy and U, S. Air Force under 
contracts with Harvard University and with M.I.T. 


t Staff Member, Lincoln Laboratory, M.I.T. 
1W. Paul, Phys. Rev. 90, 336 (1952). 


G2. Hall Effect and Resistivity of Germanium at Low 
Temperatures.* H. Fritzscue, Purdue University.—The 
anomalous behavior of the Hall coefficient R—maximum at 
low temperature—and the resistivity at low temperatures 
first observed in 1950! has been reexamined. New experiments 
show that surface effects can be eliminated by etching the 
sample. R and p are independent of electric fields below 0.5 
v/cm in the whole temperature range to 2°K. At helium tem- 
peratures R depends strongly on the magnetic field strength. 
Fields of 250 gauss alter R appreciably; at 3500 gauss the 
error is as large as 70 percent for some samples. However, after 
the magnetic field effect has been subtrzcted, the Hall curve 
still exhibits the maximum and the decrease at low tenpera- 
tures. The magnetoresistive ratio also behaves abnormally by 
decreasing sharply with temperature in the same low-tempera- 
ture range in which R decreases with temperature. Explana- 
tions offered so far will be discussed in the light of our ex- 
periments. 


® Work supported by U. S. Signal Corps. 
1C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950). 


G3. Thermal Conductivity and Thermoelectric Power of 
Germanium at Low Temperatures.* E. FaGen, J. Gorr, AND 
N. PEARLMAN.—The effect on low-tempe ature thermal con- 
ductivity, k, and thermoelectric power, Qr of semiconductors, 
due to neutron bombardment, is being inv,estigated. Measure- 
ments of both these quantities, as well as resistivity, p, are 
made simultaneously by determining heat input, thermal emf, 
voltage drop due to current flow, and temperature gradient 
(the last by means of phosphor bronze thermometers in the 
liquid helium range and gas thermometers at higher tempera- 
tures, the thermometers in each case being attached directly 
to the sample). Preliminary results have been obtained for 
several Ge samples before bombardment. For a low-resistivity 
sample (n type, 0.005 ohm-cm at room temperature), k varies 
approximately as 7‘ from 1.5°K to 4.2°K, where it is 0.36 
watt-units; Q rises from 25 to 100 uv/degree, approximately 
linearly, in the same temperature range. For two other 


samples (p type, 0.2 ohm-cm at room temperature; m type, 
0.013 ohm-cm at room temperature), k was about 2.5 watt- 
units at 80°K, rising at 5.0 at 55°K in the former, and to 4.0 
in the latter. Measurements will be repeated on these samples 
after neutron irradiation, and are being extended to other 
samples of germanium and other semiconductors. 


* Assisted by a U. S. Atomic Energy Commission contract. 


G4. Optical Properties of Germanium in the Far Infrared.* 
E. J. Jounson anp W. G. Spritzer, Purdue University.— 
Reflection and transmission measurements have been made 
on germanium from 41 to 150 microns using residual ray ar- 
rangement! and a Golay detector. The samples were polished 
on both sides. The reflection from high-resistivity (>10™ 
ohm-cm) samples, n type and p type, give a constant reflec- 
tivity 0.36 over the entire wavelength range corresponding to 
a dielectric constant of 16. For low-resistivity (<10~* ohm-cm) 
samples the reflection increases with wavelength up to 117 
microns (90 percent for 0.003 ohm-cm n type sample) dropping 
again at 152 microns.' These results are difficult to interpret 
on the basis of the Drude-Kronig free carrier theory.* Trans- 
mission measurements on p type samples show that the high 
absorption coefficient beginning at about 10 microns remains 
substantially constant up to 80 microns, then rises again 
sharply to much higher values. This result adds another inter- 
esting characteristic to the absorption spectrum of p type 
germanium. 


* Work supported by a U. S. Signal Corps contract. 

! K. Lark-Horovitz and K. W. Meissner, Phys. Rev. 76, 1530 (1949), 
1H. Y. Fan and M. Becker, Semiconducting Materials (London, 1951). 
* Kaiser, Collins, and Fan, Phys. Rev, 91, 1380 (1953). 


G5. Effective Mass and Degeneracy of Carriers in Ge 
from Diamagnetic Behavior. J. H. Crawrorp, JR., AND D. K. 
SteEveNS, Oak Ridge National Laboratory.—Recent studies of 
the magnetic susceptibility of Ge' in the temperature range 
from 65 to 300°K have yielded values for the effective masses 
of electrons and holes (m,*/m=0.1520.02, m,*/m=0.23 
+0.03) which considering the different experimental condi- 
tions, are in reasonable agreement with the results obtained 
from diamagnetic or cyclotron resonance absorption.* These 
effective mass values have been used to calculate the experi- 
mental susceptibility vs temperature curves, thereby testing 
the usual assumption of spherical energy surfaces. For both 
n- and p-type Ge, the use of the density of states for quasi-free 
carriers predicts an onset of degeneracy much higher in tem- 
perature than observed experimentally. The x vs T curve for 
n-type Ge can be fitted reasonably well under the usual as- 
sumption if the states in the conduction band are considered 
to be sixfold degenerate, thus lending support to the calcula- 
tions of Herman and Callaway.’ The data for p-type Ge, 
however, also require the assumption of a sixfold degeneracy 
for an acceptable fit, a result not borne out by the calculated 
band scheme. 

1 Stevens and Crawford, Phys. Rev. 92, 1065 (1953). 


* Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 
' Herman and Callaway, Phys. Rev. 89, 518 (1953). 


G6. Microwave Transmission in P-Type Germanium.* 
F. A. D’AttRoy anv H. Y. Fan, Purdue University.—Micro- 
wave transmission measurements (A=3 cm) on germanium! 
have been extended to 20°K. From the power transmission 
and the phase shift in the sample the conductivity o and 
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dielectric constant K are calculated. The contribution of free 
carriers, AK, is taken to be (K — 16). The values of the relaxa- 
tion time 7 (in 107 sec) calculated from 4K/e according to 
the Drude-Kronig theory (without strictly correct averaging) 
are 1.0, 1.75, 7.6, and 12.2 for 300°K, 200°K, 77°K, and 20°K, 
respectively. The two high-temperature values do not differ 
much from the results of Benedict.? The lower temperature 
values are considerably lower than those given by the extra- 
polation of his expression. The ratio ¢/ao, oo being the dc 
conductivity, is 0.81 at 77°K and 0.62 at 20°K, which values 
are in good agreement with the values of r. It should be 
pointed out that at these temperatures the impurity scatter- 
ing is becoming dominant. The values of r and the mobility 
give an average value of 0.63m for the effective mass. 

bd werk supported by a U. A Signal Corps contract. 

1F, A, D’Altroy and H. Y. Fan, Proc. Natl. Electronics Conf. 8, 522 


(1982). 
1T. S. Benedict, Phys. Rev. 91, 1565 (1953). 


G7. Electrical Properties of P-Type Germanium. EstHEer 
M. Conwe.i,* Sylvania Electric Products, Inc.—Hall and 
resistivity data for a set of p-type germanium samples with 
widely varying impurity concentration’ are compared with 
theory. For the purest samples it is found that conductivity 
in the range 150°K to 300°K varies with temperature as 
T-*4,? as does the drift mobility « of holes.* The Hall mobility 
ua varies as 7~'* in this range, however. This leads to ua/u 
™0.1V7T for high-resistivity samples, as compared with the 
theoretical prediction of a constant value of 37/8. Resistivity 
values for the more impure samples are calculated from carrier 
concentration, etc., and compared with experimental values. 
It is concluded that the impurity mobility increases less rapidly 
with temperature than predicted theoretically. The results of 
fitting the theoretical formula to curves of log, of carrier con- 
centration vs temperature will be discussed. 

* On leave from Brooklyn College, Brooklyn, N. Y. 

1P. P, Debye, Phys. Rev. 91, 208(A) (1953). 


1 Reported also by W. C. Dunlap, Phys. Rev. 79, 286 (1950). 
'M. B. Prince, Phys. Rev. 91, 208(A) (1953). 


G8. Measurement of Lifetimes and Diffusion Constants in 
Germanium.* D. T. StevENSON AND R. J. Keyes, Lincoln 
Laboratory, M.I.T.—The decay of photoconductivity has 
been used to measure the lifetime of excess carriers in rec- 
tangular samples of germanium in the range of 0.2 to 2500 
usec. A xenon spark tube provided by Professor H. E. Edgerton 
giving an intense light pulse ~0.1 usec long is used for short 
lifetimes. For longer lifetimes a tungsten lamp and rotating 
mirror arrangement is used. The sample lifetime is obtained 
from an oscilloscope display of the decay of photoconduc- 
tivity. Analysis of the solution of the diffusion equation yields 
methods of measuring the bulk lifetime, the surface recombina- 
tion velocity, and the diffusion constant.' The ambipolar diffu- 
sion constant in intrinsic germanium from 300°K to 400°K 
and the diffusion constant of holes in n-type germanium from 
100°K to 300°K have been measured. The results are in agree- 
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ment with those calculated from the mobility data of Prince.* 
Bulk lifetimes up to 2500 usec have been measured. 
iy eu research in this document was supported jointly by the U.S. Army, 
S. Navy, and VU. Air Force under contract with the Massachusetts 
Ad a of Technology. 
Lay Bray, and Fan, Proc. Inst. Radio Engrs. 40, 1342 (1952). 
. Prince, Phys. Rev. 91, 208 (1953). 


G9. Variation of the Recombination Velocity of Germanium 
Surfaces with Ambient Gases.* R. J. Keyes anp T. G. 
Map te, Lincoln Laboratory, M.I.T.—A study of the variation 
of surface recombination velocity, s, by observation of the 
decay of photoconductivity' has been carried out on high 
lifetime (r~2000 usec.) n-type germanium. All surfaces were 
CP-4 etched to obtain initial values of recombination velocity 
of about 50 cm/sec. The gaseous ambient was varied from 
wet oxygen to dry oxygen with ozone being introduced during 
the dry oxygen part of the cycle. This cycle as used by Brat- 
tain and Bardeen? in their study of contact potential charges 
with ambient. Consistent cyclic changes in s were observed 
with s being roughly twice as high in dry oxygen as in wet 
oxygen and with a slight upward trend in both ambients over 
many cycles. The same cycling without ozone gave about the 
same changes in s but there was a downward trend over many 
cycles. Other changes in s with surface treatment will be 
discussed. 


* The research in this document was supported jointly by the U. S. 
Army, U. S. Navy, and U. S. Air Force under contract with the Massa- 
chusetts Institute of Technology. 

1D. T. Stevenson and R. J. Keyes, abstract this meetin, 

2W. H. Brattain and J. Bardeen, Bell System Tech. J. 52, 1 (1953). 


G10. “Channels” in n-p-n Junction Transistors: New 
Results and a Proposed Model.* R. H. Kincston, Lincoln 
Laboratory, M.I.T.—Further measurements of ‘channel’ con- 
ductance! give the following results. If a transistor is first 
etched in hydrofluoric acid and then exposed to repeated short 
cycles of wet nitrogen and wet oxygen, the conductance at a 
fixed voltage decreases by a factor of approximately twenty 
when oxygen is substituted for nitrogen. However, after 
cycling for approximately one hour the conductance in either 
ambient has increased by a factor of one hundred. Exposure to 
wet nitrogen only, after etching, produces no measurable 
“channel” even after several hours. It is therefore proposed 
that an oxide layer on the germanium surface is necessary for 
“channel” formation. Revising the previous model! to include 
the variation of mobility with “channel” thickness indicates 
that the equilibrium value of the channel conductance corre- 
sponds to a fixed position of the Fermi level at the surface, 
which is independent of applied bias, but a definite function 
of surface treatment and gaseous ambient. The decrease in 
conductance in an oxygen ambient thus corresponds to a 
shift of the Fermi level toward the valence band. 


* The research in this dosent was supported jointly by the U. S. 
Army, U. S. Navy, and U. bag Force under contract with the Massa- 
chusetts Institute of Technolog 

. H. Kingston, Phys. Rev Phe published). 


THURSDAY AFTERNOON AT 2:00 


Crystal Ballroom 
(R. V. Pounp presiding) 


DSSP Symposium on Nuclear and Electronic Resonance in Solids 


H1. Nuclear Magnetic Resonance and the Structure of Metals and Alloys. N. BLOEMBERGEN, 


Harvard University. (30 min.) 


H2. Nuclear Magnetic Resonance in Alkali Metals. R. E. NorperG, University of Illinois. (30 min.) 


H3. Electron Spin Resonance in Semiconductors and Metals. A. 


Berkeley. (30 min.) 


F. Kip, University of California, 


Post-Deadline Papers, If Any 
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THURSDAY AFTERNOON AT 2:00 


Italian Gardens 


(J. H. CRAWForRD, JR. presiding) 


Irradiation Effects, II (Mostly Metals) 


Il. Effect of Radiation Damage on the Thermal Conduc- 
tivity of Graphite.* ALAN W. Smitu, North American Aviation, 
Inc.—The thermal conductivity of a number of graphite types, 
artificial and natural, has been measured from 10°K to 300°K. 
Several of these types have been subjected to radiation dam- 
age. The thermal conductivity was measured over the whole 
temperature range for varying amounts of damage. The results 
are compared among various graphite types and ungraphitized 
coke. Similar measurements have been made on brom- 
graphite compounds and these results are compared with the 
radiation-damaged samples. The anomaly in the temperature 
dependence of the thermal conductivity is discussed and also 
the variation of the conductivity and in its temperature de- 
pendence due to different thermal scattering mechanisms. 


* This work is based on studies conducted for the U. S. Atomic Energy 
Commission. 


12. Crystal Structure as a Factor in Radiation Damage.* 
D. Wruck AND C, WERT, University of Illinois.—An attempt 
has been made to determine the importance of crystal struc- 
ture on the amount of damage produced in a metal by heavy 
particle bombardment. Three metals were used: iron, nickel, 
and cobalt, similar in most properties except crystal structure. 
During bombardment at — 150°C with 10-Mev deuterons, the 
electrical resistivity of foils of these metals was measured at 
intervals at — 180°C. For a total flux of 10"’ particles/cm?, the 
fractional increase in resistivity of iron was 0.5; that of nickel 
and cobalt about 0.1. Further, wires of iron and nickel were 
bombarded with neutrons for two months at ambient tempera- 
tures in the Brookhaven reactor. The resulting fractional 
changes in resistivity (at — 195°C) were 0.1 and 0.01, respec- 
tively. Both experiments show that the resistivity change in 
nickel, a close-packed lattice, is less than that in iron, which is 
more loosely packed ; the first shows further that close-packed 
cobalt behaves about like nickel. Further measurements were 
made on vanadium and titanium, though these metals are 
somewhat different in properties from the others; these 
measurements will be discussed. Possible interpretation of the 
entire investigation will be presented. 


* Sponsored in part by the U. S. Atomic Energy Commission. 


13. Neutron Irradiation Effects at Low Temperature—Cu 
and Al.* A. W. McReyno_ps, W. AUGUSTYNIAK, AND M. 
McKeown, Brookhaven National Laboratory, ann D. B. 
RosENBLATT, Frankford Arsenal.—A general facility for low- 
temperature irradiations in the Brookhaven reactor has been 
developed. Temperature in a Dewar flask surround multiple 
samples is maintained at —150° to — 195°C for long periods 
by periodic automatic refilling with liquid nitrogen. Provision 
is included for insertion and removal of active samples at low 
temperature. In this apparatus irradiations of 1.310" nvt 
were made on samples of Cu, Al, Cu—Si, and Be. After storage 
at —195°C for radioactive decay, low-temperature measure- 
ments of electrical and mechanical properties were made on 
wire samples. Largest effects observed were increases of 15-25 
percent in electrical resistivity and several hundred percent in 
critical shear stress. Kinetics of recovery was studied in detail 
by measurement at —195°C at intervals during stepwise an- 
nealing. Data on copper indicate several types of lattice de- 
fects. Increased resistivity partly anneals out in two lower- 
temperature processes —60° to 0°C, and 0-300°C. Critical 
shear stress is unaffected but anneals simultaneously with a 


further resistivity decrease from 300°-400°C. In aluminum 
both properties anneal simultaneously in the range — 80° to 
— 20°C as in the high-temperature copper annealing. 


* Work done under contract with the U. S. Atomic Energy Commission 


14. The Effect of Short Time Moderate Flux Neutron 
Irradiation on the Mechanical Properties of Some Metals. 
F. W. Kunz ann A. N. HoLpEn, Knolls Atomic Power Labora- 
tory.*—-Single crystals of iron, lead, and zinc were irradiated 
at room temperature to a total flux of 10"* nvt to determine the 
effect of neutron irradiation on the mechanical properties of 
these metals. The flow stress of the iron and zinc crystals as 
measured from load versus elongation curves was markedly 
increased after the neutron exposure. The flow stress of the 
lead crystals remained unchanged after irradiation. Irradiated 
iron crystals were annealed at temperatures ranging from 200°C 
to 500°C for times ranging from one to 10‘ minutes, following 
which they were tested in tension to determine the extent of 
recovery of the mechanical properties, The extent of recovery 
was determined by comparing the observed yield strength of 
the partially recovered crystals with the yield strength of 
crystals in both the irradiated and unirradiated condition. 
Using these data, an activation energy of 3.1 electron volts 
was determined from the slope of the line relating the natural 
logarithm of the recovery time to the reciprocal of the tempera- 
ture. The determined activation energy for recovery is equal to 
the activation energy for self-diffusion in iron. X-ray measure- 
ments of irradiated copper, brass, and magnesium and elastic 
constant measurements of irradiated copper and aluminum 
were also made. 


* Under contract with the U. S. Atomic Energy Commission. 


15. Radiation Induced Changes in the Electrical Resis- 
tivity of a Brass.* D. B. Rosensiatt,t Frankford Arsenal, 
R. SMoLucnowsk!, Carnegie Institute of Technology, anv G. J. 
DiENnEs, Brookhaven National Laboratory.—Nucleon irradiation 
of pure metals results in an increase of the electrical resistivity. 
In the case of certain order-disorder alloys (copper-gold system) 
decreases in resistivity upon irradiation have been observed 
and attributed to additional ordering. It has been pointed 
out that a decrease in resistivity may also occur though a 
change in Debye temperature caused by radiation induced 
changes in the elastic moduli.'# In an effort to separate these 
two effects, experiments were performed on a« brass, which is 
presumably a random alioy. Samples of 10, 20, and 30 percent 
Zn content were irradiated at +50°C for one week in the 
Brookhaven reactor and the changes in resistivity measured 
at room, liquid nitrogen, and liquid helium temperatures. A 
decrease in resistivity was found at all these temperatures. 
The decrease in residual resistivity indicates that an interpre- 
tation based entirely on changes in the thermal part of the 
resistivity cannot be adequate. Annealing experiments will also 
be described which indicate that the resistivity is restored to 
the unirradiated value in the +170°C temperature range. 

* Work done under contract with the U. S. Atomic Energy Commission. 

+ Guest Scientist at Brookhaven National Laboratory. 


1 R. Smoluchowski, Phys. Rev. 93, 392 (1954). 
1G. J. Dienes, Phys. Rev. 86, 228 (1952). 


16. Experimental Evidence for Melted Regions in Metal 
Crystals Resulting from Particle Bombardment.* J. M. 
Denney, North American Aviation, Inc.—Theoretical consider- 
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ations by Brinkman indicate the existence of ‘‘melted” regions 
(displacement spikes) in metals as a result of bombardment 
with energetic particles. In order to distinguish conclusively 
the effects due to these melted regions from other radiation 
defects in the metal lattices a highly specialized experiment is 
necessary. It is believed that such an experiment is afforded 
by use of a metastable alloy of iron in copper. In this alloy of 
2.4-weight percent iron in copper, aging at 700°C causes pre- 
cipitation of iron within the solid solution. This thermally- 
induced precipitate is paramagnetic and structurally metastable 
and transforms to the ferromagnetic form upon plastic defor- 
mation or particle bombardment. It is observed experimentally 
that the ferromagnetic precipitate is stable with respect to any 
further thermal or mechanical treatments except resolution in 
solid solution by heating above the two-phase region. Alloy 
samples with the precipitate in the ferromagnetic form were 
irradiated in the Crocker Laboratory 60-inch cyclotron at 
the University of California. The ferromagnetic precipitate 
was found to decrease at an initial rate of 4 percent per 
yw amp-hr/cm? of 9-Mev protons. It is felt that these results 
offer direct evidence in support of the displacement spike 
concept since, at present, it provides the only available ex- 
planation of the experimental results. 

_* This paper is based on studies conducted for the U. S. Atomic Energy 
Commission. 


I7. Shear Modulus of Irradiated Copper.* H. Dieckamp 
AND E. C. CritTENDEN, JRr., North American Aviation, Inc.— 
Polycrystalline copper wires of 99.999 percent purity have been 
irradiated at —175°C with 20-Mev deuterons to an integrated 
exposure of approximately 84 amp-hr/cm?. The recovery of the 
radiation-induced changes in the shear modulus has been 
observed at 25°C intervals throughout the temperature range 
of —196°C to +300°C. The annealing time at each tempera- 
ture was 15 minutes, and all the measurements were made at 
— 196°C. The recoverable changes indicate about a 1.5 percent 
decrease upon irradiation. About one-third of this change is 
removed after annealing at —125°C. Further annealing at 
— 100°C and —75°C causes very little additional recovery. 
The final two-thirds is recovered steadily upon annealing be- 
tween —50°C and +100°C. The shape of the shear modulus 
vs annealing temperature curve suggests that the recovery 
at low temperatures occurs by the loss or rearrangement of 
dislocations until the remaining ones are pinned down by 
the radiation-induced interstitials and vacancies. Further re- 
covery is thus temporarily halted until these point defects 
move. The final portion of the recovery occurs when the inter- 
stitials move and annihilate vacancies, thus releasing the 
remaining dislocations to seek their desired configuration. 


* This paper is based on studies conducted for the U. S. Atomic Energy 
Commission. 


I8. Radiation Ordering by Cyclotron Particles.* C. E. 
Dixon anv D. B. Bowen, North American Aviation, Inc.— 
Blewitt and Coltman' have shown the ordering process in 
CusAu can be accelerated by irradiation with pile neutrons. 
They attributed this effect to accelerated diffusion resulting 
from radiation-induced Frenkel defects. A similar experiment 
has been performed with cyclotron particles and the same 
effect was found. Ordered CusAu was irradiated with 36-Mev 
alpha particles at — 180°C, and the initial disordering rate was 
found to be 0.37 micro-ohm-cm/(u amp-hr/cm!*). If one as- 
sumes the volume disordered is proportional to the resistivity 
change, 4.5 percent of the alloy is disordered by 1p amp-hr/cm?. 
The disordering rate of an identical specimen irradiated at 
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220°C with an average beam of 1 amp/cm* was found to be 
smaller by a factor of 6. The difference between these two rates 
must be due to ordering which occurs simultaneously with the 
disordering. The ordering rate observed at 220°C with the 
beam off could account for only 5 percent of the difference; 
hence, it is concluded that the vacancies created by the ir- 
radiation are responsible for the ordering. 


* This paper is based on studies conducted for the U. S. Atomic Energy 


Commission, 
1T. H. Blewitt and R. R. Coltman, Phys. Rev. 85, 385 (1952). 


19. Interstitial Content of Radiation Damaged Metals 
from Precision X-ray Lattice Parameter Measurements. 
C. W. Tucker, Jr., AND J. B. Sampson, Knolls Atomic Power 
Laboratory.*—An x-ray method for determining the inter- 
stitial content of irradiated metals is suggested and analyzed. 
This approach offers the following advantages: (a) the x-rays 
“see”’ mainly the interstitial atoms since their effect outweighs 
that of vacancies by a 5:1 ratio, (b) the interpretation is 
straightforward and may be made quantitative, and (c) the 
method is sensitive since 0.01 atomic percent, and perhaps 
less, of interstitials may be detected. These conclusions are 
based on a combination of theory and experiment. The theory 
is based upon an elasticity interpretation which predicts 
Vegard’s law and several other experimentally confirmed x-ray 
effects. It is important to relate changes in physical properties 
due to irradiation and subsequent annealing to changes in 
basic crystal defects. The x-ray method promises to 
measure the concentration of one important defect with 
less ambiguity than other current methods -(electrical resis- 
tivity is about equally affected by both interstitials and 
vacancies). The x-ray approach should therefore provide 
information of intrinsic interest and also help in interpreting 
observed changes in other physical properties. The possi- 
bilities of the x-ray method are born out by preliminary ob- 
servations in this Laboratory of x-ray detected lattice expan- 
sions of several neutron-irradiated metals. 


* Operated by the General Electric Company for the U.S. Atomic Energy 
Commission. 


110. Dimensional Changes of Alpha Brass on Dezincifica- 
tion and Lattice Strain in Copper Introduced by Vacancies. 
Davin D. VAN Horn AND WILLIAM C. Coo.ey, Knolls Atomic 
Power Laboratories.*—Small wires of high-purity 70-30 brass 
were dezinzified in vacuum at various temperatures and the 
dimensional changes were followed as a function of the amount 
of zinc removed. It is found that the length and the diameter 
changes are about the same, being linear functions of the 
amount of zinc removed, and it is further found that the rela- 
tionship between dimension change and zinc loss is inde- 
pendent of temperature. Starting with samples containing 
thirty percent by weight of zinc, it is found that AL/L» 
=0.173AW/Wo and AD/D=0.227AW/Ws. Since these rela- 
tions are temperature independent, it is reasonable to assume 
that all of the vacancies introduced by the diffusion of zinc 
out of the specimen remain within the material, “precipitating” 
out of the lattice to form the observed porosity. If one assumes 
that no net volume change takes place when the vacancies 
agglomerate, then it is calculated from the observed dimension 
changes that the lattice strain introduced by the vacancies 
is 0.15 times the fractional concentration of vacancies. This 
figure is in substantial agreement with results of Tucker and 
Sampson reported elsewhere at this meeting. 


* Under contract with the U. S. Atomic Energy Commission. 











SESSION K 


THURSDAY EVENING AT 7:00 


Sheraton-Cadillac Hotel, Ballroom 


(H. A. BETHE presiding) 


Banquet of the American Physical Society 


After-dinner speakers: E. F. BARKER, W. F. Busse, AND CLARENCE ZENER 


FripAy MORNING AT 10:00 


Rackham Lecture Hall 


(J. A. HoRNBECK presiding) 


Lecture by the 1954 Buckley Prize Winner 


K1. Surface Barrier Effects in Semiconductors. Joun BARDEEN, University of Illinois. (30 min.) 


Semiconductors, II; Contributed Papers 


K2. Properties of Zinc-, Copper-, and Platinum-Doped 
Germanium. W. C. Dun ap, JR., General Electric Research 
Laboratory.—Hall effect and resistivity measurements be- 
tween 15°K and 400°K have been made on a number of sam- 
ples of germanium cut from ingots doped with high-purity 
zinc,' copper, and platinum. All three were found to be high- 
energy acceptors. AE for zinc was 0.029, for copper 0.037, and 
for platinum 0.04 ev. Studies were also made on copper- 
diffused specimens. The copper-doped specimens had the same 
ionization energy as thermally treated material.?* A zinc 
content as high as 10'* atoms/cm’, copper 10'*, and platinum 
5X10" was produced. The Hall and resistivity curves, below 
20°K, no longer followed the simple exponential dependence, 
but tended to become constant. This is not taken to indicate 
low-ionization energy states, but more probably results from 
extraneous effects. An unsuccessful search was made for ac- 
ceptor states in the upper half of the forbidden band.* How- 
ever, evidence for an impurity state in copper-diffused germa- 
nium lying at about the middle of the forbidden region® is 
discussed. 

1W. C. Dunlap, Jr., Phys. Rev. 85, 945 (1952). 

2W. DeSorbo and W. C. Dunlap, Jr., Phys. Rev. 83, 869 (1951). 

+F. J. Morin and J. P. Maita, Phys. Rev. 90, 337 (1953). 


4W. C. Dunlap, Jr., Phys. Rev. 91, 1282 (1953). 
* Burton, Hull, Morin, and Severiens, J. Phys. Chem. $7, 853 (1953). 


K3. Some Properties of Germanium Doped with Iron or 
Cobalt. W. W. TyLer, H. H. Woopsury, AND R. NEWMAN, 
General Electric Research Laboratory.—Dunlap has shown that 
gold introduces acceptor levels in germanium at ~~0.15 ev 
above the valence band and ~0.20 ev below the conduction 
band. Evidence that nickel and copper introduce impurity 
levels in germanium at ~0.25 ev above the valence band has 
been given by Burton et al. Recently, evidence has been ob- 
tained that iron and cobalt introduce deep levels in germanium, 
giving rise to properties in some respects similar to those re- 
ported for gold, copper, and nickel. Although the solid solu- 
bilities of iron and cobalt are low compared with copper 
and gold, samples of germanium doped with iron and cobalt 
have been prepared which show very high resistivities and high 
photosensitivity at liquid nitrogen temperatures. At room 
temperatures the principal observable effect of the iron or 
cobalt impurity is the reduction of life-time due to the intro- 
duction of recombination centers. Studies of pulse photo- 
conductivity at nitrogen temperatures indicate that cobalt- 


doped germanium samples show characteristic decay times of 
several milliseconds, whereas iron-doped samples show charac- 
teristic decay times as long as 30 seconds. There is evidence for 
several trapping levels in iron-doped germanium. Preliminary 
experiments at hydrogen and helium temperatures confirm the 
existence of thermal traps in iron-doped germanium and give 
rise to interesting nonequilibrium properties. 


K4. Photoconduction in Fe-, Co-, and Ni-Doped Ger- 
manium. R. NEwMAN AND W. W. TyLer, General Electric 
Research Laboratory.—Iron, cobalt, and nickel introduce deep 
impurity levels in germanium (see preceding abstract). This 
paper reports some observations of the infrared photocon- 
ductivity for germanium samples doped with these impurities.' 
The impurity photoconductive edge, defined as the point for 
which the response is ~10 * of the plateau value, is 0.20 ev for 
Ni (p-type), 0.25 ev for Co (p-type), and 0.30 ev for Fe 
(n-type). These are preliminary values. Quenching of the 
photoconductivity was observed. The quench effects appear 
only in samples which exhibit traps. 


1 Burton, et al., J. Phys. Chem. $7, 853 (1953), quote some unpublished 
work of Briggs on the photoconductivity of nickel-doped germanium. 


KS. Thermal Ionization of Trapped Electrons. HERMANN 
GUMMEL AND MELVIN Lax, Syracuse University.—A com- 
parison is made between the Born and Born-Oppenheimer 
treatments of the ionization probability of an impurity- 
trapped electron in Si and Ge due to the thermal agitation of 
the lattice. For the interaction between the electron and the 
lattice the Bardeen-Shockley deformation potential is taken. 
In the Born approximation only one-phonon processes are 
possible. In the Born-Oppenheimer approximation a transi- 
tion from one electronic state to another results in a shift of 
the equilibrium positions of the normal coordinates; this shift 
makes multiphonon processes possible. The summation over 
all final lattice states including many-phonon processes is 
performed in closed form using a method previously presented.' 
The contribution of transitions involving » phonons may be 
obtained as the mth term in an expansion in powers of a certain 
parameter whose size determines the importance of multi- 
phonon processes. This parameter is proportional to the square 
of the deformation potential interaction constant and to an 
averaged lattice vibration energy. If the temperature is low 
enough so that only one-phonon processes are important, the 
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Born and Born-Oppenheimer treatments give the same result, 
provided that the maximum phonon energy is larger than the 
ionization energy. 


1M. Lax, J. Chem. Phys. 20, 1752 (1952). 


K6. Effective Carrier Mobility in Surface Well.* J. Ropert 
SCHRIEFFER, University of Illinois (introduced by John 
Bardeen).—Carriers held to a region near the surface by the 
potential well of a space-charge layer may have their mobility 
reduced by surface scattering, if the width of the well is less 
than a mean free path. An effective mobility, which may 
differ from the ‘bulk mobility by as much as a factor of ten, 
has been obtairied from a one-dimensional solution of Boltz- 
mann’s equation with random scattering assumed at the 
surface. Solutions have been obtained for two types of poten- 
tial functions: (1) a linear variation corresponding to a con- 
stant electric field, and (2) a solution of Poisson’s equation 
obtained by considering the carrier density much greater than 
the impurity density in the well. Results have been used to 
calculate changes in surface conductance of Ge with changes 
in surface potential for various impurity densities. 


* Supported by a Grant from Motorola, Inc. 


K7. Electron Traps on Germanium Surfaces Produced by 
Heating in Oxygen. Epwarp N. CLARKE, Sylvania Electric 
Products,—It has been suggested'* that localized energy levels 
or traps exist on the surface of germanium. However, there has 
been no detailed knowledge of the source of these traps. In 
the present work, the electrical conductivity of very thin 
single crystals is measured. Surface conductivity is produced 
by a method to be described. This surface conductivity is 
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reduced by heating the germanium in the presence of oxygen. 
The surface conductivity is increased to its original value by 
heating the germanium in a vacuum of 10-7 mm Hg. The re- 
sults suggest that germanium surface traps are produced by 
heating a relatively clean surface in the presence of oxygen. 
The traps may be associated with adsorbed oxygen or with 
the lattice discontinuity existing at a germanium-to-germa- 
nium oxide interface. 


1J. Bardeen, Phys. Rev. 71, 717 (1947). 
2 W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 (1953). 


K8. Growth of Long Lifetime Germanium Crystals. 
MILTon Becker, Hughes Aircraft Company.—A furnace has 
been developed which is capable of growing intrinsic crystals 
with lifetimes of several milliseconds. The basic feature is a 
water-cooled copper jacket which surrounds the seed holder 
and extends to within half an inch of the quartz crucible. The 
grown part of the crystal is quenched within half an hour of 
growth if a gaseous atmosphere is used. Draws made in vacuum 
are not efficiently quenched and show marked deviations 
from expected resistivities and lifetimes. These can be corre- 
lated with the length of time the crystal is heated in the course 
of the draw. Crystals made with various impurities show life- 
times which agree well with those reported by Burton.’ We 
have used both zone melt and pig metal for starting charges 
and find no difference in final lifetimes. This seems to indicate 
the limiting values obtained are due to thermal rather than 
chemical causes. The atmospheres apparently act as heat 
exchangers with the cooling walls and also serve to suppress 
evaporation of impurities from the walls of the furnace. 


1 J. A. Burton ef al., J. Phys. Chem. 57, 102 (1953). 


FRIDAY MorninG AT 10:00 


West Physics Lecture Room 


(C, S. BARRETT presiding) 


Metals, II 


L1. Anisotropic Debye-Waller Factors in Cubic Crystals. 
R. J. Weiss, J. J. DeMarco, ann G. WeREMCHUK, Ordnance 
Materials Research Office, AND J. HASTINGS AND L. Cor .iss, 
Brookhaven National Laboratories.—Neutron and x-ray diffrac- 
tion studies on a@ brass (70-30 f.c.c.) have revealed that the 
integrated intensities are reduced by a Debye-Waller tem- 
perature factor exp[—2B(sin@/d)*] where B is not only a func- 
tion of the characteristic temperature @ and the absolute 
temperature 7, but also a function of crystal direction, con- 
trary to present theories. The effect is very marked in com- 
paring the 222 and 400 peaks both as to their relative intensi- 
ties and their change in intensity with temperature from liquid 
nitrogen to room temperatures. If one artificially invokes in 
the Debye-Waller expression a characteristic temperature 
dependent on crystalline direction, then a @ of 380 for the 111 
direction a, a @ of 215 for the 100 direction is required to fit 
the data as compared to a @ of 310 commonly expected from 
specific heat and elastic constants. The reduction in @ from 
310 to 215 for the 100 direction reduces the intensity of the 
400 peak by 40 percent. At present writing no theoretical ex- 
planation is available. 


L2. On a Peculiarity of the Electron Density Near an Im- 
purity in a Metal and its Effect on X-Ray Spectra. J. S. 
PLasKetTT,* University of Virginia.—All the methods at 
present devised for finding wave functions in a metal in which 


there is an impurity atom present reduce to the problem of 
solving a Schrédinger equation in which the potential V(r) is 
constant beyond a certain distance a (~1 a.u.) from the im- 
purity and becomes infinite at a distance R(~10® a.u.) 
from the impurity (this is equivalent to having a zero boun- 
dary condition in this sphere). For r <a the external potential 
may for example be that of the impurity atom (Friedel, 1952), 
or the difference between the potential of the solute and solvent 
atoms (Huntington, 1942), or a constant (Mott, 1936; 
Huang, 1948). The self-consistent solution of this problem 
involves the calculation of the electron density in the poten- 
tial V(r) for a number of slightly different V(r)’s. It might 
be thought that, when the potential well V(r) is deepened so 
as to contain a bound state, the electron density might sud- 
denly increase. We prove that this is not true. The proof is 
by means of Gamow’s complex eigenvalues and we can see also 
that these eigenvalues will have an important effect on the 
fine structure of the x-ray spectra of a metal. The explanation 
of the fine structure in these terms is similar to Friedel’s 
(1952) explanation of the fine structure. 


* Part of a University of London Ph.D. thesis supported by a grant from 
the Department of Scientific and Industrial Research. 


L3. Elastic Spectrum of Copper from Temperature Scatter- 
ing of X-Rays.* E. H. Jacospsen, M.J.T7.—Measurements 
have been made of the temperature diffuse scattering of x-rays 
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from a single crystal of copper at 300°K using crystal mono- 
chromated CuKa radiation. The measurements were analyzed 
by the method of Laval and James to give frequency vs wave 
vector curves for longitudinal and transverse waves in the 100, 
110, and 111 directions. These results were then expressed 
in terms of the force constants of the Born theory. By con- 
sidering the interaction of first, second, and third neighbors, 
nine force constants are involved, and these have been evalu- 
ated from the frequency curves. The values of these nine 
force constants constitute the necessary data for computing a 
complete frequency distribution curve. 


* Assisted by National Science Foundation and Armco Foundation. 


14. Change of Elastic Constants of Cepper on Annealing 
after Plastic Deformation at 78°K.* E. C. CRITTENDEN, JR., 
U. S. Naval Postgraduate School, ann H. Dieckamp, North 
American Aviation.—Twisting 0.010-in. polycrystalline wire 
of 99.999 percent purity copper at 77°K to a shear strain of 
0.5 produces a shear modulus decrease of 15 percent, measured 
at low frequency. Measuring the shear modulus at 77°K after 
15-min annealing periods at 25°K temperature intervals shows 
a rapid rise between 77°K and 150°K and a slower rise between 
220°K and 290°K. These regions are separated by a plateau 
and the second rise is followed by another plateau. The lower- 
ing of modulus on cold work probably results from small 
displacements of dislocations.' The annealing behavior sug- 
gests the presence of two types of imperfections able to form 
Cottrell atmospheres. On this model the rapid rise, 77°K to 
150°K, would be associated with clustering of imperfections 
near dislocations. The rise, 220°K to 290°K, may include 
clustering, near dislocations, of a second imperfection type. 
Yield points should be observed in these regions, and have been 
by Blewitt* after annealing at 78°N and 300°K. The plateaus 


may be regions of inactivity or may result from loss of im- 
perfections together with reduction of total dislocation length. 
* Supported in part by the U. S. Atomic Energy Commission, 


1A. D. N. Smith, Phil. Mag. 44, 433 (1953). 
1 T. H. Blewitt, Phys. Rev. 91, 1115 (1953). 


LS. The Elastic Constants of Copper Alloys.* Joun R. 
NEIGHBOURS AND CHARLEs S. SmitH, Case Institute of Tech- 
nology.—The elastic constants of single crystals of dilute solu- 
rions of Al, Si, Zn, Ga, and Ge in Cu have been determined 
by the ultrasonic pulse methed. Alloying causes a decrease 
in all the fundamental constants, Cu, (Ci—Ci2)/2 and 
(Cir +2Ci2)/3, the relative decrease in (Ci:—Ciz)/2 being the 
greatest. The changes in shear constants Cy and (Ci1— Ci2)/2 
have been interpreted in terms of the known electrostatic and 
ionic contributions to these constants for copper. The large 
decrease in (Ci1— Ci2)/2 is attributed to the change in ion-ion 
interactions upon alloying. The electrostatic shear stiffness 
of an alloy is found to be nearly equal to the electrostatic term 
for copper times the square of the electron atom ratio. 


* This work was supported by the U. S. Office of Naval Research. 
+ Now at Rensselaer Polytechnic Institute, Troy, New York. 


L6. X-Ray Measurements of Cold-Worked Alpha Brass.* 
E. P. Warexkots, M.I.T.—Filings of (90-10), (80-20), (70-30), 
and (65-35) brass pressed into briquets served as cold-worked 
samples. Peak shapes and shifts were measured with a Norelco 
spectrometer using filtered CoKa. Fourier coefficients were 
determined and instrumental broadening corrected by Stokes’ 
method. Log plots of the coefficients were used to separate 
particle size and distortion broadening; average particle size 
dimensions were L,,; = 260, 175, 160, and 145A; Loo = 150, 100, 
95, and 75A with increasing zinc content. Distortions corre- 
sponded to rms strains of the order of 0.007. Stacking fault 
probabilities for the (111) planes calculated from peak shifts 


1421 


indicate, on the average, one fault every 200 layers in the 
90-10 brass and every 57, 40, and 25 layers in the other brasses, 
respectively. These data indicate that in cold-worked brass 
there is both particle size and distortion broadening, but a 
major portion of the particle size broadening must be attributed 
to faulting. The susceptibility to faulting appears to increase 
as the composition approaches the boundary of the alpha 
phase. Data will be presented on the changes with annealing. 


* Research sponsored by the U. S. Atomic Energy Commission. 


L7. Internal Friction in Single Metal Crystals at Audio 
Frequencies.* T. R. CuyKENDALL, T. BerEsovsk!,t AND H. S. 
Sack, Cornell University.—The internal friction in high- 
purity single crystals of Al, Cu, and Zn has been measured at 
1000 cps and lower and at temperatures up to 550°C in the 
case of Cu. Several crystals of each metal were studied. Lateral 
vibration of thin reeds, mounted on specially designed sup- 
ports, was employed. The amplitude of vibration could be 
varied by a factor of 100 and its approximate magnitude calcu- 
lated. Maximum strains were about 10°. The elastic losses 
observed are one order of magnitude greater than those ob- 
served by other investigators at 20-60 kc. The losses increase 
with increasing amplitude of vibration; the increase occurs 
both more steeply and at lower amplitudes as the tempera- 
ture is increased, and in the case of copper, approach a limiting 
value at high amplitudes. No definite variation with crystal 
orientation was found. The dependence on temperature for 
small amplitude can be represented by one activation energy 
of about 5 kcal for Zn, and by two activation energies of about 
1 and 10 kcal for Cu at low and high temperature, respectively. 


* This work was supported by U. S. Office of Naval Research. 
t Now with Pratt and Whitney Aircraft Division, Hartford, Connecticut. 


L8. Internal Friction Associated with Precipitation in an 
Al—Ag Alloy. A. C. Damask* ann A. S. Nowick,f Frankford 
Arsenal.—Internal friction and elastic aftereffect measure- 
ments have been made on wire specimens of an Al—Ag (20 
percent Ag) alloy at various stages in the precipitation process. 
A specimen quenched from the solid solution region and aged 
at 155°C shows an internal friction peak at 140°C for a vibra- 
tion frequency of 0.25 cps. The decrement at the maximum is 
0.02. This peak is unaffected by short anneals at successively 
higher temperatures up to 170°C. For successive anneals 
above this temperature, the peak first migrates toward higher 
temperatures while increasing in height, then returns toward 
lower temperatures with a decrease in height. During this 
migration the peak is not completely reversible with respect 
to heating and cooling. Upon further annealing, sufficient to 
carry precipitation almost to completion, the peak becomes 
stable again at 148°C. The activation energy associated with 
this internal friction peak is 25.0+0.5 kcal/mole. The relation 
between these observations and the mechanism of precipita- 
tion will be discussed. 


* Now at lowa State College. 
+t Permanent address: Yale University, New Haven, Connecticut. 


L9. Thermoelectric Power and Resistivity of Dilute Cu —Si, 
Ni—Si, and Fe—Si Alloys.* C. A. Domenica. ANp F. A. 
Otter, The Franklin Institute Laboratories for Research and 
Development.—We have measured the thermoelectric power 
and resistivity of the dilute alloys Cu—Si, Ni—Si, and Fe—Si 
from —195°C to +500°C. The results for Cu—Si have al- 
ready been reported.' The Ni—Si alloys show a knick in the 
thermopower versus temperature curve at the Curie tempera- 
ture of each alloy. The Fe—Si alloys contain Si up to 2 atomic 
percent, and their thermopowers against pure copper are all 
positive from —195°C up to a temperature which increases 
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from +15°C for 2-atomic-percent Si to 250°C for pure Fe. 
The resistivity of the Ni-—Si and Fe—Si alloys increases 
faster than linearly with temperature. The change in resis- 
tivity with increasing Si content is much greater (factor of 2) 
in Fe—Si than in Ni—Si, but only slightly greater in Ni—Si 
than in Cu—Si. We are attempting to study electron scatter- 
ing in these alloys on the basis of their thermoelectric and 
resistance properties. 


* Supported by Squier Signal Laboratory, Fort Monmouth, New Jersey. 
1C. Domenicali and B. Boyd, Phys. Rev. 91, 220 (1953). 


L10. The §-—+a@ Transformation in Tin.* Jerome FLEEMAN, 
Brookhaven National Laboratory.—We have used a volume 
dilatometer to measure the rate of transformation of white to 
gray tin. The observations were made using tin cylinders of 
approximately 0.5 cc seeded with gray tin powder. In addition, 
we have compared these rates with the rates from similar 
tin samples irradiated in the Brookhaven pile at liquid nitrogen 
temperatures. Both of these rates are measured relative to the 
rate of transformation of an annealed tin capsule of approxi- 
mately the same dimension. The annealed sample showed 
no evidence of transformation in the time required to trans- 
form the seeded and irradiated samples. The growth curves of 
both seeded and irradiated tin are characterized by an initial 
nucleation period in which there is a small volume change; this 
is followed by a linear portion to the final value of the trans- 
formation. The growth process in both cases can be charac- 
terized by a zero-order reaction. We find that the curves differ 
in two respects. First, the nucleation period for the irradiated 
sample is greater than for the seeded sample, and secondly, 
the rate of transformation is less for the irradiated than for the 
seeded sample. Typical curves will be presented and discussed. 


* Work done under contract with the U. S. Atomic Energy Commission. 


Lil. The Change of Resistivity of Copper with Elastic 
Strain. D. B. Bowen anv H. Hort, North American Aviation, 
Inc.—The reversible change in electrical resistivity that 
occurs on elastic strain has been measured at selected tempera- 
tures from 4.2°K to room temperature. The specimens are 
copper foils strained in tension. The value of dInp/dIn1 
measured at room temperature agrees with the value obtained 
by previous investigators and is approximately 3. Values 
measured below room temperature are up to twice as large. 
These large values at low temperatures imply that the prin- 
cipal effect of the strain is on the number of carriers rather than 
on the spectrum of lattice oscillations. Lattice imperfections 
introduce strains in the lattice that are reflected in the resis- 
tivity changes. These preliminary data indicate that these 
strains increase as the temperature is increased. This may be 
due to an anisotropy of thermal expansion around the defect. 
This paper is based on studies conducted for the Atomic 


Energy Commission. 


L12. The Electrical Resistivity of Cold-Worked Aluminum 
Single Crystals.* A. Sostn AnD J. S. KozHier, University of 
Illinois. —High-purity (99.99+ percent) single crystals of 
aluminum have been pulled in tension in liquid nitrogen and 
helium baths. The electrical resistivity after deformation was 
measured as a function of direction and the behavior of the 
resistivity and stress-strain curves following annealing ex- 
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amined. Within the experimental error, the resistivity be- 
havior can be described as follows: at liquid helium tempera- 
ture the resistivity changes are isotropic. For 15 percent ex- 
tension the increase was about 8 X 10~* ohm-cm. On annealing 
to liquid nitrogen overnight, approximately 10 percent of the 
resistivity change recovers isotropically; on annealing to 
room temperature overnight, approximately 65 percent of the 
total resistivity change recovers isotropically, leaving a 
“permanent” 25 percent. The stress-strain curve for a speci- 
men pulled in helium is linear in the range investizated. On 
annealing to room temperature no softening occurs and an 
upper yield point is developed. The resistivity remains 
constant until plastic flow starts again, rising sharply. The 
resistivity changes for a crystal strained in nitrogen are iso- 
tropic, with a single anneal of about 65 percent on warming to 
room temperature. 


* Supported by the U. S. Office of Ordnance Research and by the U. S. 
Office of N Naval Research. 


L13. The Effective Mass of Conduction Electrons in Ag, Au, 
and Cu.* L. G. Scuutz, University of Chicago.—The effective 
mass m* of conduction electrons ir. Ag, Au, and Cu was de- 
termined by optical methods. In the wavelength range of Iu 
to 2u the optical constants m and k were obtained from meas- 
urements of the reflectivity and transmissivity of thin films 
formed by evaporation and deposition in a vacuum. The ex- 
perimental values of m and k thus obtained were found to 
agree with the values predicted by the Drude free electron 
theory.! To obtain this agreement the ratio m*/m (m is the 
free mass) was taken equal to unity for Ag and Au, and to 
1.45 for Cu. In these calculations it was assumed that the 
density of the conduction electrons was equal to the atomic 
density. Reflectivity experiments lead to lower values of k 
than those given by transmission experiments, a result which 


can be explained as a consequence of the anomalous skin 
effect.? Possibilities and limitations of the optical method will 


be presented. 
* Supported in part by U. S. Air Force. 


'F. Seitz, The Modern saeery of Solids (McGraw-Hill Book Company, 
Inc., New York, 1940), chapter 17. 
1B. H. Sondheimer, Adv. in Phys. 1, 1 (1952). 


L14. The Hall Effect of the Palladium-Silver Alloy System. 
A. I. ScHINDLER, Naval Research Laboratory.-—Recently, a 
comparison of the electric, magnetic, and thermoelectric 
properties of the Cu— Ni and Pd—Ag alloy systems has been 
made.' Although the Pd — Ag alloy system follows theory rela- 
tively well, the Cu— Ni system shows well-marked and con- 
sistent deviations. The Hall constants of the Cu—Ni system 
are available,? but no such data exists for the Pd — Ag system. 
Consequently, the Hall constants of several alloys of Pd and 
Ag were measured at room temperature. The absolute value 
of the Hall constant rises slowly as Pd is added to Ag, reaches 
a maximum at roughly 50 percent Pd and then falls approxi- 
mately linearly as the alloy composition approaches pure Pd. 
The Hall constant versus composition curve is asymmetric 
with composition and is very similar in appearance to the 
resistivity versus composition curve for the same alloy system. 
These results will be discussed and compared with the Hall 
data previously obtained on the Cu—Ni alloy system. 


1B. R. Coles, Proc. Phys. Soc. (London) 65, 221 (1952). 
1A. I. Schindler and E. M. Pugh, Phys, Rev. 89, 295 (1953). 
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Molecular and Chemical Physics 


M1. A General Method for High-Speed Machine Computa- 
tion of Ideal Gas Thermal Properties. The Isotopic Water 
Molecules. AprAHAM S. FRIEDMAN AND LESTER HAar, 
National Bureau of Standards.—A procedure is developed for 
the machine computation of the partition functions for non- 
rigidly rotating anharmonic oscillators. Vibrational-rotational 
coupling terms and low-temperature rotational corrections 
are included. A general code has been designed to permit the 
calculation of the ideal gas thermodynamic functions for a 
large variety of molecular structures on the National Bureau 
of Standards digital computor-—-SEAC. The method is il- 
lustrated by evaluating the thermodynamic functions for an 
asymmetric top molecule. Tables of C,°/R, (H°—Eo)/RT, 
(E— F*)/RT, and S°*/R have been wolunnel for H,O, HDO, 
D.0, HTO, DTO, and T;O at close intervals from 50° to 
5000°K. The time required for these computations is of the 
order of several minutes per molecule. The results for H,O are 
in good agreement with those obtained by direct summation. 


1 Glatt, Adams, and Johnston, O. S. U. Tech. Report No. 316-8 (1953). 


M2. Intensities, Electronic Transition Moments, and 
Vibrational Transition Probabilities of Diatomic Molecules.* 
R. W. Nicuotts, P. A. Fraser, R. G. TURNER, AND W. R. 
JARMAIN, University of Western Ontario.—Methods have been 
developed which enable accurately calculated values of over- 
lap integrals {YW».dr of diatomic molecular vibrational wave 
functions! to be used together with experimentally determined 
band intensities to determine the form of the electronic transi- 
tion moment R,(r) of the electronic transition concerned. 
Vibrational transition probabilities | f.R wy -dr|* in which 
the conventional simplifying assumption that R,(r) is inde- 
pendent of r has not been made, have thereby been determined 
for a number of transitions. Reliable values of such vibrational 
transition probabilities for molecular band systems are of 
great importance in the iaterpretation of spectra from in- 
accessible sources, usually of astrophysical interest.* Results 
so far obtained from band systems of N2, C2, and CN will be 
presented. 


* This work is supported by contract with The Air Force Cambridge 


Research Center. 

1 Nicholls, Fraser, and Jarmain, Can J. Phys. 31, 1019 (1953); Jarmain, 
Fraser, and Nicholls, Astrophys. J. 118, 228 (1935); P. A. Fraser and W. R. 
Dra Proc. Phys. Soc. (London) A66, 1145, (1953); W. R. Jarmain and 

A. Fraser, Proc. Phys. Soc. (London) A66, 1153 (1953). 

A, Hyneck, editor; P. Swin *Molecular Spectra in Cosmic 
Sources" Chapter 4 of Astrophysics Me icGraw fill Book Company, Inc., 
1). 


M3. Configuration Interaction Applied to the Hydrogen 
Molecule.* Eart Cat_en, M.J.T.—The electronic wave 
function for the hydrogen molecule has been described as a 
sum of three configurations, each of which is expressed in terms 
of one-electron symmetry orbitals, which are written as varia- 
tional functions of the elliptic coordinates. To a state due to 
Coulson,'! made up of orbitals which are individually even 
under inversion, we first added an odd-odd state, thus im- 
proving the predicted binding energy from 3.535 ev to 4.125 ev. 
The addition of a third state, of a somewhat different nature, 
increases the binding energy to 4.276 ev. The experimentally 
observed binding energy is 4.72 ev. The role of the several 
configurations is explained in terms of the concept of spatial 


correlation, following the work of Lennard-Jones and co- 
workers.? 
* This work has been supported by the U. S. Office of Naval Research. 


ic. A. Coulson, Proc. Cambridge Phil. Soc. 34, 204 (1938). 
1 J. E. Lennard-Jones and J. A. Pople, Discussions Faraday Soc. No. 10 


9 (1951), 


M4. The 2.7y Bands of CO, W. L. France anv F. P. 
Dickey, Ohio State University.—The absorption spectra due to 
the CO; bands (02°1) and (101) in the 2.74 region have been 
remeasured using a high-resolution prism grating spectrometer. 
A 15 000 lines per inch echelette grating ruled by Bausch and 
Lomb and a lead sulfide photoconductive detector were used 
in the spectrometer. The spectrometer was first evacuated and 
then dried CO: was introduced into it. The pressure of the 
CO; was 5 mm of Hg and the length of the absorbing path 
was approximately 7 meters. All of the lines in the band (02°1) 
from P(62) to R(66) have been identified and measured, and 
all of the lines in the band (101) from P(62) to R(66) have 
been identified and measured. Values of the band centers and 
the rotational constants have been determined. 


MS. The Absorption Spectra of Water Vapor in the 2.7 y 
and 6.04 Regions.* F. W. DaLay, H. H. NieLsen, ann F. P. 
Dickey, Ohio State University.—The absorption spectra of 
water vapour has been obtained in the regions 2.74 and 6.0y 
with the new Ohio State vacuum spectrometer. In the region 
of 2.74 a Bausch and Lomb 15 000 lines per inch grating and a 
lead sulfide photoconductor detector were employed. With the 
air pressure in the spectrometer reduced to a few millimeters, 
resolutions of better than 0.1 cm™ were achieved. Using a 
Bausch and Lomb 4500 lines per inch grating, a thermo- 
couple detector, and similar pressures led to resolutions of 
better than 0.2 cm™ in the 6.0% region. The substantial im- 
provement in resolution, which resulted largely from the 
reduction of pressure broadening, leads to some revision in the 
molecular constants of the water molecule. Detailed reproduc- 
tions will be presented and discussed. 


* This work was assisted by the U. S. Office of Naval Research. 


M6. The Infrared Spectrum of Hydrogen Sulfide in the 
5100 cm~! Region. Harry C. ALLEN, Jr.,* Harvard University, 
AND EARLE K. PiyLer, National Bureau of Slandards.— 
The absorption of hydrogen sulfide in the region near 2u has 
been measured under high resolution. The rotational fine struc- 
ture has been analyzed with the use of published energy tables 
for the rigid rotor. A classical centrifugal distortion correction 
was applied to the rigid rotor energy levels. The absorption 
can be accounted for by three bands plus overlapping water 
vapor absorption. The three bands are the (m,n2,n;) = (1,0,1) 
at 5147.36 cm™, the (0,2,1) at 4939.23 cm™ and the lower 
component of the resonating pair (2,0,0) and (0,0,2) at 5145.12 
cm™. The excited state inertial parameters in cm™ giving the 
best fits are 

A* B 
10.076 8.709 


10.059 8.719 
10.871 9.332 


With the location of the (0,2,1) band it is possible to place the 
(0,0,1) band at 2628 cm=. 


* U.S. Atomic Energy Commission Postdoctoral Fellow. Present address, 
Michigan State College. 


ce 
4.608 
4.612 
4.562 
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M7. The Effect of Foreign Gas Broadening on the Total 
Absorption by the 6.3y Band of Water Vapor. D. E. Burcu, 
J. N. Howarp, anp DupLey WiLLiams, The Ohio State Uni- 
versity.*—The total absorption of the 6.3 micron band of water 
vapor has been measured with a low-resolution spectrometer 
and a 22 meter, multipie-traversal absorption cell. Water 
vapor concentrations between 0.02 and 16 precipitable cen- 
timeters in the absorption path have been studied. In addition, 
the water-vapor band was pressure-broadened with nitrogen 
to various total pressures up to atmospheric pressure. With 
this apparatus, the absorption path length, the partial pressure 
of the absorbing gas, and the total pressure can be varied 
independently, and the effects of self-broadening and foreign 
gas broadening can be separately evaluated. Temperature 
was not varied in this study. Empirical relationships have 
been fitted to these data in order to permit the calculation of 
the total absorption by the 6.3 micron water vapor band for 
many problems of meterological interest. 


* Work supported by Air Force Cambridge Research Center. 


M8. Generalized Absorption Coefficients of Water Vapor.* 
Haro_tp Daw.—The Pfund-type absorption cell of the ONR 
project at Johns Hopkins University is being used to study 
dependence of water vapor absorption on both the amount of 
absorber and the total pressure (produced by N¢2). The optical 
path is 625 feet. In contrast with former work with that cell 
the author is using low dispersion (a Perkin-Elmer spectrometer 
with KBr and NaCl prisms) in order to get averaged absorp- 
tion coefficients leading to generalized transmission functions. 
Pressures range up to 64 cm Hg; water vapor ranges from 0.004 
to 0.064 precipitable cm. It was necessary to develop a special 
analysis for water vapor in the tube since water vapor in 
oil-pumped dry nitrogen gas and water adsorbed within the 
tube introduce significant errors if one simply uses liquid 
water added. Progress to date will be reported. 

* This work is carried out under Air Force Cambridge Research Center 


contract. The cooperation of Professor John Strong and his U. S. Office 
of Naval Research contract is acknowledged and appreciated. 


M9. Shape of Collision-Broadened Spectral Lines, E. P. 
Gross,* M.J.7.—Van Vleck and Weisskopf and Fréhlich have 
derived a microwave line-shape by studying the interruption 
by collisions of the motion of a classical oscillator. They assume 
that after the instantaneous impact the oscillator variables are 
distributed according to a Boltzmann distribution appropriate 
to the value of the applied field at collision. In contrast to the 
earlier theory of Lorentz, they obtain the correc‘ static polar- 
ization. The procedure involves an assumption of very large 
velocity during collision. This is unreasonable since the dura- 
tion of collision is short compared to the resonant period and 
energy exchanges are of the order of kT. We have derived a 
line-shape formula assuming that the oscillator velocities have 
a Maxwellian distribution after impact but that the positions 
are unchanged. For collision frequency much less than the 
resonant frequency, the polarization is reached as a result of 
kinematic motion between collisions and the line-shapes agree. 
For collision frequency comparable to resonant frequency a 
less distorted line-shape results. Correct static polarization is 
obtained ; for zero resonant frequency we obtain the behavior 
of free particles. For testing the theories experiments on 
foreign-gas broadening in the microwave region at pressures 
of the order of an atmosphere are required. 

* Present address: Physics Department, Syracuse University, Syracuse, 
New York. 


M10. The Role of the Principal Quantum Number (n) 
in the Calculations of Radii for the Ions with High (4, 5, 6, 7) 
Valence.* N. Erremov, 1061 Intervale Ave., New York, 
New York.—The proposed periodic system of ions may be 
used as a system of coordinates in which each ion has its own 
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ordinate m (principal quantum number) and abscissa K. 
Abscissas K may be derived from ordinates n by means of the 
following equations: K =n+8, K =n+9, etc. The K value of an 
ion increases by 1, when its atomic number is decreased by 1. 
The F’-ion which has the smallest ionic radius is the primary 
ion, and its K(F’)=+8, while K(O*) =n+9. Let us consider 
the ordinates and abscissas for the first quadruple group of 
high-valence ions belonging to the He period: C-N—-O-—F. 


Ions: Cc N 8] F 
Valence: 4 


1 
(m +11) 
12 


5 6 7 


Ordinate (n): i 1 1 
(n +10) (n +9) (n +8) 
il 10 9 


Abscissa iB: 

Abscissa (K): 
The general formula for the calculation of ionic radius of any 
element (X) of this quadruple groups is the following: Ri(X) 
= /n(n+Y)/P, where X is the given ion, Y=8, 9, 10, or 11, 
and P =0.014692369A, e.g. Ri(F") = /1(1+8)/P=9P =0.13A; 
R:(Cl") = /2(24+8)/P =20P =0.29A. 


* Paper given at the September 1953 meeting of the American Physical 
Society in Albuquerque, New Mexico. 


M11. The Cooling of a Gas by Radiation.* Ernest BAUER, 
New York University anD Ta-You Wu, National Research 
Council, Canada.—We consider a gas composed of atoms hav- 


- ing two electronic states. Transitions between these two states 


can take place by collisions, and by emission or absorption 
of radiation. When the radiative transition probabilities are 
small compared with those due to collisions, a “‘temperature”’ 
may be defined for the translational motion. We formulate the 
general problem for the case where the total concentration of 
the gas depends on the space coordinates (altitude) in a given 
way, and the possibility of the “imprisonment” of the radia- 
tion emitted is taken into account. In this case the problem 
leads to a pair of coupled integro-differential equations, from 
which the “temperature” and the relative concentration of 
atoms in the excited states are obtained as functions of space 
and time. Neglecting the imprisonment of the resonance radia- 
tion and the variation of concentration with height, we have 
made calculations for the case when the energy difference 
between the two states is of the order k7, for a number of 
values of the ratio between radiative and collisional transition 
probabilities. The results are applied to the cooling of the 
atmospheric gas at high altitudes (100 Km) at night, as a 
result of the magnetic dipole transitions of the oxygen atom. 

* This work was supported in part by Contract with the United States 
Air Force through sponsorship of the Geophysics Research Directorate of 


the Air Force Cambridge Research Center, Air Research and Development 
Command. 


M12. Note on the Theory of Directed Valence. Ta-You Wu, 
National Research Council, Canada.—The recent observation 
by Zimmerman and Rysselberghe! and by Linnett and Pée? 
that the wave functions of the free atoms when put in the 
determinant form exhibit the directional property of valence 
has been examined. It is shown that whatever directional 
properties the y of the free atoms may have, a consistent 
theory of directed valence cannot be based on them, for the 
following reasons: (1) As long as one works on the Heitler- 
Londer theory of electron-pair bonds and the criterion of 
maximum overlap for the stability of a bond, one must work 
with wave functions antisymmetrized in the electrons of the 
atoms forming a bond, but not of the free atom alone. (2) 
It is not possible in general to associate the directional property 
of valence with the wave function of a particular state of the 
free atom. (3) Even if a particular state of the free atom con- 
tributes predominantly to the valence state, the fact that that 
state is degenerate must be taken into account. The nature of 
the assumption of hybridization in the Slater-Pauling theory 
is clarified and emphasized. 


‘1H. K. Zimmerman and P. Ryeselberghe, J. Chem. Phys. 17, 598 (1949). 
#J. W. Linnett and J. Pée, Trans. Faraday Soc. 47, 1033 (1951). 
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130 Business Administration 


(R. S. MARVIN presiding) 


Symposium of the Division of High-Polymer Physics 


The Properties of Amorphous Polymers in Bulk 


O1. Introductory Remarks. R. S. Marvin, National Bureau of Standards. (10 min.) 
O02. The Nature of the Liquid and Glassy States. W. D. KauzMan, Princeton University. (40 min.) 
03. The Effect of Structural Variables on the Specific Volume and Glass Temperature, T. G. Fox, 


Rohm & Haas Company. (20 min.) 


O04. Some Physical Properties of Polymeric Glasses. R. F. Boyer, Dow Chemical Company. 


(30 min.) 


OS. The Mechanics of the Molecular Motion in Bulk Polymers. F. Burcne, Rohm & Haas Com- 


pany. (40 min.) 


FRIDAY AFTERNOON AT 2:00 


130 Business Administration 


(R. S. MARVIN AND R. F. Boyer presiding) 


Symposium on Amorphous Polymers (continued) 


P1. A Theory of Viscoelastic Behavior. W. G. HAMMERLE, Textile Research Institute (40 min.) 
P2. The Dynamic Properties of High Polymers. E. A. W. Horr, Imperial Chemical Industries. 


(30 min.) 


Invited Paper 
P3. Rotation of Chain Molecules in Crystals. J. D. Horrman, National Bureau of Standards. (30 


min.) 


Contributed Papers 


P4. Experimental Investigation of the Statistical Theory of 
Rubber Elasticity.* F. P. Batpwin,f J. Ivory, AND R. L. 
ANTHONY, University of Notre Dame.—A careful experimental 
study of the dependence of stréss upon temperature, for ex- 
tensions ranging from 0 to 15 percent, was made for two rub- 
bers, GR-I-18 and Paracril-35. Four-inch specimens, cut from 
standard tensile sheets, were stretched to various constant 
lengths at the highest temperature to be employed, and the 
stress permitted to relax at that temperature until a semi- 
equilibrium condition was reached. The temperature was then 
lowered in steps, and the dependence of stress upon tempera- 
ture observed. Stretched specimen lengths were held constant 
to +0.05 percent, both during the initial relaxation period 
and also during the stress-temperature run. In agreement with 
the predictions of the James-Guth theory, the stress-tempera- 
ture characteristics were observed to be curved, and not 
linear. The predicted shift in the thermoelastic inversion ex- 
tension with temperature was also observed. The experimental 
equipment will be described. 

* Supported in part by U. S. Office of Naval Research, and by the United 


States Rubber Company. | ; 
+ Now at Esso Laboratories, Linden, New Jersey. 


Ps. Energy Requirements of Mechanical Shear Degrada- 
tion in Concentrated Polymer Solutions. A. B. BEsTvt, 
National Bureau of Standards.—Molecular weight decrease by 
mechanical shearing results when solutions of around 10 per- 
cent of polyisobutenes having average molecular weights 


above 500 000 are forced through a capillary at nominal rates 
of shear above 10 000 sec™!. Comparison of observed plots of 
shear load versus duration of shearing during this degradation 
process with the corresponding estimated plots which would be 
expected to obtain if degradation did not occur provide a 
means of evaluating the amount of applied shearing energy 
which is used up by the degradation process. The result is 
several hundred thousand kilocalories per mole of broken 
bonds, which is several thousand times the bond energy of 
carbon-carbon bonds. This finding is explained by the hy- 
pothesis that whenever a bond breaks the system loses much 
of the energy temporarily stored as potential energy in bonds 
located in a comparatively large volume surrounding the 
broken bond ; these bonds having been involved in concentrat- 
ing the required activation energy into the ruptured bond. 


P6. Concentration Dependence of Mechanical Shear De- 
gradation. P. GoopMan,* National Bureau of Standards.— 
The rates of mechanical shear degradation of polyisobutene in 
cetane solutions have been studied for 3 and 20 percent solu- 
tions at various rates of shear. The data show that the rate 
constant for degradation in solutions of 5-20 percent concen- 
tration is independent of concentration at a fixed rate of shear 
energy input. The slope of the straight line relating the loga- 
rithm of the rate constant to the reciprocal of the rate of shear 
energy application decreases markedly in absolute value in 
the concentration range 5-3 percent and this decrease is 
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thought to be the result of a decreased efficiency of the inter- 
molecular entanglements in temporarily concentrating me- 
chanical energy in the less concentrated solution. 


* Present address: Naval Powder Factory, Indian Head, Maryland. 


P7. Analysis of Reduced Viscosity Equations. WiLFRizp 
HELLER, Wayne University.—A detailed analysis of the various 
existing interrelated reduced viscosity equations is carried out 
using suitable data. Reliable graphical extrapolations of [»] 
are possible only with the commonly used equation (1): 
nep/C=(n]+Kiln}fc+--+- or with the new equation (2): 
¢/nsp = 1/(n]—K.ic—which is the function of the preceding 
infinite series—if combined with the corresponding auxiliary 
equations (la): Innra/c=["]—Ke[m}e and (2a): c/Innra 
= 1/[n]+Ksc, respectively. An advantage of (2) is the hereto- 
fore impossible direct graphical determination of the limiting 
value of k; by means of d(c/n.,)/dc=f(c). The number of sig- 
nificant figures obtained from a graphical extrapolation to [n] 
from either pair of equations can be increased, in the unfavor- 
able case of good solvents, by plotting the apparent intercepts 
as a function of concentration. No truly satisfactory equation 
exists for the reproduction of data over a wide concentration 
range (Ac>5 g/100 ml) and none can be expected. The best 
approximations are generally obtained with a binomial expres- 
sion of the form (3): nra=(1+K4c)* (Baker). Less suitable, 
but often acceptable is the exponential expression (4): 
Nep/c=(n jeX* (Staudinger-Martin). The logarithmic form 
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of either allows the best graphical representation of data over 
a wide concentration range excepting ¢<2 g/100 ml. The 
generally rapid increase or decrease in slope towards c—>0 
excludes its use for extrapolations to [y]. 


P8. The Infrared Spectrum of Polyethylene. S. Krimm, 
University of Michigan.—Previous studies on paraffins' and 
polarized studies on single crystals of n-paraffins* indicate that 
the splitting of the 725 cm™ and 1460 cm™ bands in poly- 
ethylene is due to interactions between neighboring chains 
in the crystalline phase. This is substantiated by present 
results on solid solutions of a n-paraffin, Ce,Hiso0, in a deutero 
paraffin: a single band at 725 cm™ in the dilute solution 
splits, as the concentration is increased, finally into com- 
ponents at 721 cm™ and 731 cm™. Assignments of poly- 
ethylene bands in the 1300-1375 cm™ region are clarified by 
the solid solution spectra as well as by studies on melted para- 
fins. Solid Ces4Hs9 has only a single band at 1375 cm™. When 
melted, bands appear at 1363, 1350, and 1300 cm™. As the 
temperature is increased the 1375 cm™ band diminishes in 
intensity. These results, plus the relative decrease in intensity 
at 1375 cm™ in the solid solutions, are consistent with an 
assignment of the 1300, 1350, 1363, and most of the 1375 cm 
bands to CH: wagging modes in disordered and ordered phases 
of polyethylene. 


'R. S. Stein and G. B. B. M. Sutherland, J. Chem. Phys. 21, 370 (1953). 
7S. Krimm, J. Chem. Phys. (to be published). 


FRIDAY AFTERNOON AT 2:00 


West Physics Lecture Room 


(H. A. BeTue presiding) 


Invited Papers 
Q1. Early Days of Infrared Spectroscopy at the University of Michigan. H. M. RANDALL, Univer- 


sity of Michigan. (30 min.) 


Q2. Design of a Precision Experiment on the Gyromagnetic Ratio of the Free Electron. H. R. 


CRANE, University of Michigan. (30 min.) 


Q3. Solid State at Low Temperatures: A Survey of the 1953 International Congress on Low Tem- 
perature-Physics. C. F. Squire, Rice Institute. (30 min.) 
Q4. Infrared Analysis of the Structure of Large Molecules. G. B. B. M. SuTHERLAND, University 


of Michigan. (30 min.) . 


Q5. Structure and Function in Molecular Biophysics. Cyrus LEVINTHAL, University of Michigan, 


(30 min.) 


FRIDAY AFTERNOON AT 2:00 
Rackham Lecture Hall 
(H. M. JAMEs presiding) 


Semiconductors, III 


R1. Graphical Representation of the Semiconductor Hall 
Effect. L. P. Hunter, International Business Machines 
Corporation.—W. C. Dunlap' has given a graphical repre- 
sentation of the semiconductor Hall effect in terms of an 
ellipse relating the Hall mobility and resistivity at constant 
temperature. Various uses and extensions of this representa- 
tion will be given which serve to correlate the important 
features of the Hall effect in semiconductors. The constant 
temperature limitation is removed and the effects of excess 
current carrier lifetime and the nonequality of the Hall and 


drift mobility ratios will be discussed. The question of de- 
termining the intrinsic activation energy of a semiconductor 
with a high-mobility ratio, from Hall coefficient measurements 
raises special problems which will be used to illustrate the 
application of this analysis. 

1W. C. Dunlap, Phys. Rev. 79, 286 (1950). 


R2. Hall Effect and Thermoelectric Power of Pure Tel- 
lurium at the Melting Point and in the Liquid State.* A. 
Epstein AND H. Fritzscue, Purdue University.—At the melt- 
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ing point, the thermoelectric power Q and the Hall effect R of 
spectroscopically pure tellurium show a discontinuous drop at 
the solid-liquid transition indicating an increase in carrier con- 
centration. Depending on the crystal orientation of the solidified 
material, Q ranges between +100 and +260 microvolts/ 
degree and R between +0.2 and +0.4 cm*/coulomb in the 
solid at the melting point, in the liquid the values are +9 
microvolts/degree and +0.02 cm*/coulomb, respectively. 
Both quantities continue to decrease with increasing tempera- 
ture in the liquid and become negative in the temperature 
range between 575°C and 625°C. 


* Supported by Signal Corps contract. 


R3. Resistivity, Thermoelectric Power, and Hall Effect in 
a Semiconductor with Hexagonal Structure.* V. A. JoHNson, 
Purdue University——In an anisotropic semiconductor, elec- 
tron and hole masses are dyadics, and it follows that other 
quantities, including the mobility and Thomson coefficient, 
are also dyadics. For hexagonal structure, such as that of 
tellurium, this leads to a thermoelectric power Q=(Q, cos*@ 
+(Q, sin*0, where @ is the angle between ¢ axis and temperature 
gradient (p denotes parallel, m normal to ¢ axis). In the im- 
purity range, Q,=(Q, and thermoelectric power is independent 
of direction of temperature gradient. In the intrinsic range, a 
difference between Q, and Q, arises if m,/m, has different 
values for electrons and holes. For the Hall coefficient, Rp = Ry 
in the impurity range, but the values differ in the intrinsic 
range if (m p/mn).#(m,/mn)a. It has been found for the in- 
trinsic range that 2|R,/R,| =1+]|Q,/Qn,|. The resistivity in 
the impurity range is dependent on orientation according to 
pn/pp=m,/m,. The corresponding resistivity ratio in the 
intrinsic range depends on the relative values of (m,/m,), and 
(m,/m,)n, as do the relations between p and R, and p and Q, 
in the intrinsic range. 


* Work assisted by Signal Corps contract. 


R4. Infrared Absorption of Tellurium.* R. S. CALDWELL 
AND H. Y. Fan, Purdue University.—Infrared absorption in 
single crystals of tellurium was investigated with polarized 
light from 4 to 25 microns. For both directions of polarization 
a small band was observed at 24.5 microns, apparently a lattice 
band. With the electric vector perpendicular to the C axis the 
absorption increased smoothly with wavelength, whereas for 
the electric vector parallel to the C axis a sharp band with a 
peak at about 11 microns was observed ; with decreasing tem- 
perature this peak shifts to shorter wavelengths. In the im- 
purity range, where all samples are p type, this band in differ- 
ent samples increased with the hole concentration. The oscil- 
lator strength based on the hole concentration is close to one. 
When the temperature is raised into the intrinsic range this 
band increased. These observations indicate that this band is 
due to holes in the valence band, similar to the band structure 
in p-type germanium. The fact that this absorption is ob- 
served only with electric vector parallel to the C axis gives 
some insight into the wave functions of the overlapping bands. 
No additional bands were observed in the intrinsic range, 
which might be ascribed to the conduction electrons. 


* Work supported by a Signal Corps contract. 


RS. Metal-Insulator-Metal Junction. G. H. Suits, Uni- 
versity of Michigan (introduced by E. Katz).—A present 
theory of solid rectifiers is based upon the idea that a high- 
resistance barrier layer is formed at the metal-semiconductor 
surface. The rest of the semiconductor plays the role of an 
ordinary conductor. The solution of the diffusion equation for 
this model predicts a rectifying chtracteristic. Approximate 
solutions of the diffusion equation for the metal-insulator- 
metal junction have also predicted a rectifying characteristic. 
So far, no conclusive experiments have been done which ade- 
quately test these predictions for the metal-insulator-metal 
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junction. This paper presents the exact solution of the diffu- 
sion equation for the metal-insulator-metal junction where 
trapping of charge carriers may occur, and a description of the 
present experimental limitations preventing the construction 
of suitable test junctions by the vacuum evaporation technique. 


R6. The Transient Response of P—N Junction Rectifiers.* 
B. R. Gossicx, Purdue University —The rise time T» and 
delay time Tp have been derived using the ac admittance! as: 


I peTp +IneTn 
2 (Ips + Ina) (1) 


Tam { 20| Tot 4 ere ttesrel) | Q) 


T (vo) denotes the RC time constant of the barrier with bias 
voltage vo. It may be seen by (1) and (2) that the saturation 
currents I,, and J,, lead to the appropriate determination of 
the average effect of the lifetimes r, and r,. Current versus 
barrier voltage characteristic curves which were measured 
using the post injection barrier emf* are presented. 


Tp= T (v0) + 


* Supported by Signal Corps contract 
'W. Shockley, Bell System Tech. J. 28, 435-489 (1949). 
2B. R. Gossick, Phys. Rev. 91, 1012 (1953). 


R7. Evaporated Multiple Layers with Semiconductor 
Properties. J. C. M. BRENTANO AND J. D. Ricuarps,* North- 
western University.—Sintered materials, pressed powders, and 
thin evaporated films show the significance of boundaries in 
determining semiconductor properties. Alternate evaporations 
of two metals in high vacuum yield multiple layers ranging 
from distinct strata to highly dispersed deposits. Their micro- 
scale characteristics are short-range order long-range disorder, 
large number of internal boundaries, and eventual trapping 
centers. Distinctive from single thin layers, effects of external 
boundaries and support can be reduced with the total layer 
thickness. The mechanism of multiple layer formation is il- 
lustrated with deposits of indium and antimony. The metals 
when deposited in thin layers at room temperature form in- 
dium antimonide. When the individual layers are more than 
two atoms thick, a very thin layer of indium antimonide re- 
tards further reaction, which thus can be followed up by the 
change of conductivity. Deposited at — 160°C, separate thin 
layers of indium and antimony are stable with a negative 
temperature coefficient. Increasing the temperature causes a 
sudden irreversible decrease in conductivity which may be 
explained by the formation of InSb; the temperature coeffi- 
cient is then also negative, but resistance and temperature 
coefficient assume different values. 


* Milwaukee Gas Specialty Company Fellow. 


R8. Hall Effect and Magnetoresistivity in Carbons.* S. 
Mrozowski AND A. CHABERSKI, University of Buffalo.— 
Samples of a soft carbon were heat-treated (h.t.) to different 
temperatures (h.t. from 1200°C up to 3100°C) and investi- 
gated at liquid nitrogen and at room temperature. The Hall 
constant is negative for h.t. smaller than 1700°C or greater 
than 2400°C and positive for intermediate heat treatments, 
reaching a sharp peak in this range. In general the Hall con- 
stant is greater at liquid nitrogen temperature; the difference 
is slight for h.t. below 1800°C (neglecting irregularities prob- 
ably caused by evaporation of impurities) and quite large in 
ranges of h.t. between 2100-2300°C and above 3000°C. The 
positive peak is located at h.t.=2050°C at room temperature 
and at h.t.=2140°C at liquid nitrogen temperature. This 
behavior agrees with expectations. No measurable magneto- 
resistance was found below h.t.=1800°C. For higher heat 
treatments, first a small negative effect is observed which 
further changes sign and steadily increases up to the highest 
h.t. The magnetoresistance is larger at liquid nitrogen tem- 
perature; the positions of the minimum (negative peak) 
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coincide with those of the positive peak in the Hall effect. 
Negative magnetoresistance occurs, therefore, in a range 
where not too many excess holes are present so that some 
electrons are thermally excited into the conduction band, but 
only as long as this latter number is small. 

* Supported by the U. S. Office of Naval Research. 

R9. Effect of Impurities on the Conductivity of Gray Tin. 
A. W. Ewan, Northwestern University.—The electrical con- 
ductivity of pure gray tin and of gray tin doped with anti- 
mony, indium, aluminum, and zinc has been measured in the 
temperature range from 77 to 273°K. Filamentary specimens 
were prepared by the method previously described.! The con- 
ductivity of 99.998 percent pure gray tin free of antimony 
does not show the minimum reported by Busch, Wieland, and 
Zoller,? but with the addition of 0.001 atomic percent Sb a 
minimum occurs at 140°K. For higher Sb concentrations the 
rise at low temperatures is more pronounced, suggesting that 
this rise is due in part to an increase in the number of carriers 
with decreasing temperature. This has been verified through 
magnetoresistance determinations of the mobility. Doping 
with Al, In, or Zn produces P-type conductivity, In and Zn 
being more effective than Al. Samples containing low concen- 
trations of In or Zn (~0.001 atomic percent) show a nearly 
linear Ing vs 1/7 curve over the full temperature range similar 
to that reported by Kendall.* 


1A. W. Ewald, Phys. Rev. 91, 244 (1953). 
’ puarh, Wieland, and Zoller, Helv. Phys. Acta 24 (No. DD, Ne (1951). 
+ J. T. Kendall, Proc. Phys. Soc. (London) B63, 821 (19 


R10. Interaction of Impurities and Mobile Carriers in 
Semiconductors.* Guy W. LEHMAN AND HusBert M. JAmeEs, 
Purdue University.—The effect of the interaction between 
mobile carriers and impurities in semiconductors on the 
activation energy of impurity atoms has been investigated by 
an extension of the hydrogenic model; the theory thus ap- 
plies only to impurities with low activation energies. Electrons 
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trapped by impurity ions move in a resultant field due to the 
ion (treated as a point charge) and the surrounding distribu- 
tion of untrapped carriers; the untrapped carriers move in a 
field because of neutral impurity atoms, impurity ions, and 
other carriers. Orbitals for trapped and untrapped carriers 
have been determined by approximate solution of appropriate 
Hartree equations. Because of the temperature dependence 
of the distribution over states of mobile carriers, the orbitals 
of the theory depend on the temperature as a parameter. For 
given temperature and impurity concentration N, the electron 
concentration depends on the activation energy, and the 
activation energy depends on the electron concentration; 
these two quantities are thus determined by a consistency 
relation. The theory predicts that the activation energy will 
decrease with increasing N in a temperature-dependent way ; 
if N is large the decrease will be smaller the lower the tem- 
perature. 


* Work supported by Signal Corps contract. 


R11. Contact Potential, Work Function, and Surface States. 
SeLsy M. SKINNER, Case Institute of Technology.—Myerhof' 
and others have found that measured contact potential differ- 
ence between electrode and semiconductor does not neces- 
sarily show correlation with work function difference. Bardeen? 
has explained this in terms of surface (Tamm) states. A con- 
sideration of current flow through poorly conducting materials 
taking into account thermodynamic equilibria within the 
material and at the contact with the metal, and space charge 
and diffusion effects, indicates that such lack of correlation is 
to be expected whenever the volume density of charge in the 
material in the vicinity of the boundary is large, irrespective 
of whether there are surface states. For small volume density 
near the boundary, i.e., large potential barrier, essentially the 
usual relationship is valid. 


1W. E. Meyerhof, Phys. Rev. % | ad (1947). 
* J. Bardeen, Phys. Rev. 71, p. 


FRIDAY AFTERNOON AT 2:00 
1400 Chemistry 
(F. C. Nx presiding) 


Metals, III (Including Order-Disorder) 


S1. Size Effects Found in the Nucleation of Fracture 
Origins. E. A. McLeEAN AND WALLER GEORGE, Naval Re- 
search Laboratory.—Studies of the processes of nucleation of 
fracture origins in metals have been made using a centrally 
notched zinc foil model loaded in tension normal to the notch.! 
The fracture length observed was always less than the critical 
length at which extension is accelerated by the release of 
strain energy in excess of the specific fracture work. Fracture 
growth is accomplished in these regions by the initiation of 
nuclei in advance of the main crack, the subsequent growth 
of the nuclei, and the joining up of the nuclei with the main 
fracture. Interest in this experiment is primarily concerned 
with the time rate of appearance of these nuclei. Studies of 
foils in which the shape, the thickness, and the initial load per 
unit of width remain constant while the length and width are 
varied indicate a pronounced “‘size effect’’ as shown by plots 
of the total number of fracture nuclei formed as a function of 
time. The time to create a given number of fracture nuclei 


under equal specific loading is observed to increase with de- 
creasing specimen size. 
' E. A. McLean and W. George, Bull. Am. Phys. Soc. 29, No. 1, 24 (1954). 


S2. On the Origin of Recrystallization Nuclei. Joun 
NIELSEN, New York University.—A theory has been developed 
for grain growth from a minimum of assumptions; no more 
than were used by Gibbs in his discussion of surfaces of dis- 
continuity in his equilibrium of heterogeneous substances 
paper. It turns out that there are several components that 
contribute to the over-all growth rate curve that is observed. 
The outstanding discovery in this analysis is that the origin 
of recrystallization nuclei is a direct logical development of 
the application of the ideas of Gibbs. The origin of recrystal- 
lization nuclei was discussed in a report! circulated from this 
laboratory in 1949 and the essential requirement was stated 
therein. In that report slip plane intersections were used to 
satisfy the requirement and in the present theory, no such 
artificial mechanism is needed. A microstructure showing the 
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manner of selection for a secondary recrystallization nucleus 
has been obtained in an 8.4 percent nickel-titanium alloy. 
The process accounting for one of the components of the 
growth rate curve has been reproduced in a nonmetallic 
system. The frequency of recrystallization nuclei in textures 
can be accurately predicted. 


1 Comments on Paper by C. S. Smith, Trans. Am. Inst. Mining Met. 
Engrs. 175, 15 (1948). 


$3. Order-Disorder and Cold-Work Phenomena in Cu — Pd 
Alloys.* F. E. Jaumor, Jr., anD A. Sawatzky, The Franklin 
Institute Laboratories for Research and Development.—X-ray 
and resistivity measurements on samples of Cu-Pd alloys 
containing up to 29 atomic percent Pd indicate that there are 
four regions to be considered when the samples are slowly 
cooled (2°C per day) from 550°C. Below about 10 and above 
28 percent Pd the alloys are disordered f.c.c.; between 10 and 
19 percent Pd they are ordered f.c.c.; and between 19 and 27 
percent Pd, ordered tetragonal. The tetragonality is quite 
marked at 400°C but the degree of order is increased on cooling 
to 285°C. Room temperature resistivities of samples slowly 
cooled, quenched from 800°C (disordered f.c.c.), and furnace 
cooled from 800°C were studied as a function of coild-work 
(drawing). The quenched samples exhibited a marked de- 
crease in resistivity with cold work; the others showed a 
sharp rise initially, and then a decrease, eventually joining the 
curve for the quenched samples. Similar maxima are observed 
in curves of resistivity versus time of anneal for cold-worked 
samples and annealing temperatures from 100°C to 400°C. 
The temperature coefficients of resistivity (between room 
temperature and —190°C) exhibit no anomalies, regardless 
of the state of cold work of the sample. 


* Supported by the Office of Ordnance Research, U. S. Army. 


S4. Diffraction Studies of Possible Ordering in a Brass.* 
D. T. KeatinG, Brookhaven National Laboratory.—A study 
of the possible ordering in the a-brass system has been con- 
ducted concurrently with the study of radiation induced 
changes in the electrical resistivity of a brass.' Masumoto, 
Saito, and Sugihara have concluded from their specific heat 
measurements that there is a possibility of ordering in the a 
brasses.* 

A single crystal of 70-30 a brass annealed at 190°C for six 
weeks has been studied with both x-rays and neutrons. Any 
degree of long-range order in the crystal would produce a 
sharp (110) superlattice reflection, the integrated intensity 
being proportional to the Bragg and Williams long-range order 
parameter. Local or short-range ordering would be expected 
to produce a diffuse reflection centered aLout the (110) posi- 
tion. The diffracted intensities in the region of the expected 
(110) superlattice reflection have been carefully examined, 
and within the limits of error of the data no ordering was 
observed with either x-rays or neutrons. 

* Work done under contract with the U. S. Atomic Energy Commission. 


1 Rosenblatt, Smoluchowski, and Dienes, Bull. Am. Phys. Soc. 29, No. 3, 


19 at (this meeting). 
* Masumoto, Saito, and Sugihara, Science Rep. Research Insts. Tohoku 
Univ., Ser. A4, 481 (1952). 


SS. Kinetics of the Ordering and Disordering Process in 
Cu,Au. F. P. Burns, Columbia University.*—The isothermal 
variation of electrical resistivity with time following rapid 
change of specimen temperature from an initial value 7; to a 
final (constant) value 7; is described. The experimental ar- 
rangements permit observation within one minute after 
initiation of the change. When 7;>390°C and 390°C >T;, 
>360°C the resistivity first increases, then decreases mono- 
tonically. The time required to reach the maximum decreases 
and the subsequent rate of fall increases as Ty is lowered. 
When 360°C > 7; >326°C an initial rise is not observed and 
the rate of fall decreases as Ty is lowered. The true kinetics of 
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the ordering and disordering processes as they occur in a 
single domain, freed from effects due to the evanescence of 
antiphase domain boundaries, are revealed by similar observa- 
tions made upon a specimen held at 388°C until such bound- 
aries have nearly disappeared. Isothermals corresponding to 
various values of Ty, with T; << Ty <390°C and Ty <T; <390°C 
are reported. The observation of Sykes and Evans that the 
temperature coefficient of resistivity decreases with decreasing 
temperature immediately above the critical temperature is 
confirmed. 


* Permanent address: The College of the City of New York, New York. 


S6. Application of Bimolecular Kinetics to Relaxation of 
Order Below the Curie Point. Jerome Rorustretn, Columbia 
University.—Ordering binary alloys below the Curie point 
have wrong pairs in analogy to Frenkel defects, with wrong 
pair activation energy of formation independent of density n 
of wrong pairs for small m. Bimolecular kinetics at constant 
temperature can then be written dn/dt=an,,—(a/n,)n* with 
a, , constants. If n=n» at t=0, then for mo<n, (heating) 
n(t) =n, tanh[at+tanh(no/n,)], while for mo>n,, (cooling), 
n(t)=n, coth[at+coth(mo/n,) ]. If temperature dependence 
of resistivity p at constant is small compared to its m de- 
pendence, then p=po+(dp/dn)on whence tanh and coth re- 
sistivity relaxation laws are expected. From T dependence of 
a and n, activation energies for formation and destruction 
of a wrong pair can be estimated. Theory agrees with experi- 
ments on Cu;Au of the preceding paper. 


S7. Long-Range Order in Cu—Au Alloys of Nonstoichio- 
metric Compositions.* C. H. Sutc.irret ANDF. E. Jaumor, JR., 
University of Pennsylvania.—The degree of long-range order 
present as a function of temperature in samples of Cu-Au 


alloys containing from 15.5 to 34.2 atomic percent Au has 
been determined by measurement of the integrated x-ray 
intensities of the (3,0,0) superstructure reflections. Measure- 
ments were made from room temperature to temperatures 
above the ordering temperature, using monochromatic CuKa 
radiation. The data indicate that the order parameter begins 
to decrease at a proportionately lower temperature for non- 
stoichiometric compositions than for Cu;Au. Also, the slope 
of the curve of order parameter versus temperature is less 
steep for compositions appreciably different from CusAu. 
Values of the long-range order parameter as a function of 
temperature will be given for each composition. 


* Supported by the Office of Flight Research, U. S. Air Force. 
t Present address: The Philec Corporation, Philadelphia, Pennsylvania. 


S8. The Natuze of the Order-Disorder Transformation in 
Cu—Au Alloys of Nonstoichiometric Compositions.* C. H. 
SutcuiFFEt AND F. E. Jaumor, JR., University of Pennsylvania. 
—The nature of the order-disorder transformation in Cu-Au 
alloys containing from 15.5 to 34.2 atomic percent Au has 
been studied by observing high angle fundamental x-ray re- 
flections from single crystals. Measurements were made at 
temperatures ranging from room temperature to 450°C. The 
anomalous broadening and splitting of the (4,0,0) reflections 
from samples containing more than 25 atomic percent gold 
indicate that the transformation is a classical phase trans- 
formation rather than a homogeneous one, at least for gold- 
rich samples. The (4,0,0) reflections from samples containing 
less than 25 percent gold did not split and exhibited only 
slight broadening in the region of the so-called critical tem- 
perature, A possible explanation of the cause of this unusual 
behavior, based on the atomic sizes of the constituents, will 
be discussed. 


* Supported by the Office of My a Research, U. S. Air Force. 
¢ Present address: The Philco Corporation, Philadelphia, Pennsylvania. 
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Ballroom 


(E. BuRSTEIN presiding) 


Semiconductors, IV (Compounds) 


Tl. Electrical Properties of Single Crystals and Thin 
Films of PbTe.* Sear. J. SILVERMAN AND HENRy LEVINSTEIN, 
Syracuse University.—A comparison was made of the elec- 
trical properties of single crystals of PbTe and subsequently 
evaporated thin films formed from the original material. 
Hall constants and resistivities were measured as a function 
of temperature from 300° to 77°K. Crystals were grown by the 
Stockbarger technique. Films were formed and measured 
without exposure to air. Regardless of whether the original 
crystal was ‘‘n’’ or ‘‘p”’ type, all films were ‘“‘n” type, having 
carrier concentrations within the same order of magnitude for 
most cases. This observation was attributed to a limited 
amount of dissociation during evaporation, resulting in an 
inhomogeneous distribution of Te agglomerates throughout 
the film. Room temperature mobilities were about } that of 
the single crystal values. In general, carrier mobilities in films 
were markedly affected by substrate temperature during film 
formation, subsequent annealing, and limited oxygenation. 


* This work was supported by the Wright Air Development Center. 


T2. The Effect of Oxygen on Lead Telluride Films.* 
DonaLp E. Bope AND Henry LEVINSTEIN, Syracuse Uni- 
versity.—The electrical properties of lead telluride films were 
studied as a function of the degree of oxygenation. Films of 
PbTe formed by high vacuum evaporation have a large 
affinity for oxygen at pressures above 10-* mm of Hg. The 
quantity of oxygen adsorbed by a particular film depends on 
several factors: (1) substrate temperature during the initial 
film formation, (2). the pressure of the oxygen admission, 
(3) the time of exposure to oxygen, and (4) the film tempera- 
ture during exposure to oxygen. By addition of calibrated 
pulses of oxygen at room temperature it was possible to trans- 
form PbTe films from n-type to p-type and obtain a point for 
point correlation of their electrical properties. In this manner it 
was possible to study in detail the change of a film’s resistance, 
thermoelectric power, photoconductive sensitivity, time con- 
stants, and spectral characteristics with increasing oxygena- 
tion. It is felt that when oxygen atoms are adsorbed on PbTe 
films they permanently capture electrons first from the con- 
duction band, then the impurity centers, and eventually the 
valence band to transform the film from m to p. Oxygen d2es 
not seem to play a primary role in the photoconductive effect 
at long wavelengths. 


* This work was supported by the Wright Air Development Center. 


T3. Current Oscillations in Photoconductive Films of Lead 
Telluride.* Dean L. Mitrcuectt, WERNER J. BEYEN, AND 
Donatp E. Bone, Syracuse University.-—During a study of the 
noise characteristics of PbTe cells it was found that the cur- 
rent through some of the films would break into oscillation 
at applied fields between about 500 to 4000 volts/cm. The fre- 
quency range for oscillations of this type was from 10* to 10¢ 
cycles/second. The amplitudes of these oscillations measured 
across a one-megohm load resistor ranged between 10~* and 
10-* volts. The wave shape of an individual oscillation is 
sawtooth in appearance. It was possible for several different 
frequencies to exist simultaneously in a particular film. It 
was found that the frequency and amplitude of these oscilla- 
tions increase when the applied voltage is increased. Above 
certain applied voltages all oscillations cease and only the 
characteristic flicker noise of the semiconductor is present. 


The results of this investigation indicate that the phenomenon 
is similar to that of a modified reiaxation oscillator. The effect 
is probably associated with a certain type of inhomogeneity 
within the film. The presence of these inhomogeneities in 
films having this behavior is supported by several other types 
of phenomena which will be described. 

* This work was supported by the Wright Air Development Center. 


T4, Interdiffusion in Lead Sulfide Crystals. R. F. BREBRICK 
AND W. W. Scanton, U. S. Naval Ordnance Laboratory.—In 
pure compound semiconductors such as lead sulfide the elec- 
trical properties are determined by slight deviations from the 
stoichiometric composition. A single crystal containing a slight 
excess of lead is m type. If such a crystal is exposed to suffi- 
ciently high temperature and pressure of sulfur vapor it will 
change its composition to excess sulfur by a diffusion process 
and become p type. A plane between p and m type material 
moves inward from the surface as diffusion progresses. Upon 
quenching the crystal the junctions can be located by recti- 
fication, thermoelectric force, or photoeffects. For fixed tem- 
perature and pressure conditions it is possible to calculate a 
diffusion coefficient from the movement of p-n junctions in 
two crystals of different compositions. With a sulfur pressure 
corresponding to the vapor pressure of sulfur at 123°C and 
a crystal temperature of 550°C the p-n junction in two n-type 
crystals (m,;=1.5X10'7, ny=12X10'7) moved inward a dis- 
tance of 0.67 mm and 0.11 mm, respectively, in one hour. 
Assuming that the composition at the p-n junction is the same 
in both crystals and that the sulfur concentration is the same 
at the surfaces a diffusion constant of 4.6X10~* cm*/sec is 
calculated from the solution of the appropriate diffusion 
boundary value problem. 


TS. The Preparation of Lead Sulfide Crystals of Controlled 
Electrical Properties. W. W. SCANLON AND R. F. BREBRICK, 
U. S. Naval Ordnance Laboratory.—In theory a crystal of a 
binary ionic compound can exist as a single phase over a small 
range of composition. For such a crystal the system, crystal- 
vapor, has two degrees of freedom by the Gibbs phase rule. 
Therefore, at a temperature high enough for the crystal to 
come to equilibrium in a reasnable time with the vapor phase, 
the composition of the crystal and its electrical properites can 
be varied by varying the pressure of one of the constituents of 
its vapor. Small natural crystals of PbS were exposed at 500°C 
to various fixed pressures of sulfur vapor for 20 hours and then 
quenched to room temperature. The pressures used corre- 
sponded to the vapor pressures of sulfur in the range from 
100°C to 120°C. Hall effect and resistivity data were taken 
from —190°C to +200°C. Both p-type and n-type crystals 
were made by this method with carrier concentrations be- 
tween 10'* and 10". The intrinsic activation energy for PbS 
is 0.37 ev and extrapolated resistivity data indicates that 
intrinsic material has a resistivity of about 3.02 cm at room 
temperature. The ratio of electron to hole mobility is 1.4. 


T6. The Mobility and Mean Free Path of Electrons and 
Holes in Lead Sulfide Crystals. R. L. Perritz, W. W. Scan- 
LON, AND F. L. Lummis, U. S. Naval Ordnance Laboratory.— 
Using the formulas for the two-carrier semiconductor, yu, and 
wa were calculated from Hall effect and resistivity data for 
several crystals of n-type and p-type PbS. Impurity concen- 
trations ranged from 10'/cc to 10'*/cc. No evidence for im- 
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purity scattering was observed in the temperature range 
—190°C to +200°C. The mobility data was fitted over the 
entire temperature range by the expression: 

1 2 1 T 

bb Att TB’ 
where the first term is the polar scattering formula of Mott 
and Frohlich and is associated with the optical modes of the 
lattice vibrations. The second term is due to scattering by 
interactions with acoustical modes and is important only at 
low temperatures. We find that the mean values for the con- 
stants are approximately @=1100°K, A =18, and B=3.5X 10°. 
From A we find that m*/m is 0.17. The electron mobility at 
room temperature is approximately 400 and the corresponding 
mean free path is 120A. 


volt-sec 
cm? 





T7. Optical Absorption of AlSb. R. F. Brunt, H. P. R. 
FREDERIKSE, AND J. H. Becker, National Bureau of Stand- 
ards.—The absorption spectrum of AlSb has been measured 
at room temperature at 78°K and near 4.2°K. Two samples 
with carrier-concentrations of 2 X 10'"/cc (p-type) and 5 X 10!7/ 
cc (n-type) have been investigated. The n-type sample is 
slightly polycrystalline and doped with tellurium; the p-type 
sample is a single crystal. Both samples show a sharp ab- 
sorption edge corresponding to a forbidden gap of 1.55 ev at 
room temperature! in good agreement with electrical data.? 
The temperature dependence of the gap is about —410™ 
ev/deg between 300°K and 78°K. A small absorption band at 
0.75 ev is observed in the p-type sample in addition to the 
free carrier absorption. This band becomes sharper but not 
higher at lower temperatures. The n-type specimen shows a 
broad band with a maximum at 0.33 ev. The height of this 
band increases appreciably on cooling. The free-carrier ab- 
sorption at longer wavelength appears to be larger at 78°K 
and 4.2°K than at room temperature in this sample. Possible 
interpretation will be discussed. 

'See also Briggs, Cummings, Hrostowski, and Tanenbaum, Bulletin 


Am. Phys. Soc. 28, No. 6, 
2H. Welker, Z. Naturforschung 8a, 248 (1953). 


T8. The Anomalous Optical Absorption Limit in InSb. 
Exias Burstein, Naval Research Laboratory.—The anomalous 
shift of the absorption limit to shorter wavelengths with in- 
creasing impurity content in InSb! is attributed to the un- 
usually small effective mass of the electrons, rather than to a 
specific impurity effect. The small effective mass of the elec- 
trons is associated with a small effective density of states and 
with a small degeneracy concentration. Consequently, InSb 
behaves as a degenerate semicorductor at relatively low elec- 
tron densities, and the height of the Fermi level above the 
bottom of the conduction band in degenerate n-type material 
increases rapidly with increasing electron density. The optical 
absorption limit involves vertical transitions from the filled 
band to the lowest unfilled level in the conduction band. The 
optical energy gap of a degenerate n-type sample is, accord- 
ingly, given by the energy separation between the lowest un- 
filled level in the conduction band (which lies approximately 
4kT below the Fermi level) and the corresponding level in the 
filled band, and not just simply by the minimum separation 
between the bands. The optical energy gap of an n-type 
sample containing 5X 108 electrons/cm! is calculated on this 
basis to be 0.4 ev in agreement with the observed value of 
0.39 ev. 


1M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1561 (1953). 


T9. Optical and Electrical Measurements on InAs. RoBeRT 
M. TaLLey AND Dorotuy Enricst, U. S. Naval Ordnance 
Laboratory.—InAs has been prepared by fusion of the elements 
in an evacuated Vycor container. Polycrystalline samples 
which appeared to be homogeneous and free from cracks and 
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pits were cut from the melt. It was not possible to zone refine 
this compound because of a decomposition which begins at 
about 500°C. InAs melts at 942°C and crystallizes in the 
zincblende structure with a lattice spacing of 6.058A.' The 
infrared transmission agrees with the results reported by 
Briggs.? Hall effect and conductivity measurements will be 
reported. 
1T. S. Liu and E. A. Peretti, Trans. Am. Soc. Metals 45, 677 (1953). 


? Briggs, Cummings, Hrostowski, and Tanenbaum, Bull. Am. Phya 
Soc. 28, No. 6, 8 (1953). 


T10. Infrared Properties of Indium Antimonide.* W. 
KAISER AND H. Y. Fan, Purdue University.—Infrared trans- 
mission of indium antimonide has been measured at different 
temperatures. Samples with 10‘? cm™ effective impurity con- 
centration, both m type and p type, have an absorption edge 
at 7.1 microns at 300°K shifting with temperature between 
520°K to 4°K by —2.8X10~ ev/degree K.' Samples with 
-~5 X 10'* cm™ carriers have an absorption edge at 3.5 microns 
at 300°K, 2.5 microns at 78°K, hardly changing between 78°K 
and 4°K. Samples with the lower carrier concentrations, both 
a type and p type, show the same absorption in the intrinsic 
range, increasing with temperature. In the impurity range 
n-type samples show absorption increasing with wavelength 
whereas the p-type samples give essentially flat absorption up 
to 30 microns. In both cases the absorption increases with 
decreasing temperature, more strongly for the p type. For a 
p-type sample the transmission changed from 21 percent at 
300°K to 2 percent at 78°K and <1 percent at 20°K. This 
behavior might be expected from excitations between the 
valence or conduction band and energy states <0.01 ev from 
the band edge. 


* Work supported by a Signal Corps contract. 
1 See M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1561 (1953), 


T1l. Conductivity, Hall Effect, and Rectification of Gallium 
Antimonide.* D. P. Detwiter, The Franklin Institute 
Laboratories for Research and Development.—Gallium anti- 
monide of relatively high purity has been prepared by zone- 
refining the compound and growing single crystals by pulling 
from the melt. As prepared under a hydrogen atmosphere in 
silica crucibles, this material exhibits in general p-type con- 
ductivity. The electrical conductivity and Hall constant of a 
number of samples, both n-type and p-type, have been meas- 
ured between —190°C and 650°C. Room temperature con- 
ductivity ranged from a few ohm™! cm™ to 100 ohm™ cm™. 
The room temperature Hall mobility of holes in relatively 
pure specimens is about 2000 cm?* volt sec, while that of 
electrons is appreciably higher. The intrinsic energy gap is 
somewhat greater than that of germanium. Rectifying p-n 
junctions have been grown from the melt by adding tellurium 
to a p-type melt. It has been found that these junctions may 
be located by chemical etching with a mixture of hydrochloric 
and nitric acids. Early junctions show a room temperature 
rectification ratio of several hundred at one volt with, how- 
ever, considerable “softening” of the reverse characteristic. 
Although much smaller reverse currents are obtained at 77°K, 
saturation is still poor in the units tested. 


* This work was supported by the Air Research and Development Com- 
mand, U. S. A. F. 


T12. Some Properties of P-type Gallium Antimonide Be- 
tween 15°K and 925°K. H. N. Lerrer anp W. C. Dun ap, 
Jr., General Electric Research Laboratory.—Single crystals‘ of 
gallium antimonide were produced by the Czochralski tech- 
nique from zone-refined material made by direct combination 
of the elements. The product was p type, with resistivities 
of the order 0.1 ohm cm. Hall coefficient and resistivity were 
measured from 15°K to 925°K. The slope of the Hall curve at 
low temperatures yielded the value 0.024 ev for the carrier 
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ionization energy. The room temperature mobility was near 
800 cm*/volt sec. The Hall mobility varied as 7~** below 
room temperature, changing slope at room temperature and 
going over to a nearly 7~! law at higher temperatures. An 
electron-to-hole mobility ratio of 5 was determined from the 
ratio of extrapolated extrinsic conductivity to actual con- 
ductivity at the Hall coefficient conversion temperature 
(357°C). From resistivity data, the intrinsic band gap at 0°K 
was estimated as 0.80 ev. From infrared data the best value 
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for room temperature band gap was taken to be 0.71 ev. 
Based upon the assumption of spherical Fermi surfaces and 
assuming consistency of these data, the following are calcu- 
lated : 3 10~4/°C as the coefficient of band gap with tempera- 
ture; 0.20 m and 0.39 m for the effective mass of electrons and 
holes, respectively. 


' Tannenbaum, Pearson, and Feldmann, paper A10 and Briggs, Cum- 
mings, Hrostowski, and Tannenbaum, paper A9, Bulletin of the Am. Phys. 
Soc. 28, 6 (1953), 


SATURDAY MORNING AT 9:30 


Crystal Ballroom 


(Cyrit S. SMITH presiding) 


DSSP Symposium on Irradiation Effects 


U1. Theory of Radiation Damage. F. Se1tz, University of Illinois. (40 min.) 

U2. Stored Energy in Irradiated Copper. A. W. OverHAusER, Cornell University. (20 min.) 

U3. Nucleon Bombardment of Semiconductors. K. Larx-Horovitz, Purdue University. (30 min.) 
U4. Radiation Effects in Ionic and Valence Crystals. R. SmoLucHowskK!, Carnegie Institute of 


Technology. (30 min.) 


US. Radiation Damage Effects on Electronic Properties of Graphite. W. P. EatHerty, North 


American Aviation, Inc. (30 min.) 


Business Meeting of the Division of Solid-State Physics 


(to be convoked during Session U whenever the Chairman of the Division shall see fit) 


SATURDAY MORNING AT 9:30 


Italian Gardens 


(C. G. SHULL presiding) 


Magnetism, I 


Vl. Ferromagnetic Properties and Order-Disorder in 
Fe—Pd Alloys.* V. J. Foten anp F, C. Nix, University of 
Pennsylvania, anv F. E. Jaumor, Jr., The Franklin Institute 
Laboratories for Research and Development.—The saturation 
moment, Curie temperature, and magnetostriction of alloys 
of Fe-Pd near the composition FePd; were studied as a func- 
tion of order. For disordered samples, the Curie point and 
saturation moment at room temperature exhibit a sharp de- 
crease in value in the region of 75 atomic percent Pd. The 
saturation magnetostriction decreases with increasing pal- 
ladium content. Partial order lowers the Curie temperature 
considerably in samples containing less than 75 percent Pd, 
and raises it slightly for samples containing more than 75 
percent Pd. This result is consistent with the increase in 
volume on ordering of the low palladium samples and the 
negligible change in volume of the high palladium samples. 
Isothermal anneal studies indicate that the effect of order on 
the saturation moment is complete in the early stages of 
ordering. 

* Supported by the U. S. Office of Naval Research and the Air Research 
and Development Command. 


V2. Ferromagnetism and Order in Fe—Pt Alloys Near 
Fe,Pt.* A. D. Frankuin, A. E. BeErKowitTz, AND E. KLoxk- 


HOLM, The Franklin Institute Laboratories for Research and 
Development.—The Fe-Pt alloys near the composition Fe;Pt 
exhibit an irreversible transition between b.c.c. a and f.c.c: 
y phases. Both are ferromagnetic, but the y-phase Curie 
point lies much lower than that of the a phase. It is known! 
that ordering in these alloys moves the y-phase Curie point 
to higher and the y—a transition to lower temperatures, 
without having an appreciable effect on the a—~y transition. 
These ordering effects have been studied in greater detail, 
using a B-H curve tracer to follow the transitions magneti- 
cally. During the irreversible transitions, especially a—y, 
isothermal changes in magnetization occur. In cold-worked 
specimens, the beginning of the y—a transition lies above 
liquid N2 temperatures out to 27 atomic percent Pt. The 
increase in the y-phase Curie temperature and the decrease in 
the y—a transition temperature with ordering occurs to an 
appreciable extent in the early stages of ordering, before 
superstructure lines appear in the x-ray patterns. 


* Supported by the U. S. Air Research and Development Command. 
1A. Kussmann and G. Rittberg, Z. Metallkunde 41, 470-7 (1950). 


V3. Resistance Studies of the Phase Transformations in 
Fe—Pt Alloys Near the Composition Fe,Pt.* R. P. STEIJN 
AND F. J. Donanog, The Franklin Institute Laboratories for 
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Research and Development.—The y-phase Fe-Pt alloys con- 
taining approximately 25 atomic percent platinum are known 
to develop superstructure of the type formed in CusAu.' In 
addition, the f.c.c. y phase transforms at low temperatures 
to a b.c.c. @ phase in alloys containing £27 atomic percent 
platinum. The resistance changes which are produced by these 
phase transformations have been studied in alloys ranging 
from 14 to 30 atomic percent platinum. In CusAu the forma- 
tion of long range order is accompanied by a decrease in re- 
sistance which may be observed at the temperature at which 
order formation occurs. No such effects are observed in Fe;Pt. 
This seems to be generally true in ferromagnetic alloys of this 
type. The progress of the ordering reaction during isothermal 
aging at elevated temperatures can be followed by quenching 
and measuring the resistance at some fixed temperature below 
the ferromagnetic Curie point of the disordered alloy. The 
irreversible a—>y transition also produces large changes in 
resistance which are superposed on those caused by changes 
in the degree of order. 


* Supported by the U. S. Air Research and Development Command. 
1A. Kussmann and G. Rittberg, Z. Metallikunde 41, 470-7 (1950). 


V4. Magnetization in the Nickel Ferrite Indates. Louts R. 
MAXWELL AND STANLEY J. Pickart, U. S. Naval Ordnance 
Laboratory.—Trivalent indium has been substituted in nickel 
ferrite (NiO-Fe,O;) to give the system NiO-Fe2_,In,O; where 
t varies from 0 to 1.875. The materials were prepared in 
powdered form and annealed at a cooling rate of 1° per minute 
from 1400°C. The lattice constant a» increased linearly with 
increasing ¢ from 8.332A to 8.708A at ¢=1.5; for greater 
values of ¢ the size of unit cell remains constant. At these 
higher values of t, x-ray lines caused by the uncombined NiO 
and In.O; were present indicating that the remaining spinel 
structure was held together by the trivalent iron present. 
At t=2 no solid solution was formed. Thermal magnetization 
curves showed only the Q type as classified by Néel. The 
saturation magnetization, obtained by extrapolation from 
liquid nitrogen temperature to absolute zero, increased with 
increasing ¢ to a maximum at t=ca, 0.5 beyond which the 
magnetization decreased toward zero. No crossover was found 
that would indicate a reversal in the dominance of the in- 
trinsic magnetization as observed for the nickel ferrite alumi- 
nates.' The Curie temperatures decreased nearly linearly with 
increasing ¢ with values running systematically below corre- 
sponding Curie temperatures! when trivalent aluminum and 
trivalent gallium are substituted for trivalent iron. 


1L. R. Maxwell and S. J. Pickart, Phys. Rev. 92, 1120 (1953). 


V5. Magnetic Neutron Diffraction in Fe,O,. T. Riste AND 
A. W. McReyno ps, Joint Establishment for Nuclear Energy 
Research, Norway.—The intensity of magnetic diffraction 
from the (111) planes of Fe,O, has been studied as a function 
of temperature in order to investigate (1) the shape of the 
magnetization vs temperature curve, and particularly, (2) 
effects in the region of the Curie point. For thin crystals the 
diffracted intensity from a set of crystallographic planes is 
proportional to reflectivity F?=C*+g*D* where C and D are, 
respectively, the nuclear and magnetic scattering amplitudes 
and q a vector determined by direction of magnetization. By 
measurement with the crystal first unmagnetized then mag- 
netized parallel to the scattering vector, reflectivity becomes, 
respectively, F?=C?+ 4D? and F*?=C?, allowing elimination 
of the nuclear component. The remaining magnetic component 
is proportional to intensity of magnetization. The magnetiza- 
tion vs temperature curve thus measured on an unmagnetized 
material shows a sharply defined Curie point and may be 
compared with theory. A further decrease of scattering slightly 
above the Curie point indicates continued short-range correla- 
tion of magnetic moments. 
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V6. Permeability and Magnetostriction of Cation-Substi- 
tuted Magnetite.* L. R. Bickrorp, Jr.,t J. Parrts,t anp J. L. 
Strutt, New York State College of Ceramics.—-The temperature 
spectrum of initial permeability for magnetite traverses a 
sharp peak at 130°K, which has been identified with a change 
in sign of the first-order cubic anisotropy constant. We found 
that the substitution of small amounts of cobalt for divalent 
iron causes a marked shift upwards in the temperature of the 
peak. Substitution of other transition elements does not pro- 
duce this effect. For cobalt additions the temperature shift is 
linear with respect to cobalt ferrite content, the rate being 
140°C/mole percent. We have obtained convincing evidence 
from magnetostriction measurements that the shifted peak is 
still associated with a change in direction of easy magnetiza- 
tion. Apparently the spins of the cobalt ions are strongly 
coupled to the lattice parallel to the [100] direction, and the 
presence of a small amount of cobalt is sufficient to align the 
entire spin system in this direction. It is predicted that the 
first order anisotropy constant for cobalt ferrite itself is 
positive in sign and very large. 

* Supported in part by the U. S. ee Naval Research, 


+ Now at Research Laboratories, 1.B.M. 
t Now at M.LT. 


V7. The Magnetization of CuK,(SO,),-6H,O at Liquid 
Helium Temperatures and in Strong Magnetic Fields. 
WarrREN E. Henry, Naval Research Laboratory.—Experi- 
mental study of the magnetization of copper potassium sul- 
phate hexahydrate has been carried out in the liquid helium 
temperature range (1.3°-4.2°K) and in magnetic fields up to 
60 000 gauss. From the fractional variation of the magnetic 
moment with H/T and the superposition of magnetic moment 
isotherms within experimental error in fields under 50000 
gauss it is concluded that a Brillouin function (not spin only) 
is followed. Above 50 000 gauss, a slight departure from the 
Brillouin function is suggested. It is possible to compare these 
results with previous measurements on copper sulphate 
pentahydrate! in which there is a pronounced dispersion of 
the magnetic isotherms caused by the large exchange inter- 
action between copper ions. From a comparison of these re- 
sults, one may see the decrease in exchange energy with in- 
crease in distance between interacting ions. The comparison 
is in agreement with the Van Vleck prediction® that an in- 
crease in exchange coupling can increase the sharpness of 
paramagnetic resonance absorption which was shown experi- 
mentally by Arnold and Kip.’ 

1W. E. Henry, Phys. Rev. 87, 1133 (1952). 


1J. H. Van Vieck, Phys. Rev. 74, 1168 (1948), 
*R. D. Arnold and A. F. Kip, Phys. Rev. 75, 1199 (1949), 


V8. Note on Magneto Resistance. L. P. KAo ann E. Karz, 
University of Michigan.*—Results of calculation are presented 
for the magneto resistance in cases more general than those 
discussed by L. Davis' and F. Seitz, referring to anisotropic 
materials in arbitrary orientation. 

* Research supported by the U. S. Lab. Procurement Office of the Signal 
Corps Supply Agency. 


'L. Davis, Phys. Rev. 53, 93 (1939), 
1F. Seitz, Phys. Rev. 79, 372 (1950). 


V9. Low Temperature Magnetoresistance of Gold in Fields 
up to 50 Kilogauss. Joun K. LoGan, Naval Research Labora- 
tory.—Measurements have been made of the magneto- 
resistance of a sample of gold in the temperature range from 
1.2°K to 4.2°K, and in fields up to 50 kilogauss. These steady 
magnetic fields were provided by a Bitter-type air-core 
solenoid. The ratio of zero-field resistance to resistance at 
300°K was 1.8107 at 4.2°K. This value was greater by 3.3 
percent at the lowest temperature. At 50 kilogauss the re- 
sistance increased by 55 percent and 47 percent, at 4.2°K and 
1.2°K, respectively, over the zero-field resistance. At inter- 
mediate temperatures and this field, the percentage increase 
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was linear with zero-field resistance. In addition, at constant 
temperature and high fields, the resistance ratio was linear in 
magnetic field, with a coefficient of 1.25 percent per kilogauss. 
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This coefficient was independent of temperature. Above ap- 
proximately 20 kilogauss, the resistance at constant field was 
a monotonically increasing function of temperature. 


Invited Paper 
V10. The Hall Effect in Ferromagnetics. J. M. Luttincer, University of Michigan. (30 min.) 


SATURDAY MORNING AT 9:30 


Normandy Room 


(CHARLES S. SmitH presiding) 


Nonmetallic Solids 


WI. The Relation between Refractive Index and Density 
in Glass. H. N. RitLanp, Corning Glass Works.—The re- 
fractive index and density have been measured on a large 
number of samples of a borosilicate crown optical glass 
(Corning Code 8370). The samples were cut from a large 
piece of homogeneous glass, and given various thermal treat- 
ments. The refractive indices of the treated samples range from 
about 1.511 to 1.517, and the densities from 2.50 to 2.53 g/cc. 
The refractive index is a single valued function of the density 
within about 310 in refractive index. The Lorentz-Lorenz 
refractivity does not remain constant during this structural 
change; instead the data follow closely the Newton-Drude 
equation, (n*—1)/d=constant. This equation corresponds to 
no contribution of the polarization to the local electric field. 
Data on other glasses indicate that this result is generally 
valid. This may imply that the polarization contribution is 
much less than the Lorentz value 4rP/3, or alternatively 
that the ionic polarizabilities are considerably decreased as 
the density of the glass increases. 


W2. Multiple Diffraction Patterns in Glass Produced by 
Ultrasonic Waves of High Intensity. J. M. BARNES, Michigan 
State College.—The multiple diffraction of light produced by 
two ultrasonic waves of different wavelengths in a transparent 
medium! can be considered as the superposition of the effects 
of the individual waves, if only first diffraction orders are 
created.* For higher intensities and for the special case of a 
strong longitudinal and a weak transverse wave a theory givzn 
by Nath? has to be used. In the case of six primary diffraction 
orders due to longitudinal waves and one primary diffraction 
order due to transverse waves, up to fifteen diffraction orders 
were obtained. 


1L,. Bergmann and E. Fues, Z, Physik. 109, 1 (1938). 
* Hans Mueller, Z. Krist. Abt. A99, 122 (1938). 
* N.S. Nath, Proc. Cambridge Phil. Soc. 34, 213 (1938). 


W3. Determination of the Ratio of the Photoelastic Con- 
stants of Glasses by Means of Ultrasonic Waves. HALBERT 
Gates, Michigan State College.—The ratio of the two photo- 
elastic constants of glass can be determined by means of the 
diffraction of light by ultrasonic waves.! The two known 
methods, the intensity method* and the polarization angle 
method’ have been used for the measurement of a series of 
optical glasses and for a comparison of the methods. 

' Hans Mueller, Z, Krist. Abt. A99, 122-141 (1938). 


‘L. Bergmann and FE. Fues, Naturwissenschaften 24, 492 (1936). 
* FE, Hiedemann, Z. Physik. 108, 592 (1938). 


W4. The Simon Melting Equation and the Effective Inter- 
molecular Potential. L. SaLter, Wabash College (introduced 
by F. E. Throw).—Recent experiments! on solid helium have 
made plausible a connection’ between the Simon empirical 
melting equation, p»/a=(7/7»)*—1, the Griineisen equa- 
tion of state for a solid, and the well known Lindemann melt- 


ing relation. Further equations satisfied by the macroscopic 
melting line parameters are derived, and, introducing the 
lattice dynamical expression for 0,, a differential equation for 
the effective intermolecular potential on the melting curve is 
obtained. On the assumptions underlying the derivation, the 
potential is of “reduced” form, (rm) =constkTo(rm/ro)~*, (To 
and ro the temperature and lattice constant at the triple 
point), 2=3/(c—1); the constant involves the Simon con- 
stant ¢, parameters characteristic of the lattice structure, and 
and the Lindemann constant. 


1 Dugdale and Simon, Proc. Roy. Soc. (London) A218, 291 (1953). 
* Salter (to be published). 


WS. Electronic Energy Bands in Crystals. EpymMonp Brown, 
Cornell University.—A method of obtaining valence states of 
the Schroedinger equation with a prescribed crystal potential 
is discussed. A set of secular equations is obtained from an 
expansion of the wave function in a finite number of plane 
waves plus an auxiliary function. In the treatment of alkali 
metals this auxiliary function may be determined from the 
Wigner-Seitz' solution. The solution then reduces to that of 
W-S when the number of plane waves chosen is reduced to 
zero. Because of the orthogonality of the chosen functions the 
energy eigenvalue appears only in diagonal terms of the secular 
matrix. One difficulty which appears in the present method is 
due to the fact that the desired energy is not the lowest eigen- 
value of the secular equations. However, an iteration tech- 
nique is proposed which enables one to find the proper eigen- 
value. The method is applicable to problems for which the 
OPW method? converges very slowly (viz., those in which the 
desired state is the lowest of its symmetry type). 

! E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 

2C. Herring, Phys. Rev. 57, 1169 (1940). 

W6. Influence of Charge Distribution on Repulsive Forces 
and Internuclear Distances between Ions. GILBERT BEGUIN 
AND Kasimir Fajans, University of Michigan.—According to 
M. Born (1918), repulsive forces acting within an ionic crystal 
must depend on the spatial charge distribution of the elec- 
tronic systems of the ions. In fact, if the ions would remain 
spherical in the crystal, no repulsion would result from the 
mutual Coulombic interaction between the electrons and the 
nuclei. However, the deformation of the wave mechanical 
charge distribution of interpenetrating ions lowers the sym- 
metry of the latter and gives rise to repulsive forces. K. Fajans 
and K. F. Herzfeld considered (1920) a model of a crystal 
consisting of ions, the outer eight electrons of which are at 
the corners of a cube. At equilibrium, an appreciable distance 
separates the electron cubes due to the repulsion between these 
charge distributions. This result is confirmed by computations 
made with a higher degree of approximation on models of 
molecules consisting of cubical rigid ions X¥* and Y~ of variable 
edge length ratio and at different orientations. For instance, 
for the ratio 1:1, the fraction 0.78 of the internuclear distance 
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lies within the cubes when their space diagonals are in line 
and only 0.39 when their faces are parallel. 


W7. Evaluation of Statistical Approach to Phase Determi- 
nation in X-Ray Analysis.* V. VAND AND R. Pepinsky, The 
Pennsylvania State University.—Statistical formulas for proba- 
bilities of signs of structure factors have been developed by 
Hauptman and Karle.' They claim that with a sufficient num- 
ber of structure factors the probabilities converge to cer- 
tainties. This is claimed for space-group P1. General examples 
can be found, however, for which this leads to an incorrect 
structure. It is shown that the statistical formulas, although 
correct individually (within limits of approximations used), 
can bias the results toward wrong structures when applied 
jointly. Formulas for 2, and 2, were studied in detail, since 
these alone are useful in first attack in P1. 2, is related toa 
sharpened Patterson with origin removed, and tends to con- 
verge to the highest peaks of the Patterson—which differs 
from the structure. 24 corresponds to a squared (origin- 
removed) Patterson, and its convergence to the highest 
Patterson peaks is more pronounced. The above does not 
apply to more complicated space groups for which the 
H-K formulas are related to Harker sections (see, for example, 
naphthalene, which structure is apparent directly in a Harker 
section.) It would appear that the practical crystallographic 
problem has not yet been generaily solved. 


* Development supported by the National Institute of Health. 
1H, Hauptman and J. Karle, A.C.A. Monograph No. 3 (1953). 


W8. Interferometric Study of the Surface of X-Ray and 
Proton Irradiated KCl Crystals.* W. J. Smit, W. J. Leivo, 
AND R. SMoLUCHOWwSKI, Carnegie Institute of Technology.— 
Irradiation of potassium chloride crystals by x-rays is known 
to produce a density decrease of about 10~*. It was thought 
interesting to check whether this effect is associated with any 


definite changes on the surface. This is conveniently done by 
multiple beam interferometry which permits an analysis of a 
crystalline surface with an accuracy of the order of ten ang- 
stroms. Such a study has been made on x-ray and proton 
irradiated KCI single crystals. A comparison of the position 
and contour of the interference fringes in the x-ray irradiated 
and nonirradiated neighboring section of the crystal seems to 
indicate that the change of density does not occur to any extent 
by means of diffusion of individual atoms or vacancies. Thus 
it suggests that an internal mechanism along the lines sug- 
gested by Seitz is operative. This may be related to slip 
lines which are often visible in the irradiated area and point 
to a possible role of dislocations. In certain cases evidence of 
epitaxy was observed. The effect of proton irradiation is similar 
to x-rays except at high intensities when the surface is severely 
altered. 


* Work supported by a U. S. Atomic Energy Commission contract. 


W9. Small-Angle Scattering of X-Rays by Irradiated 
Diamond.* W. H. Rosinson, Ytn-YUAN LI, AND R. SMOLU- 
CHOWSKI, Carnegie Institute of Technology.—Recent measure- 
ments of the intensity of x-rays scattered at small angles 
from diamond irradiated by 360 Mev protons at the Carnegie 
Institute of Technology synchrocyclotron have indicated an 
unexpected weak maximum in the scattered intensity at 
approximately 0.02 radian. A tentative interpretation of this 
maximum will be given. Further results using a focusing small- 
angle scattering camera will be reported. Also a description 
of the design of the focusing camera using a bent crystal 
monochromator will be given. 

* Work supported by a U. S. Atomic Energy Commission contract. 


W10. The Fourier Analysis of X-Ray Small-Angle Scatter- 
ing.* Yin-YuAN Lt anv R. SMOLUCHOWSKI, Carnegie Institute 
of Technology.—It is pointed out that a Fourier inversion of 
the intensity distribution of x-ray scattering taking the small- 
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angle scattering alone gives the electron density function of 
the continuum approximation. The procedure of including 
only the central scattering is practicable, when none of the 
peaks of the lattice diffraction occurs at such a small angle 
that their scattered intensity overlaps the central scattering. 
A general discussion of the choice of the sign of the phase 
factor is given for the case that the scattering center has an 
even or an odd symmetry in its electron density function. The 
analysis is employed in discussing some of the approximate 
formulas used in fitting experimental data. The meaning of 
this Fourier method is further illustrated by comparing with 
that used by Walker and Guinier' in explaining the scattering 
in a supersaturated AlAg alloy. It is remarked that our elec- 
tron density function remains the same as long as the small- 
angie scattering is the same, while the physical meaning of 
this function must be sought from other observations. 


* Work supported by a U. S. Atomic Energy Commission contract. 
'C. B. Walker and A. Guinier, Acta Metallurgica 1, 568 (1953), 


W11. Neutron Diffraction Studies of Rochelle-Salt Single 
Crystals.* B. C. Frazer, Marittyn McKeown, anp Ray 
Pepinsky,t Brookhaven National Laboratory.—The ferro- 
electric structure of Rochelle salt is examined by neutron 
diffraction. Observation of “forbidden” odd (OKO) peaks 
demonstrate departure from orthorhombic P2,2,2 symmetry. 
These disappear at both Curie points. Samples containing 
just enough deuterium to cancel coherent hydrogen scattering 
fail to show odd peaks. These results along with the fact that 
the odd peaks are not observed with x-rays indicate reorienta- 
tions in the hydrogen bond network. It appears that these 
are not the only structural alterations. As will be reported 
elsewhere, a concurrent x-ray study by Rao and Pepinsky has 
detected other changes of considerable interest. Working in 
close cooperation with the x-ray investigation, we have been 
able to concentrate on the hydrogen bond network and have 
now established its principal features by difference maps on 
(001). The results differ somewhat from the network suggested 
by Beevers and Hughes.' The main difference occurs in the Os 
linkage. Analysis of the pseudo-symmetry is not complete at 
this writing, but it seems definite now that the O,,19 bond, 
which has so often been used to explain ferroelectricity in this 
crystal, will not prove to be significant. 

* Work done under the eungioge of the U. S. Atomic Energy Commission. 

t The Pennsylvania State College, State College, Pennsylvania. 


P esi) A. Beevers and W. Hughes, Proc. Roy. Soc. (London) A177, 251 
1941). 


W12. Two-Phase Graphitization.* E. E. Lozsner,t Uni- 
versity of Buffalo.—The x-ray structure, resistance, and thermo- 
electric power of a hard coke prepared from a phenol-benzalde- 
hyde resin have been investigated as a function of heat 
treatment H. The (002) diffraction ring is composed of a very 
broad line and a sharp peak. The relative intensities of these 
two components change with H. The sharp peak appears 
around 1400°C and increases in intensity, seemingly reaching 
a saturation at 2100°C. Above 2800°C the intensity of the 
sharp peak begins to increase again rapidly at the expense of 
the broad component. The electrical resistance shows two 
definite plateaus, the first ending about 250°C higher than for 
soft carbons, the second above 2800°C. The thermoelectric 
power shows one maximum in the region of the end of the first 
plateau and apparently a second one at the end of the second 
plateau. The temperature dependence of the first plateau’s 
termination and of the position of the thermoelectric power 
maximum is similar to the dependence found previously for 
soft cokes. The graphitization of the material seems to pro- 
ceed in two stages with about } of the substance starting to 
graphitize around 2000°C and the rest of the material not 
beginning to graphitize until the temperature is above 2800°C. 


* Supported by the U. S. Office of Naval Research. 
t Now with Sylvania Electric Products, Inc., Buffalo, New York. 
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WA2. Double Scattering of Electrons with Magnetic Per- 
turbation.* H. MrenpLowitz Anp K. M. Case, University of 
Michigan.—In connection with the experiments of Crane, 
Pidd, and Louisell' for measuring the gyromagnetic ratio of a 
free electron by means of a double-scattering experiment with 
magnetic perturbation, the change in asymmetry after the 
second scattering has been investigated as a function of the 
magnitude of the magnetic field and its relative orientation 
with respect to the initial incident beam and the direction of 
the first scattered beam. In the case where the field is parallel 
with the direction of the first scattered beam, the asymmetry 
is altered in a manner which is readily obtained from semi- 
classical considerations. For other relative orientations, the 
change in asymmetry does not behave in as simple a manner. 
The way in which the asymmetry is altered in various special 
cases suggests a geometrical model which is helpful in describ- 
ing the effects of the magnetic field on the asymmetry of the 
second cross section in the double-scattering experiment. 


* Supported by the U. S. Atomic Energy Commission. 
1 Crane, Pidd, and Louisell, Phys. Rev. 91, 475 (1953). 


WAS3. Design Features of a High-Current Cyclotron. 
Ropert S. LivinGston aNnpD Royce J. Jones, Oak Ridge 
National Laboratory.—Experience with fixed frequency cyclo- 
trons at this Laboratory indicates that the design features 
most important for achieving high currents are: (1) an oscil- 
lator with adequate power output, (2) a high-Q resonant dee 
structure, (3) a dee voltage very large compared with the 
threshold voltage, (4) a high potential gradient for initial 
acceleration of ions, and (5) a dee aperture (thickness) large 
enough to provide a high transmission factor for ions per- 
turbed by variations in the magnetic and electric median 
planes. These features are being incorporated in the ORNL 
44-inch cyclotron to provide for operation at proton currents 
>»1 ma. This cyclotron operates at a relatively low magnetic 
field, 6400 oersteds, with a corresponding frequency of 9.7 
megacycles. The energy of the protons at the maximum radius, 
20 inches, is ~5 Mev. A vacuum tank extension can be in- 
serted to shift the dee system with respect to the magnetic 
center to permit operation at a radius of 11 inches or an energy 
of ~1.5 Mev. The oscillator has a dc power input rating of 
450 kw and will provide 100-kv dee-to-dee voltage. The ratio 
of dee thickness to radius is 1/3.1 for 5 Mev and 1/1.7 for 
1.5 Mev. The biased quarter-wave resonant dee system is con- 
tained entirely in vacuum. Design features of the cyclotron will 
be illustrated. 


WA4. An Electromechanical Analog for the Study of 
Strong-Focusing Orbits.* L. W. Jones anp K. M. TEr- 
WILLIGER, University of Michigan and Midwest Accelerator 
Conference.—An_ electromechanical analog' has been con- 
structed to study orbits of particles in a strong-focusing syn- 
chrotron and in particular to investigate locked-in orbits in 


nonlinear fields. The device is essentially a galvanometer with 
a laminated, current-driven field magnet. A voltage signal 
proportional to the armature displacement is derived by 
causing an rf oscillator to be tuned by means of small con- 
denser plates attached to the armature and by means of an 
FM receiver. The current in the armature coil is then made 
proportional to the discriminator output voltage. With one 
sign of field current, the motion is simple harmonic, with the 
other, exponential. Strong-focusing conditions are achieved 
with an alternating square-wave field current. Nonlinearities 
may easily be introduced into the feedback loop to simulate 
the effects nonlinear fields in the synchrotron. The coil dis- 
placement is presented on an oscilloscope screen and photo- 
graphed on moving film. The analog operation and difficulties 
encountered will be discussed. Orbits locked into resonance in 
nonlinear cases have been observed. Traces will be presented 
and analyzed. 
* Supported in part by the Michigan Memorial Phoenix Project. 


1 hae Crane, Midwest Accelerator Conference Report No. 8, September 
4, 1953. 


WAS. The Activities of Zn”. J. M. LEBtanc, J. M. Cork,* 
AND S. B. Burson, Argonne National Laboratory.—The ac- 
tivities of Zn™ have been investigated with a 10-channel 
coincidence scintillation spectrometer. Sources were obtained 
by the irradiation of enriched Zn” and normal Zn in the 
Argonne heavy-water reactor. Two activities were found to 
be present in Zn”; these decay with half-lives of 2.2 min and 
3 hr. The 3-hr state of Zn™ decays by the emission of beta 
rays followed by three gamma rays of energies 0.38, 0.49, and 
0.61 Mev. The attenuation by Al of the beta rays in coin- 
cidence with each of the gamma rays was measured and found 
to be the same in each case and to represent a beta ray of 
maximum energy of 1.5+0.1 Mev. In addition each gamma 
ray is found to be in coincidence with the remaining two 
gamma rays. It is therefore concluded that the three gamma 
rays found in this activity are in cascade and the upper level 
is fed by a beta ray of 1.5 Mev. The 2.2-min state of Zn” is 
found to decay by the emission of a 2.4+0.2-Mev beta ray 
which is followed by a 0.51-Mev gamma ray. Additional weak 
gamma rays of energies 0.12, 0.90, and 1.05 Mev were also 
found to be associated with this activity and to follow beta 
emission. Gamma-gamma coincidence studies indicate that the 
0.51 and 0.12-Mev gamma rays are not in coincidence. 


* University of Michigan. 


WA6. Inelastic Scattering of Charged Particles in Electric 
Excitation Processes. Hans Mark, M.J.T.*—The recent 
discovery of electric excitation’? by observing the y rays 
emitted by nuclei under proton bombardment raises the 
question of whether it would be useful instead to observe the 
inelastically-scattered charged particles. Using the semi- 
classical theory of Ter-Martirosyan,* it is found (for quad- 
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rupole excitation in the limit E> AZ) that the ratio R of in- 
elastically to elastically scattered particles is proportional to 
the radiative transition probability of the state under investi- 
gation and a function of the scattering angle which has its 
maximum in the backward direction. The advantage of meas- 
uring R rather than the y rays coming from the nuclei is that 
detector efficiencies and internal conversion coefficients would 
not appear as factors in the evaluation of transition prob- 
abilities from experimental data. Numerical values of R have 
been calculated for several nuclei for which experimental data 
are available. 


* This work has been sup 
of Naval Research and the 


rted by the joint program of the U. S. Office 
. S. Atomic Energy Commission. 

1C. L. McClelland and C. Goodman, Phys. Rev. 91, 760 (1953). 

* Huus and Zupandi¢, Kgl. Danske Videnskab. Selskab Mat. fys. Medd. 
28, Be 1 (1953). 


WA7. Electric Excitation of Platinum.* C. L. McCLELLAND 
AND CLARK GoopMaN, M.J.T7.—We have observed! evidence 
for electric excitation of 97-kev and 126-kev levels in Pt! 
(34 percent). Subsequently, we reported* levels at 215 kev 
and 330 kev using protons of higher energy. (E,=2.46 Mev). 
Heydenburg and Temmer have confirmed these levels with 
3-Mev alphas.’ The 330-kev line probably corresponds to the 
known‘ 328-kev level in Pt. If this is a rotational state, the 
Bohr-Mottelson theory predicts similar levels in Pt!** and 
Pt'** at somewhat higher energies. We have not observed the 
known‘ level at 358 kev in Pt" using natural platinum, and 
the low abundance of Pt'** (7 percent) is probably insufficient 
for detection of the predicted level. We have requested sepa- 
rated isotopes for further study of this problem with a tech- 
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nique similar to that used for the separated isotopes of 
wolfram.$ 

* Supported in part by U. S. Office of Naval Research and U. S, Atomic 
Energy Commission. 

' McClelland and Goodman, Phys. Rev. 91, 760 (1953). 

2C. L. McClelland, Phys. Rev. 92, 1092 (1953). 

3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 (1954). 

‘Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 

5’ McClelland, Mark, and Goodman, Phys. Rev. (to be published). 


WAS. Initiation of the Discharge in a CO, Filled GM 
Counter by Negative Ions.* H. R. CRANE, University of 
Michigan.—Because of the high energy of electron attachment 
(3.8 ev) by CO; to form CO,~, electrons produced by an ion- 
izing particle passing through a CO, filled counter have little 
chance of reaching the wire as free electrons, and the counting 
efficiency is, consequently, low. However, it is known that the 
addition of a small amount of CS, raises the efficiency to 
virtually 100 percent. The mechanism is not understood. 
By making use of a new type GM counter! which can operate 
with CO, in the absence of a quench vapor, we have been able 
to obtain some additional facts. The passage of a CR meson 
through counters above and below the CO, counter triggers 
the sweep of a synchroscope. The discharge of the CO, 
counter gives a pip on the time axis, indicating the drift time. 
In CO; only about 20 percent of the mesons produced counts, 
but few were delayed. In CO, plus 1 percent CS; over 98 
percent of the mesons produced counts and about 80 percent 
had delays characteristic of ion drift times (milliseconds). 
Conclusions: In CO:, negative ions initiate the discharge 
rarely or not at all, while a small addition of CS; enables them 
to do so with high efficiency. 


* Supported by the Michigan Memorial Phoenix Project. 
1H. R. Crane, Bull. Am. Phys. Soc. 28, No. 6 (1954). 
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X1. Avalanche Breakdown in Silicon. K. G. McKay, Bell Telephone Laboratories. (30 min.) 


Semiconductors, V; Electron Physics 


X2. Electrical Breakdown Paths in Nonpolar Crystals. 
J. W. Davisson, Naval Research Laboratory.—According to 
the theory of Offenbacher and Callen,' the orientation of elec- 
trical breakdown paths in polar crystals is caused by the dis- 
continuity at the Brillouin zone borders in the scattering of 
electrons by the polar modes of lattice vibration. In nonpolar 
crystals, on the other hand, the discontinuity in scattering at 
the zone border should either disappear or be greatly reduced 
because scattering by the ‘‘Umklapp” process is allowed for 
the non-polar modes. Thus, the Offenbacher-Callen theory 
should not apply to non-polar crystals, and orientation effects 
should be the result of some other mechanism for anisotropic 
electron scattering. Breakdown patterns have accordingly been 
studied in rhombic sulfur over a wide range of temperature. 
In agreement with the above considerations, the breakdown 
paths are found to be independent of temperature and do not 
seem to be related to the Brillouin zone borders. Orientation 
effects not attributed to the zone borders are also observed in 
the alkali halides. 


1 E. L. Offenbacher and H. B. Callen, Phys. Rev. 90, 401 (1953). 


X3. Decay in Photoconductivity Associated with Deep 
Electron Traps in P-Type Silicon. J. A. HorNBECK AND J. R. 
Haynes, Bell Telephone Laboratories.—The transient decay 
in photoconductivity associated with the “deep” electron 
traps in p-type silicon' has been studied in crystals having a 
wide range of resistivity, lifetime (7,-), and trap concentration 
(N). All the data are consistent quantitatively with the 
multiple trapping hypothesis! and the existence in these 
crystals of a single deep trapping level 0.78 ev below the 
conduction band. If the traps are filled at zero time, this 
model leads to the decay formula: exp(—t/r) = (m/N) 
exp[(1—m:/N)(1+1/r,Nov)] where m, equals concentra- 
tion of trapped electrons, ¢ is time, r=7,+7,-7,Nov, Ty is 
mean time in a trap, ¢ is the trapping cross section, and 0 is 
thermal velocity. The photoconductivity induced by the 
trapped electrons equals (meyu,), where », is hole mobility, 
since there is one additional free hole for each trapped electron. 
From our data er,, a property of the trap itself, equals 
(0.81+0.25) X 10- cm? sec and r,2<0.3 sec. In low resistivity 
crystals there is evidence of a loss mechanism for electrons in 
addition to recombination from the conduction band, viz., 
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recombination from the trap at a rate found to be propor- 
tional to (hole concentration)*. Trap concentration is roughly 
proportional to sample conductivity. 

1J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 


X4. Decay in Photoconductivity Associated with Hole 
Traps in N-Type Silicon. J. R. Haynes AND J. A. HornsBeck, 
Bell Telephone Laboratories.—Preliminary photoconductivity 
measurements on n-type silicon indicate that hole traps be- 
have differently in several respects from electron traps in 
p-type silicon.' The hole traps decay with nearly a single time 
constant, showing that multiple trapping is not an important 
mechanism. At room temperature the trap concentration (N) 
varies from 2X 10°>N>10* cm~* among specimens and is 
not correlated with resistivity. Decay times (r) are found in 
the range 7 X 10™ to 500 sec, and there is evidence for at least 
two and probably more trapping levels. More detailed studies 
have been carried out with two similar specimens having two 
trapping levels. In these, N varies with temperature (7) in 
accordance with a “deep” trap 0.3 ev from the conduction 
band, and measurements of trapping cross section (3X 107'* 
cm*) and 7 place the trap 0.71 ev from the valence band. 
Investigation of 7 vs temperature shows that the simple rela- 
tion 1/r=»exp(—U/kT) is obeyed, but U is not the trap 
depth; the measurements also indicate that at room tempera- 
ture and lower some recombination occurs in the trap causing 
a deviation from this relationship. Measurements on one 
sample place a shallow trap ~0.64 ev from the valence band 
with a cross section ~40X 107'* cm!?. 

1 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 


X5. The Photoconduction of Zinc Oxide Semiconductor: 
an Oxygen Adsorption Process. Donatp A. MELNICK, 
University of Pennsylvuania.*—The photoconductive process of 
porous, sintered, semiconducting zinc oxide has been studied 
as a function of time (0.3 to 107 sec), pressure of ambient 
oxygen (10° to 760 mm), temperature (110° to 373°K), in- 
tensity (factor of 10*), and duration of excitation. The follow- 
ing conclusions are reached: (1) confirmation is given to the 
postulate! that physically adsorbed oxygen forms an acceptor 
impurity, removing electrons from the interstitial zinc donors. 
The oxygen thus becomes chemically adsorbed and tightly 
bound. The narrow “necks,” which connect the sintered 
grains and control the sample’s resistance, have a sufficiently 
high surface to volume ratio for the acceptor concentration 
to exceed the donor concentration. (2) The oxygen can be de- 
sorbed by light of forbidden gap energy, presumably because 
holes are attracted to the charged chemically adsorbed oxy- 
gens, converting them to weakly bound physically adsorbed. 
(3) The rate of chemical adsorption of oxygen is given by the 
Elovich equation, dg/dt=a exp(—bg). (4) The nature of the 
adsorption equation causes inner more weakly illuminated 
layers to represent longer time constants and to contribute 
appreciably to the final photoconductance. The array of time 
constants usually assumed for photoconductive processes is, 
therefore, found to be unnecessary. 


* This work partially supported by the U. S. Office of Naval Research. 
1S. R. Morrison. (Submitted to J. Chem. Phys.) 


X6. Photoresponse of Aromatic Films.* J. F. ANDREW AND 
S. Mrozowskt, University of Buffalo.—The variation of re- 
sistance of charred organic films under infrared illumination 
studied previously and believed to be a mixed photo and 
bolometric type response' has been investigated further and 
the study extended to much thinner films. It was suspected 
that charred films have a very porous structure and that the 
time constant is determined by the heat losses into the pores. 
Liquid backings were used which penetrate into these pores. 
It has been found that the response (limiting value for long 
illumination) is cut down by the presence of the liquid as much 
as by a factor 4 in some cases. In general, liquids with higher 
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thermal conductivity are more effective in reducing the 
response, the effect being, however, also a function of the 
ability of the liquid to penetrate the pores. Films mounted in 
vacuum show a somewhat larger response; for very thin films 
a slight change caused by solid backing could also be estab- 
lished. The dependence of the response on the intensity of 
illumination, dark current and temperature were studied. 
Response in region of purely vibrational absorption (7—8,) 
was found. All findings lead to the conclusion that the re- 
sponse of charred organic films is of an essentially bolometric 
nature. 


* Supported by the U. S. Office of Naval Research 
1 Mrozowski, McMichael, and Kmetko, Phys. Rev. 91, 234 (1953). 


X7. Dielectric Constants of Powders at uhf.* Rosert S. 
Smitu, University of Pennsylvania.—A new approximate 
method of calculating the dielectric constant of powder has 
been devised to treat the case of inhomogeneous particles of 
various shapes. It yields the usual Clausius-Mossotti rela- 
tionship for homogeneous spherical particles. For a matrix 
composed of homogeneous randomly-oriented cylinders the 
measured dielectric constant e¢ is 


(et 44-1) 


8 e-—1 Ind? 
+1) +(1- a(i+é oti @-D 


where ¢ is the bulk dielectric constant and 6 the fractional 
density. For a matrix composed of conducting spheres coated 
with a dielectric shell of constant eo, 


35 (€9— 1) (1 —8’) +98’ 

(1-8) (¢o +2) +35(1 —8’)’ 
where 8’ is the corducting fraction of the spherical particle. 
Measurements of powdered zinc oxide at several hundred 
megacycles in the range 0<5<0.5 fit either formulas (1) or 
(2) within the experimental error but are inconsistent with 
those of Clausius-Mossotti, Weiner, Bruggeman, or Bottcher. 


S. Office of Naval Research. 
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* Supported in part by the U. 


X8. R’, Colloidal, and Z Bands in KCl. D. R. WEsTERVELT, 
North American Aviation, Inc.—The thermally induced ab- 
sorption peak which has been termed the Z band in photo- 
chemically colored alkali halides! and the colloidal band in 
those additively colored? has been further studied. In both 
cases the band is destroyed by 35-kev x-rays. R: and R; bands 
are not an initial step in its formation, since these are im- 
mediately destroyed by heating. The broad R’ band forms 
rapidly during simultaneous annealing and F-light exposure; 
during continued heating, however, the R’ band narrows and 
the final results of annealing in the light and of the much 
slower process in the dark are the same. Once the Fe>Z 
equilibrium is established, prolonged annealing at the same 
temperature has no effect on the Z-peak location or band 
width, but raising the annealing temperature shifts the peak 
to longer wavelengths. Cooling to liquid nitrogen temperature 
sharpens the peak, although less than in the case of the F 
band; and in some cases the peak is shifted to longer wave- 
lengths by cooling, contrary to all previously observed be- 
havior in the alkali halides. Observed differences in the 
colloidal and Z bands apparently result from unavoidable 
thermoluminescence and the competition of recombination 
processes in bombarded crystals. This paper is based on studies 
conducted for the Atomic Energy Commission. 


1D. R. Westervelt, Phys. Rev. 91, 218 (1953). 
Scott, Smith, and Thompson, J. Phys. Chem. 57, 757 (1953). 


X9. A Search for Luminescent Emission from the F Center. 
Cuirrorp C. Kuck, Naval Research Laboratory.—Measure- 
ments have been made on the quantum efficiency of lu- 
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minescence from F centers in x-rayed LiF and additively 
colored KCI at 4°K. An upper limit of 3 percent efficiency is 
found for the emission from LiF should it fall in the wave- 
length range from 3000A to 20 000A. At 25 000A the upper 
limit is 10 percent. Similar results are found for F centers in 
KCI in the wavelength range from 6500A to 25 000A. These 
results are in disagreement with theoretical predictions that 
the F center should luminesce with high efficiency in the 
wavelength region near 10 000A. 


X10. Thermionic Emission and Semiconduction in Single 
Crystals of Barium Oxide.* Evan O. Kane, Cornell Uni- 
versity.—Thermionic emission from single crystals of barium 
oxide has been activated by five orders of magnitude from 
10-7 a/m?* to 4X10 a/cm* at 1000°K. Activation procedures 
used were heat and dc electrolysis. Both appear necessary to 
achieve maximum activity. During activation the Richardson 
slope decreases from 2.6 ev to 1.0 ev. The value of the work 
function computed from the absolute value of the emission 
at 1000°K decreases from 3.0 ev to 1.9 ev. Simultaneous meas- 
urements of conductivity by two-electrode and four-electrode 
methods show little correlation between conductivity and 
emission during activation. At the beginning of activation the 
emission at 1000°K increases by a factor of 6000 while the 
conductivity increases by only a factor of 3. The conductivity 


Yl. Neutron Diffraction Observations on Iron at High 
Temperatures. M. K. WiLkrinson AND C. G. SHULL, Oak 
Ridge National Laboratory.—Neutron diffraction patterns have 
been taken for iron at a series of elevated temperatures rang- 
ing up to 1000°C in order to establish the magnetic scattering 
effects through the Curie temperature (7.) and also in the 
y-phase region. The change in diffuse scattering above and 
below 7, is accounted for mostly by the normal crystal lattice 
thermal scattering and the excess scattering is very much 
smaller than the calculated paramagnetic scattering. Pro- 
nounced small angle scattering is noticed however indicating 
a strongly modified paramagnetic scattering with short-range 
order characteristics. The patterns taken for iron in the fave- 
centered cubic region offer no evidence for an antiferro- 
magnetic structure. 


Y2. Small Angle Neutron Scattering by Iron at High 
Temperatures. C. G. SHuLL AND M. K. WILkrINnson, Oak 
Ridge National Laboratory.—Pronounced small angle scatter- 
ing of slow neutrons has been obtained for iron at tempera- 
tures up to and through the Curie temperature (7). This 
scattering which is magnetic in origin indicates a gradual dis- 
ruption of the magnetic lattice into smaller domains as the 
temperature is increased until at 7, only a few unit cells are 
magnetically coherent. Above 7, the domain small angle 
scattering transforms gradually into short-range order scatter- 
ing and this persists into the gamma-phase region up to the 
highest temperature of observation about 1000°C. Quantita- 
tive data on the small angle scattering and domain sizes will 
be presented. 
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shows a break to a region of lower slope at high temperatures. 
The high-temperature slope decreases from 0.45+0.04 ev to 
0.00+0.06 ev during activation and the break between slopes 
moves from 850°K to 500°K. The low-temperature slope is 
initially 0.75+0.05 ev. The absolute value of the conductivity 
at 1000°K increases from 10~* ohm= cm™ to 4X 107 ohm™ 
em", 

* Supported in part by the U. S. Office of Naval Research. 


X11. Note on the Theory of Thermionic Emission. Kurt 
Lenovec, Sprague Electric Company.—Thermionic emission 
removes “fast” electrons from the surface of a solid, These 
electrons are replenished by “slow” electrons which gain 
energy from lattice vibrations and from the electric field. The 
theory of the process is similar to that of breakdown theory in 
insulators, where one is concerned also with the rate at which 
“slow” electrons become ‘‘fast” electrons. The deviation from 
thermal equilibrium distribution of electrons at the surface 
of a semiconducting cathode under current flow will be esti- 
mated and its implications on the thermionic emission will be 
discussed. At high current densities, the rate of energy gain 
of slow electrons in the cathode may become the current 
limiting process. The increase of this rate by the electric field 
may enhance the emission current more than the well-known 
decrease of the surface barrier by the field. 





Y3. Equations for Magnetostriction and Anisotropic Energy 
for a Hexagonal Crystal of Class D..(6/m, 2/m, 2/m). 
W. P. Mason anp J. A. Lewis, Bell Telephone Laboratories.— 
In order to determine what measurements are necessary to 
specify completely the magnetostriction and anisotropic mag- 
netic energy in a cobalt crystal, as discussed by Bozorth and 
Sherwood in the following abstract, a calculation is given for 
the energy terms for both cylindrical and hexagonal symmetry. 
Up to fourth-rank tensors the results are the same. For sixth- 
rank tensors, a characteristic hexagonal term enters. Out to 
fourth-rank terms the magnetostrictive strain can be written 
in the simple form 
=i [ (e181 +282)? — (2181 +0282)a083 
— dal (e181 +0282)" + (as?— 1) (1—8,*)] 
—As[Bi? (as? — 1) + (a8 +0282) ahs] 

+424 (0181 +a282)as8;, 
where a, a2, a; are the direction cosines of the saturation 
magnetization, and 8, 82, 83 the direction cosines of the direc- 
tion of magnetostriction measurement, all with respect to 
orthogonal axes for which X corresponds to one of the hex- 
agonal axes and Z to the unique c axis. The introduction of the 
sixth-rank tensor gives a term with hexagonal symmetry but 
11 constants are required unless the saturation magnetization 
is parallel or perpendicular to the direction of magnetostriction 
measurements. With this simplification, 8 constants suffice. 


Y4. Magnetostriction of Cobalt. R. M. Bozortu anp R. C. 
SHERWOOD, Bell Telephone Laboratories.—Magnetostriction at 
saturation (A) has been measured in various crystallographic 
directions in a single crystal of cobalt, fields of 20 000 oersteds 
being required. Magnetostriction resulting from magnetiza- 
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tion along the c-axis is zero within the errors of measurement. 
Magnetization perpendicular to the hexagonal axis causes a 
contraction of \= —45X10~*, while magnetization at 60° to 
the axis gives a larger contraction, \= —10010~*, when A 
is measured parallel to the magnetization. When ) is at right 
angles to the magnetization, expansion is as large as +145 
x 10~*. When the magnetization is perpendicular to the c-axis 
the fractional change in volume resulting from domain orienta- 
tion is ~3010~*. Magnetostriction in any direction (8) in a 
hexagonal crystal, resulting from applying a saturating field 
in a given direction (a) has been expressed in terms of the 
direction cosines of a and 8 by W. P. Mason and J. A. Lewis. 
The cylindrical symmetry obtained when terms beyond the 4th 
power are excluded is a good approximation for cobalt. The 
4 constants, A; to Ay, are evaluated as —45, —95, +110, and 
—100, each «10-6, 


Y5. Magnetostriction in the Nickel Ferrite-Aluminates 
and Nickel Ferrite-Gallates. D. F. BLem anp A. R. Butz, 
U. S. Naval Ordnance Laboratory.—Magnetostriction de- 
terminations of the systems, nickel ferrite-aluminate 
(NiOFe,_,Al,O;), and nickel ferrite-gallate (NiOFe2_,Ga,O;), 
have been made using a system of compensated strain gages’; 
the active gage is secured to a small rod of the sintered ma- 
terial. For the aluminates we find that the room-temperature 
saturation magnetostrictive constants (A,=Al/l) decreases 
with increasing ¢, approaching zero at t=0.67. For values of 
t<0.67 the magnetization of the ions on the B sites predomi- 
nates and for t>0.67 the A sites are stronger.* At the cross- 
over point where the magnetization of the ions on the A and B 
sites are equal, we have the situation where the magneto- 
strictive constant is also zero. As ¢ increases beyond this point 
the value of \, goes through a maximum at approximately 
t=1 and approaches zero at t=1.5. The gallium series shows 
a gradual decrease in \, with increasing values of t, approach- 
ing zero at t= 1.5. There is no abrupt drop to zero at t=0.67 as 
found in the aluminates. This is due to the fact that in the 
pete: the ions on the B sites always predominate. 


. E. Goldman, Phys. Rev. 72, 529 (1947), 
. R. Maxwell and S. J. Pickart, Phys. Rev. 92, 1120 (1953). 


Y6. Factors Determining the Permanent Magnet Proper- 
ties of Single Crystals of Fe,NiAl. E. A. Nessitt, H. J. 
WILLIAMS, AND R. M. Bozortu, Bell Telephone Laboratories.— 
It is shown that fine precipitated particles present in single 
crystals of Fe,NiAl are elongated and that the shape anisotropy 
of these particles is a major factor in determining the coercive 
force of Fe,NiAl. For fields of less than 7000 oersteds ia the 
(110) plane, (111) directions are the directions of easy mag- 
netization of the crystal and this is because of the shape effect 
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of the precipitate oriented in three mutually perpendicular 
directions. At higher fields, the torque due to this effect de- 
creases and then the [001] direction is the direction of easy 
magnetization because of intrinsic crystal anisotropy. These 
conclusions are based on an analysis and on measurements of 
the torque on three mutually perpendicular rods of magnetic 
material. These rods simulate the rods of precipitate in the 
actual crystal. 


Y7. Rapid Remagnetization of Thin Molybdenum Permal- 
loy Strips. H. Exstein AND J. KELty, Armour Research 
Foundation.—Molybdenum Permalloy strips of }- to 2-mil 
thickness have been subjected to approximately square pulses 
of 0.08 to 3 oersted after saturation magnetization by a strong 
opposite field. The time rate of magnetization was projected 
on an oscilloscope. The curves are monotonically decreasing 
for strong fields, but they exhibit a secondary maximum for 
weak fields. The total ‘switching time’ is a power function of 
the difference between applied field H and coercive force H:, 
the exponent varying slightly between —1.3 and —2.9. The 
switching time as a function of tape thickness is closely ap- 
proximated by parabolas, if corrections for the finite rise time 
of the pulse are made. Most properties can be understood on 
the following assumptions: (1) the strip is at any time divided 
into regions of opposite magnetization, the dividing plane walls 
moving from the surface toward the center, (2) the velocity 
of the wall is proportional to the difference between the field 
at the wall and H.. If these assumptions are introduced into the 
eddy-current equations, a good approximate solution can be 
obtained, which agrees with experiments for strong fields. No 
satisfactory explanation for the secondary maximum of the 
switching curve for low fields is known. 


Y8. Effects of Anisotropy on the Thermodynamic Properties 
of Antiferromagnets.* J. A. E1sELE AND F. Kerrer, Uni- 
versity of Pittsburgh.—In antiferromagnets, because of inter- 
play with exchange energy, a small anisotropy energy can 
have a huge effect on thermodynamic properties. For example, 
in both MnF; and CuCl,-2H,0 the characteristic spin tem- 
peratures of the anisotropy-exchange energy are about } of the 
(respective) Curie temperatures. When this energy is taken 
into account, spin-wave theory is in reasonable agreement with 
existing experimenta! data on CuCl,-2H,O between 1°K and 
2°K, including specific heat' and spontaneous magnetization 
of a sublattice.*? Experiments are suggested on the relatively 
large spin specific heats of antiferromagnets with low Curie 
points. 


* eee pported in part by U. S. Air Force Research and Development 


Command. 
1S. A. Friedberg, Physica 18, 714 (1952). 


2N. J. Poulis and G. E. G. Hardeman, Physica 19, 391 (1953). 
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Invited Paper 
YAI. Magnetohydrodynamics of the Earth and Sun. W. M. Esasser, University of Utah. (40 min.) 


General Physics 


YA2. Dimensional Relations in Magnetohydrodynamics.* 
W. M. Exsasser, University of Utah.—A systematic study of 
dimensionless parameters in the magnetohydrodynamics of 
cosmic fluids shows that they are almost invariably very 


large, or small numerically, as the case may be. This results in 
significant simplifications of the theory. On calculating the 
thermal dissipation in such fluids it is found to result entirely 
from mechanical friction for interstellar gas, but to be entirely 
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in the form of Joule’s heat for the interior of the stars. In the 
absence of instabilities (e.g., plasma oscillations, as sometimes 
postulated) the conditions for potentials leading to the higher 
cosmic-ray energies appear the more favorable, the larger the 
linear dimensions involved. A number of arguments can be 
adduced to show that theories which postulate acceleration in 
volumes of galactic size (e.g., Fermi’s theory) encounter less 
difficulty than theories that require acceleration in confined 
spaces such as the neighborhood of stars. A detailed account 
is to be published. 


* Supported by the U. S, Office of Naval Research. 


YA3. The Tensor Virial Equations.* E. N. PARKER, 
University of Utah.—The conventional method of deriving the 
virial theorem by multiplying the equations of motion with 
the corresponding coordinates and summing is capable of 
generalization. On forming all such products one obtains the 
tensor virial equations from which the scalar virial results by 
contraction. The tensor virial equations are the equations of 
motion of the moment-of-inertia tensor of a swarm of particles 
relative to a fixed Cartesian frame. If the origin coincides with 
the center of mass of the swarm, these equations of motion are 
independent of the motion of the center of mass. The method 
appears to be very powerful. Applications have been made to 
the diffusion of charged particles in a magnetic field, to turbu- 
lence theory and to the derivation of the Navier-Stokes equa- 
tions from elementary mechanics, and to certain astro- 
physical problems. A detailed account is to be published. 


* Supported by the U. S. Office of Naval Research. 


YA4. Theory of the Photographic Intermittence Effect at 
Low Light Intensities. E. Katz, University of Michigan.— 
The present calculations are based on two assumptions: (1) 
the “order principle’’ which connects single grain processes 
with required plate exposyres for isodense effects; (2) a trap 
depth distribution required to give a straight low intensity 
reciprocity failure of slope x, leading to a survival function for 
photoelectrons of the form F(t)~t-*, as explained in a pre- 
vious paper.' The low intensity intermittence effect is now 
calculated as a function of the transmission p of the rotating 
sector, the average light intensity J, the average grain area a, 
chopping frequency f, and the low intensity reciprocity failure 
slope x. The statistics of interquantic times in a chopped 
beam are used. The results are given in terms of converging 
expansions, both for high and for low numbers of quanta per 
flash per grain n= Jap/f. For isodense exposures at relatively 
high frequencies the log exposure, (log/t),, differs from its 
limiting value (log/t). by an amount proportional to f?~. 

1 E. Katz, J. Chem, Phys, 17, 1132 (1949), 


YAS. Measurements of the Vibrational Relaxation Times 
in Cl, and Cl,—He Mixtures.* E. F. Smirey, U. S. Naval 
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Ordnance Laboratory.—Measurements have been made of 
vibrational relaxation times in Cl; and Cl,—He mixtures. 
These measurements have been made using a shock tube and a 
Mach Zehnder interferometer. The method and the accuracy 
to be expected in using it are discussed. Measured values of 
the vibrational relaxation times for Cl.—Cl, and for Cl,—He 
collisions at temperatures up to 1500°K are given. These data 
together with the data of Eucken are compared with the 
temperature dependence predicted for the probability of 
vibrational excitation by Schwartz, Slawsky, and Herzfeld.’ 

* Supported by the U. S. Office of Naval Research. 

1 W. Griffith, Phys. Rev. 87, 234 (1952). 


? Smiley, Winkler, and Slawsky, J. Chem. Phys. 20, 923 (1952). 
* Schwartz, Slawsky, and Herzfeld, J. Chem. Phys. 20, 1591 (1952). 


YA6. Theoretical Determination of Shock Distances in 
Ideal and Real Gases. W. H. Heysey, U. S. Naval Ordnance 
Laboratory.—A method is presented to determine theoretically 
the distance at which a detached shock will be found in front 
of a symmetrical body placed at zero incidence into supersonic 
uniform flow of an ideal gas. Agreement with experimental 
evidence on spheres in air and argon is satisfactory. The 
theory is extended to the more general case where the jump in 
temperature across the shock alters the internal molecular 
state of the gas. The shift in shock distaace caused thereby can 
be predicted and may be used to obtain information on molecu- 
lar excitation and dissociation if measured distances are com- 
pared with those indicated by theory. 


YA7. Study of Real Gas Effects by the Measurement of a 
Shock Detachment Distance.* R. N. Scuwartz anp J. 
EckerMAN, U. S. Naval Ordnance Laboratory.—-An experi- 
mental study was carried out to determine the applicability 
of a shock wave detachment distance theory to the study of 
real gas effects. It had been shown theoretically! that the dis- 
tance which a bow shock wave is detached from a blunt missile 
depends on the Mach number and the thermodynamic state of 
the gas before and after the shock. Studies were first carried 
out on spheres at Mach numbers 1.5 to 10 in monatomic gases. 
The small scatter in the experimental data indicated that it 
would be possible to observe nonequilibrium processes in 
selected gases. One such process is the excitation of a vibra- 
tional mode in a gas passing through a shock wave. Spheres 
were fired in chlorine. Whether the vibrational energy ad- 
justed quickly or remained frozen in the region behind the 
shock wave could be recognized in the change of the detach- 
ment distance. Results indicated vibrational relaxation times 
were consistent with theory,? and those measured in a shock 
tube.’ 

* Supported by AEDC. 

Riad. 5 Heybey, Bull. Am. Phys. Soc. 29, No. 3, 43 (1954) (preceding 
7 ?R.N. Schwartz, Z. I. Slawsky and K. F. Herzfeld, J. Chem. Phys. 20, 


1591 (1952). 
4 E. F. Smiley, Bull. Am. Phys. Soc. 29, No. 3, 43 (1954) (this meeting). 
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Z1. Symmetric Modes of the Tapered Reed.* A. LeItNER 
AND E. A. H1EDEMANN, Michigan State College.—The tapered 
reed, used in ultrasonic whistles,' is a symmetric and homo- 
geneous bar of rectangular cross section, uniform in the center 
and uniformly tapered to a sharp edge at each end. It is 
vibrating transversely under free-free conditions in the plane 


of the taper, and in its lowest symmetric mode; i.e., it must be 
mounted at the nodes. We have calculated the frequencies, 
positions of the nodes, and vibration curves for such bars, 
combining the exact methods of Rayleigh? and Kirchhoff? for 
bars of uniform and tapered cross sections, respectively. The 
main problem is that of joining the two different solutions at 
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the junction of the two regions. Results were obtained for a 
representative range of values of the ratio of length of tapered 
portion to total length. 


* Supported by Detroit Ordnance District Office. 
} Janoveky and Pohiman, Z. Angew. Phys. 1, 222 (1948). 
1 Rayleigh, Theory of Sound (Dover Publications, New York), Vol. I, 


p. ’ 
§ Kirchhoff, Ann. Physik, 10, 501 (1880). 


Z2. The Propagation of a Sound Pulse in a Medium with a 
Complex Elastic Modulus. Saran I. Tanstn anv R. D. 
Spence, Michigan State College.—General restrictions on the 
form of the complex propagation constant can be derived from 
an application of the causality principle and other simple 
assumptions. We choose a simple form of complex elastic 
modulus which is consistent with these restrictions and whose 
dispersion results from a single relaxation process, and discuss 
the propagation of a sound pulse in such a medium. The 
precursors of the pulse for such a case are exponential in form 
in contrast to the oscillating precursors arising from a reso- 
nance process such as discussed by Sommerfeld and Brillouin. 


Z3. A Note on Basic Principles of Quantum Statistical 
Mechanics. P. T. LANDSBERG, University of Pennsylvania.*— 
The following principles and concepts are often convenient 
tools in statistical mechanics: microscopic reversibility, de- 
tailed balancing, equal a priori probabilities, random a priori 
phases, equilibrium, H~ theorem. The interrelations between 
some of these have recently been discussed.' These ideas will 
be developed further in the following respects: (a) the dis- 
tinction between coarse-grained and fine-grained probabilities 
is introduced; (b) the assumption of the interconnection of 
states is dropped, and discussed separately; (c) the assump- 
tion that, in equilibrium, ensemble averages do not exhibit 
fluctuations is also dropped, and discussed separately ; (d) the 
extent to which any of these principles can be regarded as 
direct consequences of quantum mechanics is discussed. It is 
emphasized that, if the method of transition probabilities is 
used, none of these principles can be regarded as following 
directly from quantum mechanics. In this method they all 
need an additional statistical postulate. The conceptual basis, 
and some of the conclusions, of the paper cited! would therefore 
seem to need some revision along lines which will be suggested 


* On leave of absence from University of Aberdeen, Scotland. 
1J. S. Thomsen, Phys. Rev. 91, 1263 (1953). 


Z4. One-Dimensional Walk with Correlation by Satura- 
tion for the Description o7 Diffusion Phenomena. C. M. 
Tcwen, National Bureau of Standards.—We distinguish two 
types of correlations to be introduced in the one-dimensional 
random walk: the partial correlation and the correlation by 
“saturation.’’ The former is an intrinsic bond, inherent to the 
steps, and independent of the positions and the density of the 
steps in the space. The latter is an interaction between the 
steps created by saturation during the development of the 
walk. More specifically, a position becomes saturated, if it is 
visited by a prescribed critical number of steps, and a correla- 
tion by saturation arises between a pair of steps visiting the 
saturation point. In this way the walk will not allow the steps 
to sojourn or to return too often to individual positions, and 
therefore will be dispersed. As a dispersive property of the 
diffusion phenomena, the asymptotic value of the mean square 
distance (x*) between the nth step and the origin of the walk 
is calculated. In the case of partial correlations, (x*)~n, and 
the asymptotic distribution of x is Gaussian. Such a walk 
leading to the result of Brownian motion cannot explain the 
law of diffusion by irregular movements following a non- 
Gaussian distribution. For diffusion of non-Gaussian nature, 
we have to consider the correlation by saturation. 


Z5. Solutions of the Helmholtz and Schrédinger Equations 
in Sphero-Conal Coordinates. OLEN Kraus, Michigan State 
College (introduced by A. Leitner).—The coordinate surfaces 
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of sphero-conal coordinates consists of spheres and two sets of 
cones of elliptical cross section which are orthogonal to each 
other and to the spherical surfaces. The axes of the cones 
coincide with two of the Cartesian axes. Such a system of co- 
ordinates separates the Helmholtz equation and the Schré- 
dinger equation for a spherically symmetrical potential. 
The ‘angular’ solutions can be represented as polynomials 
which may be expressed as linear combinations of conven- 
tional surface harmonics. The process of constructing the 
polynomial solutions leads to a set of eigenvalues which may 
be irrational numbers. An attempt is made to interpret these 
eigenvalues and the problem of quantization of angular mo- 
mentum in this system of coordinates. 


Z6. The Nonrelativistic Limit of Half-Integral Spin-Wave 
Equations. K. M. Case, University of Michigan.—To in- 
vestigate the properties of higher spin particles the non- 
relativistic. limit of the Dirac-Pauli-Fierz half-integral spin 
equations was considered. An expansion of the Hamiltonian 
operator for the essential components of the wave function is 
readily obtained in inverse powers of the mass. By means of 
Foldy-Wouthuysen type transformations a form is obtained 
which is independent of ‘‘odd”’ operators. To order 1/m? the 
terms in the Hamiltonian are strictly analogous to those re- 
sulting from the spin-4 equation. The gyromagnetic ratio can 
be read off immediately and is 

fas 1 e 
on oR+I me’ 
where the spin is k+ 4. This is in agreement with Belinfante’s 
conjecture that for arbitrary spin the expectation value of the 
magnetic moment operator for the state of highest z component 
of the angular momentum is independent of the spin. 


Z7. The Determination of a Perturbation from the Scatter- 
ing Operator.* H. E. Moses, New York University.-—Jost 
and Kohn,’ Levinson,’ and others have discussed the problem 
of obtaining a radially symmetric potential from the scatter- 
ing phases for the case of the radial equation corresponding to 
zero angular momentum. Through the use of the scattering 
operator formalism we have tried to generalize their discussion 
in order to see to what extent a perturbation can be obtained 
from a known scattering operator and a zero-order Hamil- 
tonian. It appears that even when the spectrum of the per- 
turbed Hamiltonian is prescribed, the perturbation is not 
unique unless additional conditions ure imposed upon the 
perturbation. One such condition could be the assignment of 
the representation in which the perturbation is diagonal. 
This consideration leads to the question as to whether there 
are experiments from which the representation in which the 
perturbation is diagonal could be determined. 


* The research reported in this paper has been sponsored by the Geo- 
physics Research Division of the Air Force Cambridge Research Center, 
U.S. Air Research and Development Command. 

1R. Jost and W. Kohn, Phys. Rev. 87, 977 (1952). 

2?N. Levinson, Phys. Rev. 89, 755 (1953). 


Z8. Nonadiabatic Corrections to Scalar Theory. E. A. 
Power, Cornell University —We have investigated, by the 
method of Lévy, the nonadiabatic term in order g* in the 
Tamm-Dancoff approximation to the interaction between two 
nucleons and their relationship to the no-pair terms of higher 
order. An examination of the well-known cancellation in the 
neutral scalar theory between the static g‘ potential and the 
iterated velocity dependent potential is considered in relation 
to the work of Cini and Fubini.* Further the Lévy claim that 
similar effects occur in the symmetric theory is found not to 
be substantiated ; the remaining static potential being 


82x0(2w) 
*r3—_—_.. 


= Nr, 


1M, M. Lévy, Phys. Rev. 88, 72 (1952). 
2M. Cini and S. Fubini, Nuovo cimento 10, 12 (1953). 
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